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HIGH-ORDER NUMERICAL METHODS FOR SOLVING TIME
FRACTIONAL PARTIAL DIFFERENTIAL EQUATIONS

ZHIQIANG LI, ZONGQI LIANG, AND YUBIN YAN

ABSTRACT. In this paper we introduce a new numerical method for solving
time fractional partial differential equation. The time discretization is based
on Diethelm’s method where the Hadamard finite-part integral is approxi-
mated by using the piecewise quadratic interpolation polynomials. The space
discretization is based on the standard finite element method. The error es-
timates with the convergence order O(737% + h2),0 < a < 1 are proved in
detail by using the argument developed recently by Lv and Xu [23] in “Error
analysis of a high order method for time-fractional diffusion equations. STAM
J. Sci. Comput., (38)2016, pp. A2699-A2724. ”, where 7 and h denote the
time and space step sizes, respectively. Numerical examples in both one- and
two-dimensional cases are given.

1. INTRODUCTION

In this paper, we will consider the numerical methods for solving the following
time fractional partial differential equation

(1.1) S Dfu(x,t) — Au(z,t) = f(x,t), € Q, t € (0,T),
(1.2) u(z,0) =ug, z€€Q,
(1.3) u(z,t) = q(x,t), x€df, te(0,T],

where Q C R? d = 1,2,3 is a convex polygonal /polyhedral domain and A denotes
the Laplacian. Here f and ¢ are two given functions and g Dgx(t),0 < a < 1
denotes the Caputo fractional order derivative. Many application problems can
be modelled by (1.1)-(1.3), for example, the thermaldiffusion in media with frac-
tional geometry [28], highly heterogeneous aquifer [1], underground environmental
problem [10], random walk [9], [25], etc.

To solve (1.1)-(1.3) numerically one needs to approximate the time fractional
order derivative. There are three predominant approximations in literature: finite
difference method (L1 scheme) [13], [20], the Griinwald-Letnikov method, [35], [36],
Diethelm’s method [4], [7]. The L1 scheme is obtained by approximating the first
order derivative with the finite difference quotients in the definition of the fractional
derivative. The Griinwald-Letnikov method is based on the convolution quadrature
and finally the Diethelm’s method is based on the approximation of the Hadamard
finite-part integral.

Langlands and Henry [13] considered the L1 scheme for the Riemann-Liouville
derivative and proved that the convergence order is O(72~%) if u € C?[0,T]. Lin
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and Xu [20] studied the L1 scheme for the Caputo fractional derivative and proved
that the convergence order is also O(727%) if u € C?[0,T], see also [31], [17],
[21]. Li and Ding [14] obtained a finite difference method with order O(7?) if
R D} *u e LY(0,T), see also [12], [24], [26], [27], [29], [30], etc.

Yuste and Acedo [35] considered a Griinwald-Letnikov discretization of the Riemann-
Liouville derivative and provided a von Neumann type stability analysis. Zeng et
al. [36] introduced two fully discrete schemes with convergence order O(727%) if
u € C?[0,T] by using fractional linear multistep method in time to approximate
the convolution integral, see also [34], [22], [2], [11], [18], etc.

Diethelm [4] introduced a finite difference scheme to approximate the Riemann-
Liouville fractional derivative by using the Hadamard finite-part integral and showed
that the truncation error is O(72=%) if u € C?[0,T]. The scheme in [4] is obtained
by approximating the Hadamard finite-part integral with the linear interpolation
polynomials. This scheme is actually equivalent to the L1 scheme [13], [20] since
the weights are the same. Ford et al. [6] applied the Diethelm’s method for solving
time fractional partial differential equation and proved that the convergence order
is O(727%) if u € C?[0,T]. Higher order Diethelm’s schemes are also available in
the literature, see [5], [7], [33], [19], etc.

Recently, Gao et al. [8] obtained a high order numerical differentiation for-
mula with O(737%),0 < a < 1 for the Caputo fractional derivative by discretizing
fractional derivative directly and applied this formula for solving a time fractional
diffusion equation. But there are no error estimates in [8]. Li et al. [15] also
introduced a high order O(737%),0 < a < 1 numerical method to approximate
the Caputo fractional derivative and applied this method for solving time frac-
tional advection-diffusion equations, see also [3], [16]. However the error estimates
and stability analysis in [15] are provided only for « € (0, ap) with some positive
ag € (0,1), see also [3], [16]. More recently, Lv and Xu [23] proposed a higher
order numerical method which is slightly different from the method in Gao et al.
[8] for solving time fractional diffusion equation and proved that the scheme has
the convergence order O(73~%) for all a € (0, 1).

Yan et al. [33] introduced a numerical method for solving linear fractional dif-
ferential equation with convergence order O(737%),0 < o < 1 by approximating
the Hadamard finite-part integral with the quadratic interpolation polynomials fol-
lowing Diethelm’s idea in [4]. They obtained an asymptotic expansion of the error,
but there are no error estimates proved in [33]. Recently, Li et al. [19] gave the
detailed and thorough error estimates for the numerical method in [33] for solving
the linear fractional differential equation.

In this paper, we will consider the numerical method for solving time fractional
partial differential equation. The time discretization is based on the numerical
method in [33] and the space discretization is based on the standard finite element
method. The error estimates with convergence order O(73~% + h?) are proved in
detail by using the argument developed in [23] (see also [19]). The assumption of
the regularity for the exact solution in our paper is u € C3([0, T], H?(Q)) = C3(H?)
which is much weaker than the assumption for the solution « in Li et al. [15] where

=4 . . 2 .
u € C5(H?). In [15], the exact solution u needs to satisfy a“gi’o) =2 15(;2:’0) =0in
order to obtain the required convergence order O(737%),0 < a < 1. Our numerical

method has no such requirements for the solution .
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The paper is organized as follows. In Section 2, we consider the time discretiza-
tion of the time fractional partial differential equations and prove that the numerical
method has the convergence order O(737) for all 0 < a < 1. In Section 3, we
consider the error estimates for solving time fractional partial differential equation
in the fully discrete case where the spatial variables are discretized by using stan-
dard Galerkin finite element method. Finally in Section 4, we give some numerical
examples in both one-dimensional and two-dimensional cases.

By C we denote a positive constant independent of the functions and parameters
concerned, but not necessarily the same at different occurrences. By cg, c1,co we
denote some particular positive constants independent of the functions and param-
eters concerned.

2. TIME DISCRETIZATION

In this section, we will consider the time discretization of (1.1)-(1.3). Recall that
the Riemann-Liouville fractional derivative is defined by, with 0 < a < 1,

(2.1) Do (t) = r(11—a)5t /0 (t — 7)a(r) dr.

Let N denote the set of all natural numbers then, for p ¢ N, on a general interval
[a,b] Hadamard finite-part integral is defined in [4] as follows: with p > 1,

b
(2.2) ]{ (x —a) P f(x)dx

lp)=1 () 1 ,
— f( (a)(b—a) P / .
B k=0 (k+1—p)k! + , (x —a)"PR|p—1(z,a)dz,

where
(2.3) Ru(z.a) := 5 / (z — )" f D (y)dy

and ¢ denotes the Hadamard finite-part integral. |[p] denotes the largest integer
not exceeding p, where p & N.

It is easy to show that the Riemann-Liouville fractional derivative in (2.1) can
be written as, [4]

1

(2.4) EDfa(t) = o) %0 (t — )" (7) dr.

We will approximate the Hadamard finite-part integral by using piecewise qua-
dratic interpolation polynomial. Let n = 2M, where M denotes a fixed positive
integer. Let 0 =ty <t1 <t < -+ <ty; <tgjy1 <--- <tay =T be a partition of
[0,T] and 7 the step size. For simplicity of notation, we assume that T'= 1 below.
At the point to; = ;—AJ/IT = 22—]\]4, the equation (1.1) can be written as
(2.5) o Df [u(w, ta;) — wo] — Au(x, ta;) = f(x,t2;), j=1,2,..., M,
and at the point t9;11 = 25—;[1, the equation can be written as

(2.6) §Dp[u(w,toje1) — uo] — Aulz, tyjr1) = f(@,t2j41), §=1,2,...,M —1.
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Let us first consider the discretization of (2.5). Note that

1 ta;
o Dfu(z, ta;) = mi (tyj —7) 7 " u(z, 7) dr
t;ja ! —1l-«a
(27) = F(—a) \%0 w U(SC, tQj - tQjU}) dw,

where the integral denotes the Hadamard finite-part integral.

We will approximate the integral by a piecewise quadratic interpolation polyno-
mial with the equispaced nodes 0, 2%,, 2%, . g—;, j =1,2,...,M. More precisely,
for the sufficiently smooth function g(w), we have

(2.8) 75 w1t g (w) duw = f w0, (w) dw + Fay (g),

where go(w) is the piecewise quadratic interpolation polynomial of g(w) defined on
the nodes 0 < % < % << % =1,j=1,2,..., M, and Ey;(g) is the remainder
term.

Lemma 2.1. [19, Lemma 3.1] Let 0 < a < 1. Assume that g € C3[0,1]. Then,
with j =1,2,..., M,

1 2j
—a k
(29) fg w 1 g(w) dw = kz:% ak’2j9<27j> + jo (g),

where, with j =1,

2-e(a+2),  forl=0,
(—a)(—a+1)(—a+2)(2) “az; = (—a)2*7%, forl=1,
%FQ(l), forl =2,
and, with j =2,3,..., M,
(—a)(—a+1)(—a +2)(2)) "oz,
2%+ 2), forl =0,

(—a)22-2, forl=1,
(—a)(—27%) + %FO(Q), forl =2,
(

—F(k), forl=2k—-1, k=2,3,...,7,
L Fa(k) + Fo(k+1)), forl =2k, k=2,3,....5—1,
§F2(J)v f07“l:23

Here
Fo(k) =(2k = 1)(2k) ((26) ™ = (2(k = 1)) ™) (~a + )(~a +2)
= (@k—1)+26) (@0 = @2k - 1)) (—a)(~a +2)

(2.10) + (@) = 20— 1)) (—a)(—a + 1),
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Fi(k) =(2k — 2)(2k) ((2k)_“ — (2 - 2)—a) (—a+1)(—a+2)
- ((% —2)+ 2k) ((%)—a+1 — (2K — 2)—a+1) (—a)(—a +2)
(2.11) + ((2/4)*%2 — (2 - 2)*““) (—a)(—a+1),

and

Fo(k) =(2k — 2)(2k — 1) ((%)ﬂ ~(2k - 2)—“) (—a+1)(—a+2)
((2k )+ (2k—1) ) ( —atl _(gf — 2)*“*1) (—a)(—a +2)

(2.12) +<(2k) at2 _(9f _ 2)~ a+2)( a)(—a+1).

Next we consider the discretization of (2.6). At the point ty;1; = 2&1, Jj=

1,2,...,M — 1 we have

tajt1
ORDtaU(fatsz) = T(—a) fg (o1 — T>_1_au($,7) dr

*71 " = 1) (e, T) dT
- (tea =)' ")

i1 241
J+1 —1l—a
w u(x,tejr1 — tojr1w) dw.
+ F(—a)?g (T, taj41 — tajraw)

We approximate this Hadamard finite-part integral by a piecewise quadratic
interpolation polynomial with the equispaced nodes 0, 57 +1’ 2]117...72]211, j =
1,2,...,M — 1. More precisely, we have, for the sufficiently smooth function g(w),

2j 27

nH nH
@) 7w g de = § 7 e g w) du + Eayialo),
0 0
where go(w) is the piecewise quadratic interpolation polynomial of g(w) defined on
the nodes 0, 2]+1’ 2j2+1 ey inl, j=1,2,...,M—1and Es;1(g) is the remainder
term.

Lemma 2.2. [19, Lemma 3.2] Let 0 < o < 1. Assume that g € C3[0,1]. Then

27
AT k
eu) T g de Zak 2y19(5:) + Ragia o),

where o241 = a2, K =0,1,2,..., 23, j=12,...,M—1 and ayz2; are given in
Lemma 2.1.

By using (2.7)-(2.9), we obtain the following approximation of the Riemann-
Liouville fractional derivative fDfu(z,t) at t = to;, j =1,2,..., M

2j
(2.15) ngu(x, tgj) =7 ¢ Z wk,gju(a:, tgj_k) + jo,
k=0

where Ry < C737*(maxg<s<1 |u”(2,5)|) and we denote RY = O(r3~*) [33] and
the weights w25,k =0,1,2,...,25,7 =1,2,..., M satisfy

(2.16) T(3 — )wgo; = (—a)(—a+ 1)(—a +2)(2)) ko, k=0,1,2,...,2j.
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Similarly, we have at ¢t =ty;41,5=1,2,...,M — 1,

*

o 1 h o
o Dy u(, taj1) Zm/o (taji1 — 8) " tu(z,s)ds

23
TN wigjpaul@, typa-k) + Ry
k=0
where
(2.17) Wh2j4+1 = Wk25,k=0,1,2,...,27, and jo"'l =0(r37).

For the Caputo fractional derivative § Dfu(z,t) at t = toj, 3 =1,2,....,.M

have, noting that D¢ u(z,0) = u(z,0) FDg(1) = F"((lr (g)t_

, we

27
gD?U(JJ,tQj) = ORD? (U(Z,tQj) — u(a:,O)) =7 ¢ Z’lf)k,qu(l‘,tQj_k) + Rg],
k=0

where the weights, with £k =0,1,2,...,2j—-1,7=1,2,.... M

9

_ ; (27)
(2.18) Dh2j = Wk W22 = W22 T P gy

Similarly, we have at ¢t =ty;41,5=1,2,...,M — 1,

*

o 1 h e
6 Dfu(x, taj41) Zm /0 (taj1 — s) " tu(z,s)ds
2j+1

_ _ 2j+1
+7 ¢ E Wi, 2j41u(T, tojp1—k) + R,
k=0

where, with k= 0,1,2,...,2j, j =1,2,...,M — 1,

(2j+1)~
rl—ea)

The exact solution u in (2.5)-(2.6) then satisfies, with | =2,3,...,2M

(2.19) Wh,2j+1 = Wk,2j,  W2j+1,2j+1 = W2j41,2j+1 —

l
wovlu(.’b,tl) - TaAu(m,tl) =1, - Zwk_,lu(x,tl,k) + Taf(IL',tl) — TaRIQ,
k=1
or

’LL(LL‘, tl) — (@0’1)_1TQAU(.’L‘7 tl)

l

(2.20) = (’lj)o’l)_lfl + de,lu(x,tl,k) + (wo)l)_lTaf(l‘,tl) — (U}o)l)_lTaRlz,
k=1

where dy | = =Wk /W01, k=1,2,...,1, 1 =2,3,...,2M, where [ is defined by
oo ==
Tl e o — ) sy ds, =2+ 1, =12, M — 1,

For the simplification of notation, we omit the dependence of the exact solution
u(x,t) on x below. Let u! ~ u(x,t;),1 = 0,1,2,...,2M denote the approximate
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solution of u(x,t;). We define the following numerical method to approximate the
exact solutions in (2.20), with [ =2,3,...,2M,

l
(2.21) ul — (’Lf)o’l)_lTaAul = (wo’l)_lfl + Z dk’lul_k + (wo,l)_lTaf(CL',tl),
k=1

where I; is some approximation of I; discussed below in (2.23). Here we assume
that u® = up and u' will be approximated below in (2.22).

To approximate u(x,t;) with the required accuracy O(73~%) which will be the
convergence order of our numerical method (2.21), we divide the interval [0,¢;] by

the equispaced nodes 0 = tgo) < t§1) << ti’“) = ¢, with step size T such that

7279 ~ 7372 where n; is some positive integer. We then apply the numerical
method with the convergence order O(72%) in [4] to get the approximate value

ul &~ u(x,t1) such that, with e! = u! — u(x,t;),

(222) et = ! = ule,t2)]| = OF) = O(*),

where || - || denotes the L? norm.

We also need to approximate the integral [; in (2.20) with the required accuracy
O(73) which we shall use in (2.24). Let ny be some positive integer, we divide the
interval [0,¢1] by the equispaced nodes 0 = tgo) < tgl) << t§"2) =t with step
size 7 such that 72 ~ 73~%. We then apply the composite trapezoidal quaduature
rule on [0,¢;] which has the convergence order O(72). More precisely, we have

~ T t1 )
I = 1| = Hil“(—a) /o (toje1 — )" T u(x,s)ds
Ta t1 -
- m/o (taj+1—8)" % u(z,s) dSH
(2.23) =70(7%) = O(7°),
where 7(z, s) is the piecewise linear interpolation polynomial of u(z,s) on [0,#1],
which implies that I; — I; = O(73). We need this approximation below in (2.24).

Let ¢! = u! —u(z,t;),0l =0,1,...,2M. Subtracting (2.20) from (2.21), we have,
by (2.23),

l
(224) 6l — (wo’l)_lTaAel = Z dk’lel_k + (’lﬂo’l)_lTaRZZ, 1=2,3,...,2M,

k=1
where e = 0 and e! is approximated in (2.22) and di; = —Wy;/Wo1, k = 1,2,...,1, 1 =
2,3,...,2M are defined as in (2.18) and (2.19).
Note that, by (2.18) and (2.19), d1,; = —w1,/Wo,,l = 2,3,...,2M is a constant

which is independent on | = 2,3,...,2M. Further we define
dl,l = dl,lv = 2,3, .. ,2M
We now denote

d
(2.25) el =e—nelt n= %

,1=1,2,3,...,2M,

where 7 is a constant independent on [ =1,2,...,2M.
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We have, with [ =2,3,...,2M,

e — (EO,l)_lTQAel =el - ﬂel_l - (wo,l)_lT"‘Ael

-1
- -1 -1
= E dk,lel k + (wo,l) TaRZQ — 77€l
k=1

=™t —ne' %) + (0P + dag)e' 7 +dsel TP 4 dioyget 4 digeg + (wo,) T TR
=n(e™t —ne' ) + (0 + doy) (e = ne'?)
+ (P +dogn +dsg)el T Fdyget ™ 4 b gt + dyge® + (o) I TR,

n(e' ™t —ne' %) + (n® + daa) (€% — ne' )
+ (1 + doyn + dsy) (el 73 — el

+ ..

+ (2t doun™ + - disun + di—ay)(€® — net)

+ (' don' TP dimam + di1 ) (€ — nel)

+ (' A dogn 24 dimym + dig)e + (wo,) TMTORY.

I—

Denote

(2.26) dig:=n'+> n'Fdj, i=2,3,... 1, 1=2,3,...,2M,
j=2
we have, with Ju =,
-1
(227) & = (wou) ' Ae! = dpieF + (wo ) ' TORE, 1=12,3,...,2M.
k=1
Lemma 2.3. [19, Lemma 3.3] For 0 < a < 1, the coefficients in (2.27) satisfy,
with1=2,3,...,2M,

dy 2
2.28 0 = — =
(2.28) =<y
(2.29) dp; >0, k=1,2,...,1,

!
(2.30) N+ Z I <1,
k=2

(2.31) (dig)~' < cor™®,  for some constantcy.

Next we will consider the error estimates in Theorem 2.4. To prove the error
estimates in Theorem 2.4 below, we need the further assumption for the initial
approximation u'. Let e' = el — e’ = e! be defined as in (2.25), where e! =
ul —u(z,t1). By (2.29)-(2.31), we see that 1 < (d;;)~! < ¢o7~*. Thus, with some

fixed | =2,3,...,2M, choosing 7 sufficiently small as in (2.22) , we may find
(2.32) Ry = O(r%7%),
and a constant ¢; > 0 such that,

(2.33) e 13 < exdyal|(dig) ™" (wo,) ~ T Ry,
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which we need in (2.37) below. By (2.31), we have, noting that d;; < 1 by (2.29)
and (2.30),

(2.34) 1|3

(di)) ™ (@o,) IO Ry ||* = (O(7°7))%.
Now it is ready to introduce the following error estimates.

Theorem 2.4. Let u(x,t;) and u',l = 0,1,...,2M be the exact and approvimate
solutions of (2.20) and (2.21), respectively. Assume that u(x,t) € C3[0,T]. Further
assume that u® = ug and u' satisfies (2.33). Then there exists a constant C =
C(a, f,T) such that

[l — w(t)[|? + (o) 7|V (& — u(t)) || < C(+*7%)%, 1=2,3,...,2M.
Proof. Multiplying 2¢' in both sides of (2.27), we have, with [ = 2,3,...,2M,

(2.35)

(€', 28") + (wg,) 1T (Ve!, 2Ve) Z ek 2e") + ((wo,) 'T RS, 2¢").

Note that
2(Vel,vel) = (Ve!, Ve) + (Ve vel) — n?(Vel =1, Vel ™), for 1 =1,2,...,2M.
We have, with [ =2,3,...,2M,

2/|e'|[* + (wo.) " 7 (Ve!, Ve') + (o) 17 (Ve!, Ve') — (woa) " ron?(Ve! !, Vel ™)
1
=N i (@, 28" + (o) 1O RY, 281).

k=1

We write, with | = 2,3,...,2M,

((’Lf)oﬁl)_lTaRlQ, 2él) = Jl,l (((17171)_1(117)0’0_17'&}%[2, 2él).

By Cauchy-Schwarz inequality, we have, with [ = 2,3,...,2M, noting that Jl,l >0
from (2.29),

2[[e'||* + (wo,) ' Ve | + (wo,) T | Ve = (o) I Ve T2

-1

< dia(IIEF17 + 1E1P) + du (I1(diy) ™ (wo,) ' T R |1 + [|€']?).
=1
-1 !

= kalleF 1 4 dy all(dig)~ Ywg ) "1 RS |1 + de,l”élHQ.
=1 =1

By (2.30) and noting that dy; = , we have

€] + (@o.0) 7 ([ VeI <dalle’™|1* + (wo,) " [ Vel Y| + dalle?|?

+ o diglle |+ dual|(dig) " (wo) T T R
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By (2.28), we have, noting that di ; = 7,
&1 + (0.) 7 Vel2 < dua (1112 + (o)~ 7ol Ve~ )
+dag|le 2P+ -+ diegllet | 4 digl| (dig) T (@0,) T T Ry 12
< dig([le P + (wo.) " Vel THZ) + dag (€2 + (0,) Ve 27
o di ([ + (@o) T Ve 12) + il (dig) T (wo,) T T Ry |12,
Note that, by (2.18) and (2.19), wo; = %,z = 2,3,...,2M which is
independent on [ = 2,3,...,2M. Further we define
Wo,1 := Wo,, | =2,3,...,2M.
We now denote the norm, with [ =1,2,...,2M,
(2.36) 117 = lIe']|® + (wo,)~ 7| Ve'|1>.
We then have, with [ = 2,3,...,2M,

11 < dvalle’ ™ I} + daalle™ 211 + - + dimaalle |1} + duall(drg) ™" (d0.0) ' Ry 1%,

By the initial approximation estimate (2.33), we have, with [ = 2,3,...,2M,

(2.37)
et < C1Jz,l||(Jz,l)fl(@o,l)flTQRéH2 <a (Jz,z nax, H(&7[)71(%70717&]%3”2)'

We next prove the following by the mathematical induction, with k = 2,3,...,l, [ =
2,3,...,2M,

_ _ -1, - 5
(2:38) M < (1= duo == diora)  en(doa max [|(d) ™ o) B3 )).

Assume that (2.37) and (2.38) hold true for k =1,2,...,0—-1,1=2,3,...,2M,
we have, for k =1, by (2.29),

lef <dig(l—diyg—-— Jz_z,z)ilcl (Jl,l nax ||(Jl,z)fl(ﬁ/o,l)flTaR§H2>
(1= dig = = digg) e (dig max || (@) (o) T R
+o

+di—24(1— 671,1)_161 (Jz,z ax H(Jl,z)fl(wo,l)flTQRﬂF)
+di—1 (D)7 hey (Jl,l fggl%(l ||(Jl,l)il(wo,l)flTaRgHQ)
+(1- Jl,l —e = (Zl—l,l)(l - Jl,l - Jl—lvl)_l
a1 <Jl,l max, H(sz,l)_l(wo,l)_lTaRSHQ)
< (Umdie= = i) e (d o @) 7 @) e ).

which is (2.38).
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By (2.30), we have, with [ =2,3,...,2M

3

ClJll 7 —1/- —1_apsl||2
< _
ey < — Tt — e —d 12 (| (di)~" (@)~ ' R3|

< ex o || ()~ (07 R < © s, |3 < 00,

where the last inequality is due to the fact Ry = O(r3 ) 1 < s <1 by (2.32),
(2.15), (2.17). Hence we have ||é!||; < CT37%, 1 =2,3,...,2M.
Further we have, by (2.28), with [ =2,3,...,2M,

el = 1" +ne'~Hlx < 1]l + [lne s < CT37 + [Ine' "y
< O g (CT5 7 el ) < (LTS P el

1
(2.39) <A+n+ni+...ghHorte < ECT?’*Q <O,

Together these estimates complete the proof of Theorem 2.4.

3. THE FULLY DISCRETE SCHEME

In this section, we shall consider the fully discretization scheme for solving (1.1)-
(1.3). Here we only consider the error estimates for the homogeneous Dirichlet
boundary condition, i.e., ¢ = 0 in (1.3). But the error estimates in Theorem 3.1 is
also true for the non homogeneous Dirichlet boundary condition. Let S, C H(Q)
denote the standard linear finite element space and h the space step size. Let
Ry, : HY(Q) — S, denote the Ritz projection defined by, for Vo € Hi (),

(VErp, VX) = (Vi VX), VX € S
It is well known that, see [32],
(3.1) | Buy — @l + hlIV(Bup — o)l < Ch|l¢llm2(), Yo € H*(Q) N Hy ().

We now consider the fully discrete scheme for solving (2.20). Let U} € Sp,,1 =
0,1,2,...,2M denote the approximation of u(z,t;). We choose U,? = Rpup and we
assume that U} € S}, is a suitable approximation of u(¢;) which can be obtained
by using some special numerical methods and satisfies the condition (3.3) below.
For [ = 2,3,...,2M, we define the following finite element method: find U} € S,
such that

(3.2) (UL, X) + (wo,) (VUL VX) = ((wo,) ' 1, x)
l
+ Z dk,l(U}lL_k’X) + (wO,l)_lTa(f(tl)DX)’ VX S Sh-

Theorem 3.1. Let u(z,t;) and U,ll,l =0,1,...,2M be the exact and approrimate
solutions of (2.20) and (3.2), respectively. Assume that u € C3([0,T]; H*(2)) and
the initial condition U,? = Rpug. Assume that there exists a constant co such that
(3.3)

|UR = Bu(t) P+ (i0.2) ™7 |V (U= Rou(t))[|” < 2 (][ (dr)~ (@wo.) " 783 ),
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where 03 = (Ry, — I)(§ D{fu(t1) — R3) + R3 and R} is defined in (2.33).
Then there exists a constant C = C(a, f,T) such that, with 1 = 2,3,...,2M,
-1 a 2 a
UL = Ruu(t)|” + (w0,) "' %[V (UL, = Ruu(t))||” < C(h* + 7°7%)2.
Further we have
UL —u(ty)|| < C(W* +737%),1=2,3,...,2M.
Proof. Denote, with { =1,2,..., N,
Uj, — u(ti) = Uy, — Ryu(ts) + Ruu(ty) — u(t;) = 6" + p'.

By (3.1), we have
(3.4) ' < CR?[ful| g2
We now estimate 6!,1 =2,3,..., N. We have, for Vy € Sj,

(0", %) + (wo,) ~'7(VE', V)
= (UL, x) = (Rpu(ty), x) + (w0,) 172 (VUL, Vx) — (w00,) " 7*(VRuu(t;), VX)

!
= de,z(U;lfk,X) — (Rpu(ty), x) — (w0o,1) 7 (VRuu(ty), Vx) + (wo,) " 7*(f (1), X)
! !
= de,zwl_k, X) + ((I = Ra) (u(ty) — de,lu(tl—k)>7X) — (wo,) ' (RY, x)
k=1 k=1

l
= da (07", x) + (wo.) "' (I — Ru)(§ D ulty) — Rb), x) — (wo,) "' v (RY, )

Hence we get
(3.5)

(917X) + (’J}Ol) ! Oc vel VX del 9l k (ﬂ)o’l)_lTa((Sé,X), VX S Sha

where 64 = (R, — I)(§ D{u(ty) — RZQ) + RL.
From the triangle inequality, we have

10511 < [I(Rr = D D u(t)|| + | (R — DR + || Ry

Note that
RSl < O,
I(Rn — I)RS|| < CR*T~*,
I(Rn — 1)§ D u(z, )| < Ch*.
We have
185]] < C(h? + h*r5~* + 7°7%) < C(h* +7°7%).
Let

] dq
legl_ngl_17 7]:717 1=1,2,...,2M.
Applying (3.3), we have, noting that R} = O(737%) by (2.32),
1612 SCQ(CLJH(JU) | ) < C(h2 4 75)2,
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We next consider the case for [ =2,3,..., N. We may write the equation (3.5) as
(3.6)

-~
I

1
(0", x) + (wo,) " '7(V, V) = di 1 (0%, %) + (w0,) " 7%, X), VX € Sh.
1

e
Il

Following the same argument as in the proof of Theorem 2.4, we may get, with
1=2,3,...,2M,

1611 + (o) 7 [ VO'|* < C(h* + 737%)2,
Together these estimates with (3.4) completes the proof of Theorem 3.1.

4. NUMERICAL SIMULATIONS

In this section, we will consider four examples. Examples 1 and 2 are one-
dimensional problems and Examples 3 and 4 are two-dimensional problems.

Example 4.1. Consider

2
(4.1) RDou(x,t) — % = f(z,t), te€l[0,T], 0<z<1,
(4.2) u(z,0)=0, 0<z<1,

u(0,t) = u(1,¢) =0, tel0,7],
where f(z,t) = %tm_a sin(2rx) + 4%t sin(2nz). The exact solution is
u(x,t) = t"sin(2rx). In Table 1, we choose m = 3.5. In this case the exact
solution u(z,-) € C3[0,T).

The main purpose is to check the order of convergence of the numerical method
with respect to the time step size 7 for the different fractional orders «. For various
choices of a € (0,1), we compute the errors in the L? norm at T = 1. We use the
linear finite element space Sy with the space step size h = 1/25 which is sufficiently
small such that the error will be dominated by the time discretization of the method.
We choose the time step size 7 = 1/2!,1 = 3,4,5,6, 7, i.e, and we divide the interval
[0,T] into N = 1/7 subintervals with nodes 0 =ty < t; < --- <ty = 1. Then we
compute the error e(tn) = |[u(x,tny) — U{¥|. By Theorem 3.1, we have

(4.4) le(tn)ll = llule, ty) = U || < C7°7,

To observe the order of convergence we shall compute the error |le(ty)| at ty =1
with respect to the different values of 7. Denote ||e, (tn)|| the error at ¢y = 1 with
respect to the time step size 7;. Let 7, = 7 = 1/2! for a fixed | = 3,4,5,6,7. We
then have

llen NI O™ _ sea
||eTl+1(tN)H CTl::__la '

which implies that the order of convergence satisfies 3 — a ~ log, (%) In
TI41

Table 1, we compute the orders of convergence for the different values of o. The
numerical results are consistent with the theoretical results in Theorem 3.1. We also
compare the numerical results of our scheme with the results obtained by the scheme
in [8]. We observe that the convergence rate of our method is slightly higher than
the convergence rate of the method in [8] for small « € (0,1). We will investigate
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this interesting issue in our future work. We have the similar observations in other
examples below.

a 7 | Error (our scheme) | rate (our scheme) | Error in [8] | rate in [§]
0.3]1/2° 3.4092e-5 5.3696e-5
1/21 5.11520-6 2.74 8.9554c-6 2.58
1/2° 7.4761e-7 2.77 1.4564e-6 2.62
1/2° 1.0871e-7 2.78 2.3319e-7 2.64
1/27 1.5808e-8 2.78 3.6865e-8 2.66
0.5 1/23 1.1946e-4 1.5009e-4
1/2% 2.1319e-5 2.49 2.7959e-5 2.42
1/2° 3.7450e-6 2.51 5.0988e-6 2.46
1/2° 6.5524e-7 2.51 9.1839e-7 2.47
1/27 1.1425e-7 2.52 1.6365e-7 2.49
09 [ 1/2° 7.7118c-4 7.8837c-4
1/2% 1.8446e-4 2.06 1.8918¢-4 2.06
1/2° 4.3514e-5 2.08 4.4722e-5 2.08
1/26 1.0184e-5 2.10 1.0480e-5 2.10
1/27 2.3587e-6 2.11 2.4292e-6 2.11

TABLE 1. The L? norm of the error, the time convergence rate
with h =1/20 at T =1

Example 4.2. Consider

(4.5) &Deu(x,t) — % = f(x,t), te[0,T],0<x<1,
(4.6) u(z,0) =0, 0<z<l,
(4.7) u(0,t) = u(1,t) =0, te0,T],

where u(x,t) = e*t*+* and f(x,t) = 69”%# — tAtaer,

We use the same notations as in the experiments in Example 4.1. In Table 2, we
observe that the numerical results are consistent with the theoretical results.

Next we will consider two examples in two-dimensional cases. Let us first in-
troduce the algorithm for solving the following time fractional partial differential
equations in two-dimensional case by using finite element method.

(4.8) ODu(x,t) — Au(z,t) = f(x,t), te€[0,T), z€Q,
U($,0) = UO(x)v z €€,
(4.10) aug;, D wlu(ant) — gl ), te 0.7,z € 09,

where Q = (0,1) x (0,1) and % denotes the normal derivative on the boundary
0N and ¢(z,t) is some function defined on the boundary x € 9Q and ¢t € (0,T).
Here k is a constant. When & is sufficiently large, (4.10) is reduced to the Dirichlet
boundary condition. In our numerical examples below, we will only consider the
Dirichlet boundary conditions.
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@ 7 | Error (our scheme) | rate (our scheme) | Error in [8] | rate in [8]
0.3]1/23 6.5130e-4 9.2502e-4
1/2% 1.0235e-4 2.67 1.6202e-4 2.51
1/2° 1.5263e-5 2.75 2.7083e-5 2.58
1/2° 2.2360e-6 2.77 4.4079e-6 2.62
1/27 3.2536e-7 2.78 7.0412e-7 2.65
05| 1/23 2.5721e-3 3.0493e-3
1/2% 4.8351e-4 241 6.0305e-4 2.34
1/2° 8.6907e-5 2.48 1.1353e-4 241
1/25 1.5345e-5 2.50 2.0815e-5 2.45
1/27 2.6832¢-6 2.52 3.7474e-6 247
0.91/2° 2.0527e-2 2.0849e-2
1/24 5.3009e-3 1.95 5.4101e-3 1.95
1/2° 1.2977e-3 2.03 1.3291e-3 2.03
1/25 3.0925e-4 2.07 3.1752e-4 2.07
1/27 7.2260e-5 2.10 7.4310e-5 2.10
TABLE 2. The L? norm of the error, the time convergence rate
with h =1/2% at T =1
The variational form of (4.8)-(4.10) is to find u(t) € L*(Q), such that
(411) (OCDtau(t)v U) L2(Q) + (Vu(t)v VU)LQ(Q) + (Hu(t)v U)LQ(QQ)
= (kq,v)r2(00) + (f(1),0)12), Vv e H'(Q).
Let = (21,72). Let 0 = 29 < 2 < --- < Ml = 1 be a partition of [0,1] on

the 1 axis and h the step size. Similarly we let 0 = 2§ < 2l < --- < 2}1 =1 be a
partition of [0,1] on the x5 axis and h the step size. For simplicity of notation, we
use the same step size on both x; and x5 axes. We divide the domain €2 into the
small triangles which have the same sizes.

Let S}, denote the linear finite element space defined on 2. Let Py, Py, ... Py,
denote all the nodes on the triangulation of Q. Let ¢;,5 = 0,1,2,..., Nj, be the
linear basis function corresponding to the node P;,j = 0,1,2,...,N},. The finite
element method is to find u; € S}, such that

(4.12) (§ Dy un(t), X) 2y T (Vun(t), VX)r2() + (5un(t), X) 2200

= (kq(t), X)r200) + (f(t),X)12(2), VX € Sh-
Let 0 < tg < t1 < -+ < topy = T be the time partition of [0,7] and T be
the step size. Below we only consider the time discretization at the even node
tn,m=2,4,...,2M to get the idea of the algorithm of our method. (Similarly one

can consider the discretization at the odd node ¢,,n =1,3,...,2M —1). By (2.15),
we have

EDeu(t,) =17 Z wg pu(tn—x) + O(T7%).
k=0

with some suitable weights wy ,,k =0,1,...,n.
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Define the following time discretization scheme: find U™ = up,(t,),n = 2,4, ..., tops =
T such that, noting that §Dgu(t,) = FDg (u(t,) — u),
(4.13)

n
T ( Z wk,nUn7k7 X) L2(Q) =+ (VUnv VX)L2(Q) + (’%Una X)LQ(QQ)
k=0

[
= (kq(tn), X)r200) + (f(tn), X)L2(0) + m(um)()LQ(Q)a V X € Sh,

or

T6,(U", X) 12 (50)

1 1
(Un,X)LZ(Q) + ” T“(VU"’VX)LZ(Q) + o

0,n 0,n

1
= T(f(tn), X)r2(0) + TR(q(tn), X) 12 (60)

wWo,n wWo,n
- ! wk,n(UnikvX)LZ(Q) + ! Tai(uoax)m(ﬂy Vx € Sh.
wo,n k=1 wo,n F(l - Oé)

Let U™ = E;V:’IO afp; be the approximate solution of up(t,),n = 1,2,...,N.

Choose x = ¢;,l =0,1,..., Np, we have

T (VU", Vi) L2) +

0,n wo,n

U™, X)r2(0) +

1 1
= o ty )
wo,nT (f( ) w)Lz(Q) * wo,n
R 1 oo

Wi (U™, 01) + Taia)(UOaﬂol)LQ(Q)» vV x € Sh.
1

T,(U", @1) L2(00)

76(q(tn), 1) L2 (00)

Wo,n wo, I'(1-—

Denote
M = (pj,p1)r2) S = (Ve;, V)20, K= (kej, ¢1)r200),

G = (kg p1)1200), F=(f(tn), 02, " =(a}),
We have the matrix form

M + S+ K)a" = (F—i—G—&—”iM*on)
( Wo,n Wo,n ) Wo,n ra- a)( )
1 n
- Wy (M % a"F).
wWo,n 1
Solving this system, we get the finite element solution o™, n = 2,4,...,2M.
Example 4.3. Consider
(4.14) SDXu(z,t) — Au(z,t) = f(x,t), te[0,T], z€Q,
(4.15) u(z,0) = uo(z), z€9Q,
ou(z,t)
(4.16) o = k(u(z,t) — q(z,t)), te][0,T],z €09,

where Q = (0,1) x (0,1). The exact solution is u(zx,t) = t™ sin(2wz ) sin(2wzs) for
some m > 0 and

I'(m+1

flant) = ( )

mtm_“ sin(27x1 ) sin(272g) + ™ (872) sin(27x1 ) sin(272s).
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Here q(z,t) = t™sin(2wx) sin(2rxs) and uo(x) = 0. In Table 3, we choose m =
3.5.

We will consider the Dirichlet boundary condition and therefore we choose kK =
10000 in our numerical simulation. For various choices of o € (0,1), we compute
the errors at T = 1. We use the linear finite element space S;, with the space step
size h = 1/25 which is sufficiently small such that the error will be dominated by
the time discretization of the method. We choose the time step size 7 = 1/2!,] =
3,4,5,6,7, i.e, we divide the interval [0, 7] into 2M = 1/7 subintervals with nodes
0=ty <ty <---<top = 1. In Table 3, we compute the orders of convergence for
the different values of . The numerical results are consistent with the theoretical
results in Theorem 3.1. .

@ 7 | Error (our scheme) | rate (our scheme) | Error in [8] | rate in [8]
0.3|1/23 2.6121e-5 4.0872¢-5
1/2% 3.9008e-6 2.74 6.8168e-6 2.58
1/2° 5.6947e-7 2.77 1.1087e-6 2.62
1/2° 8.2783e-8 2.78 1.7751e-7 2.64
1/27 1.2035e-8 2.78 2.8063¢-8 2.66
0.5 1/23 9.1162e-5 1.1424e-4
1/2% 1.6239e-5 2.49 2.1282e-5 2.42
1/2° 2.8516e-6 2.51 3.8813e-6 2.45
1/25 4.9885e-7 2.52 6.9912¢-7 2.47
1/27 8.6983¢-8 2.52 1.2458e-7 2.49
0.91/2° 5.8723e-4 6.0022e-4
1/24 1.4046e-4 2.06 1.4406e-4 2.06
1/2° 3.3137e-5 2.08 3.4057e-5 2.08
1/2° 7.7557e-6 2.09 7.9814e-6 2.09
1/27 1.7963e-6 2.11 1.8500e-6 2.11

TABLE 3. The L? norm of the error, the time convergence rate
with h =1/2% at T =1

Example 4.4. Consider

(4.17) SDu(z,t) — Au(z,t) = f(x,t), te[0,T], z€Q,
(4.18) u(z,0) =up(z), x €,

ou(z,t)
(4.19) o k(u(z,t) — q(x,t), te€]0,T],z€ 09,

where = (0,1) x (0,1). The exact solution is u(z,t) = 172244 and f(z,t) =
eTrte2 (LEZO‘) t4) — 1+ (2em1T72) Here q(x,t) = e™ 772447 and ug(z) = 0.

We use the same notations as in the experiments in Example 4.3. In Table 4, we
observe that the numerical results are consistent with the theoretical results.
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