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We consider finite difference methods for solving nonlinear fractional differential equations in the
Caputo fractional derivative sense with non-uniform meshes. Under the assumption that the Caputo
derivative of the solution of the fractional differential equation is suitably smooth, Li et al. “Finite
difference methods with non-uniform meshes for nonlinear fractional differential equations”, Journal of
Computational Physics, 316(2016), 614-631, obtained the error estimates of finite difference methods
with non-uniform meshes. However the Caputo derivative of the solution of the fractional differential
equation in general has a weak singularity near the initial time. In this paper, we obtain the error
estimates of finite difference methods with non-uniform meshes when the Caputo fractional derivative
of the solution of the fractional differential equation has lower smoothness. The convergence result
shows clearly how the regularity of the Caputo fractional derivative of the solution affect the order
of convergence of the finite difference methods. Numerical results are presented that confirm the
sharpness of the error analysis.

Keywords: nonlinear fractional differential equation, predictor-corrector method, error estimates,
non-uniform meshes, trapezoid formula.
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1. Introduction

In this paper, we will consider finite difference methods for solving the following fractional
nonlinear differential equation, with o > 0,

S Dy (t) = f(t,y(1), t>0, y®(0) =y, k=0,1,...,[a] — 1, (1)

where the y(()k) may be arbitrary real numbers and OCD,?‘y(t) denotes the Caputo fractional

derivative defined by

[ 9oy s, @

C na _
o Di'y(t) = T([a] —a) J,

where [«] is the smallest integer > «. As usual we demand that the function f is
continuous and fulfills a Lipschitz condition with respect to its second argument with
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Lipschitz constant L on a suitable set G. Under these assumptions, Diethelm et al. [? ,
Theorems 2.1, 2.2] showed that (??) has a unique solution y on some interval [0, 7.
It is well-known that (??) is equivalent to, [? , Lemma 2.3]

[a]-1 v ¢
W= 30 G+ e | (=T () ds Q

v=0

Equations of this type arise in a number of applications where models based on frac-
tional calculus are used, such as viscoelastic materials, anomalous diffusion, signal pro-
cessing and control theory, etc., see Oldham and Spanier [? |, Kilbas et al. [? |, Podlubny
[?7].

It is not possible to find the analytic solution of (??) for the general f. Therefore we
have to apply some numerical methods for solving (??). Stability and convergence of
such numerical methods are analyzed under certain smoothness assumptions about the
solutions or data for (??), see, for example, [? ], [? ], (2, [?], 2], 2L, 2L, (2], [?],[?]

Most analysis of the numerical methods for solving (?7) is deduced under the assump-
tions that the meshes are uniform, see, for example, [? ], [? ], [? ], [? ], [? ], [? ]. To
obtain a higher order numerical method with uniform meshes, the solutions or data of
(??) are required to be suitably smooth, for example, § D¢y € C™[0,T],m > 2 in [? |
Theorem 3.2]. However, as stated in [? , Theorem 2.2], although y € C"™[0,T] for some
m € N,0 < a < m, the Caputo fractional derivative g Dy behaves as tlel=a when
ylol (0) # 0, > 0. Therefore it is interesting to design some numerical methods which
have the optimal convergence orders when g D¢y has the lower smoothness. One way is
to use the numerical methods with non-uniform meshes. In this paper, we will assume
that OCD?y satisfies the following smooth assumption. For simplicity of the notations, we
only consider the case with 0 < o < 2. Similarly one may consider the case with o > 2.

ASSUMPTION 1 Let 0 < o < 1 and let g(t) := § D{y(t) with 0 < a < 2. There exists a
constant ¢ > 0 such that

@) <et” 1" ()] < et”

Here ¢'(t), g (t) denote the first and second derivatives of g, respectively.

It is obvious that the smoothness of g in Assumption ?? is weaker than g € C2[0,T].
In other words, the Assumption 7?7 has less requirements for the smoothness of g than
g € C?[0,T). Further we note that the Assumption ?7 is reasonable in the application.
Below we show some cases where g(t) := §D$y(t) satisfies the Assumption ?7?.

e By [? , Lubich, 1983, Theorem 2.1], assume that f € C™(G),m > 2 and « € (0,1),
then, with some constants ¢y, cs,...,c; € R,

y = 1% 4 cot®® + -+ - + ¢pt" + smoother terms,
which implies that, with some constants di,ds,...,d; € R,

g:= Cny = d %Y 4+ dot?** 4o 4 dytP* 4 smoother terms
= dy + dot® + - - - + dpt "D 1+ smoother terms.
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Thus we see g := §Dfy behaves as ¢ + ct® which implies that |¢/(t)] < ct®~! and
lg"(t)| < ct®2. Hence we may apply Assumption ?? with o = « in this case.

e By [? , Theorem 2.2|, although the solution y is very smooth, the Caputo derivative
of the solution §'Dfy may not be smooth. For example y(t) = t € C°°[0,T], but
§Dgy = ct'= ¢ C2[0,T]. We may apply the Assumption ?? with ¢ = 1 — a in this
case.

e [t is very common that both y and the Caputo derivative OC *y have lower smoothness
in the fractional differential equation. For example, the fractional differential equation,

with 0 < a <1,
§Dgy(t) +y(t) =0, te(0,T], y(0)=1,

has the exact solution y(t) = Fq1(—t%), where E, ,(z) is the Mittag-LefHler function

defined by Eo(2) =D 1y Wiv), a,vy > 0. Hence we have

oy o _ (—t*) (—t2)?
g@y@—‘ﬂmFt*“*‘rm+m‘r@w+n—~w

which implies that the regularity of §Dgy(t) behaves as ¢ + ct®,0 < a < 1. Thus we
may apply the Assumption 7?7 with ¢ = « in this case.

Recently Li et al. [? | considered the error estimates of the rectangle formula, trapezoid
formula and the predictor-corrector scheme for solving (??) with non-uniform meshes
when the solution is suitably smooth, see also [? ], [? ], [? ], [? ]. Under the Assumption
7?7, we shall consider in this paper the error estimates of the finite difference methods
introduced in Li et al. [? ] with the non-uniform meshes. We show that the optimal con-
vergence orders of the numerical methods may be recovered when the Caputo derivative
of the solution of the fractional differential equation has lower smoothness. Our analysis
is based on the excellent work in Stynes et al. [? |, [? |, where the authors applied the
graded meshes to recover the convergence order of the finite difference method for solving
time-fractional diffusion equation when the solution is not sufficiently smooth.

The paper is organized as follows. In Section 2 we introduce three numerical schemes
for solving (?7?) with non-uniform meshes, i.e., the rectangle formula, the trapezoid for-
mula and the predictor-corrector scheme. In section 3, we prove the error estimates of
these three numerical methods under the Assumption ??. Finally in Section 4, we give
some numerical examples which show that the numerical results are consistent with the
theoretical results.

Throughout, the notations C' and ¢, with or without a subscript, denote generic con-
stants, which may differ at different occurrences, but are always independent of the mesh
size.

2. Numerical methods

In this section, we will introduce the different numerical methods for solving (??), see Li
et al. [? ], Diethelm [? ].
Let N > 1 be a positive integer and let 0 = tg < t; < --- <ty = T be the non-uniform

meshes on [0,7]. For simplicity, we assume that T = 1. Let p = % Assume that
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the non-uniform meshes satisfy, [? ]
Tj:tj+1—tj:(j+1)/1,,j:0,1,2,...,N—1. (4)

Let us consider the following integral, with n =0,1,2,..., N — 1,
tnt1 n tit1
L1 = / (tnr = 5)* " f(s,9(s)) ds = > / (tns1 — )" f(s,y(s)) ds.
0 — Jt,
Jj=0""%

It can be approximated by the following approach

n

[ZES .
T~ Y [ s = 9 Fi(s(e) ds
=01

where fj(s,y(s)),j = 0,1,2,...,n is the approximation of f(s,y(s)) on the interval
[t5, - 3
It will lead to different scheme by choosing different f;(s,y(s)). Here we choose three

kinds of f;(s,y(s)) to derive the fractional rectangle, trapezoid, and predictor-corrector
methods respectively, see Li et al. [? |. Let y, ~ y(t,),n = 0,1,2,..., N denote the
approximate solution of y(t,).

(i). By choosing f;(s,y(s)) as

fi(s,y(s)) = f(tj,y(t;)), on [ty tjt1], 5=10,1,2,...,n,
the fractional rectangle method for solving (?7?) is derived as, with 0 < o < 2,
n
Yni1 = Y(0) + ' (O)tn1 + > wint1 f (L5, y5), (5)
j=0

where, with 7 =0,1,2,...,n,

I —1 (tn1 = £5)* = (bngs — tj41)”
= thog — 8)¥ Lds = ~2 J n J .
= T ) /t S T(o+ 1) ¥

We remark that when 0 < a < 1, there is no term y'(0)t,+1 at the right hand of (??).
We will not repeat this remark below for 0 < a < 1.
(ii). If f;(s,y(s)) is selected as, with j =0,1,2,...,n,

s—t

Fils () = S5 b y(t) +

Tt — ﬁf(tj+1,y(tj+1)), on [t;,t11],
7 J+1 — Uy

the fractional trapezoid method is derived as, with 0 < a < 2,
n+1

Ynt1 = Y(0) + ¥/ (O)tn1 + > Wi f (L, 95), (7)
=0
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where
) 1 Ao, 1 if j =0,
Vs = A+ B;, ifj=1,2,...,n, 8
Wj,n41 F(Oz—i—2) tjy1—t;* 7 tj—l;tj [ ‘7 ] " ( )
(tnt1 — tn)?, ifj=n+1,
and

Ao = (e — ) =408 + (o + Dty

Aj = (tnrr = t00) T = (tp = £)F + (@ + D) (41 — ) (Fnrr — 15)%,

Bj = (tns1 — 1) = (tar — ;-1 + (@ + 1)ty — tj—1) (tnrr — 15)*

Note that (?7) is an implicit scheme. In order to decrease computational complexity,

it is natural to introduce the following predictor-corrector method.
(iii) The predictor-corrector method

n
Unrr = Y(0) + ¢ (0tnss + D> wjni1f(t5,;),
=0

n
Ynt+1 = y(0) + ' (0)tn41 + (Z Wjn+1f(t,Yj) + Wni1,n1f (Ens,s y7113+1))7 (9)
=0

where wj 11 and @W; 41 are defined in (??7) and (?7), respectively.

3. Error estimates

In this section, under the Assumption ?? we shall consider the error estimates for the
rectangle formula, trapezoid formula and predictor-corrector scheme introduced in Sec-
tion 2 with non-uniform meshes.

3.1 Rectangle formula

In this subsection we will consider the error estimates of the rectangle formula (?7) for
solving (??). Assume that § D¢y € C1[0,T],a > 0, Li et al. [? | proved the following
theorem

THEOREM 3.1 ([? , Theorem 4.1] ) Let a > 0. If §Dgy € C'0,T] and the non-
equidistant stepsize is non-decreasing, then the rectangle formula (?7?) for equation (77)
has the following error estimates

- N <
omax [y; —y(t;)| < Crmaz,

where Tmax denotes the maximum of the step sizes, i.e.,

Tmax = OS%%(il(th - tj)- (10)
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We will show the following result:

THEOREM 3.2 Let 0 < a < 2 and assume that g := § D"y satisfies Assumption ??. Let
75,5 = 0,1,2,...,N — 1 be the non-uniform meshes defined in (??7). Assume that y(t;)
and y; are the solutions of (7?7) and (?7), respectively.

(1) If 0 < a < 1, then we have

CN—2(eto), if0<2(a+o) <1,
max |y(t;) —yj| < { ON“2F)In(N),  if2(a+0) =1,
0<j<N
CNY if2(a+ o) > 1.

(2) If 1 < a < 2, then we have

tj) —y| <CN~.
omax [y(t;) = yil <

To prove Theorem 77, we need some preliminary lemmas.

LEMMA 3.3 Let 0 < a < 2 and assume that g := OCD?y satisfies Assumption 77. Let
75,5 =0,1,2,...,N — 1 be the non-uniform meshes defined in (?7).

o If0< a<1, then we have, withn =0,1,2,....N —1,N > 1,

1 - [l n CN72eto)if0<2(a+0) <1,
’F(Oz) Z/ (tn+1—5)a—1g(8) dS—Z UJjJH-lg(tj)‘ < { ON—2(ato) In(N), if2(a+0) =1,
= = CNH, if2(a+0) > 1.

o Ifl < a<?2, then we have, withn =0,1,2,...,.N —1,N > 1,

1 n ti+1 B n )
)F(Q)Z/t (tn—l—l_s)a 1g(8)d3_zwj,n+1g(tj)‘ SCN 1'
j=0’ti =

Proof. Note that, with n = 2,3,...,N — 1, N > 3, (it is easy to consider the cases for
N = 1,2, we omit these cases here)

n

i1 "
Z/t (tns1— $)* 'g(s)ds — ij,n-&-lg(tj)‘
=0

I'(«) =

= it 30 [ s = 9 0t6) - i s
j=0 "t

1 131 . 1 n—1 .4 . -
< el ) e (5(6) —gtt0) | + gy 0 7 =9 (005) — 1) s

Lo [ 1

- toig —8) —g(t,)) d
+ el / (tnsr — 50 (g(5) — g(tn)) ds
=1+ 1o+ Is.
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For Iy, we have, by Assumption 77,

tl S
I < C’ / (tns1 — 5)0‘1/ g (r)drds
0 0

t1
< C’/ (tns1 — 3)0‘_18(’ ds.
0

tl S
< C'/ (tnt1 — s)al/ 7 Ydrds
0 0

If 0 < a < 1, then we have, by Assumption ?? and (?7?),

ty
Il S C(tn+1 — tl)a_l/ SU ds S C(thrl - tl)a_l(tl)U—H
0

n(n +3) yo-t 2 o+l —2(a—1), 2(a—1) nr—2(o+1) “2(ato)
_ < < .
C(N(NJrl)) (N(N+1)) ON N =CN
(11)

If 1 < a < 2, then we have,

Dn+2)8\e-1, 2 oo
< ot =o( NN 1 1) ) (N
< CnZ(a—l)N—Q(a—l)N—2(0+l) < C(n/N)z(afl)N—20—2 < CN—20'—2 < CON—L. (12)

For I, we have, with & € (t;,tj41),7=1,2,...,n—1landn=2,3,...,N — 1,

1 ptin .
F(a)‘;/t (tar1 — )% 719 (&) (s — t;) ds|.

By Assumption ??, we have, see Stynes et al. [? |, with n > 4, i.e., N > 5, ( the case for
n < 4 is easy to consider and we omit this case below),

n-l tjt1
Iy < C) Z(t]Jrl — tj)tjl/ (tn+1 — 3)01—1 dS‘
= t;

[2=1]-1 s
< (J) > (ti - tj)t‘j?—l/ ' (tns1 — s)* tds
j=1 b
n—l ZR8}
+ C’ (tj+1 — tj)tgil / (tn+1 — S)a_l dS‘
j=[511 b
= Io1 + I2a,

n—1

where [251] is the smallest integer > 7! with n =4,5,...,N — 1, N > 5.
We first consider the estimates for I21 We have, with n 2 4,

e
I <C Z tir — )7 (tngr — tj1)*
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Note that
- jG+1) yo! 9 (o—1
7 1:<7) < O(j/N)2e-1),
J NN n)  SCUM
2(j+1 o
tj+1—tj:M§CJN 2,
and, sincelgjg[”T_l]—l,nzll,

<"2$)Nii+3))

(n/2>a 1 no— 1N 2(a— )SC’(n/N)Q(O‘_l).

(tn+1 - t]—&-l

Thus, by (??), (??) and (??), we have, with n > 4,

(2541
In<C Z )2 (/N (/N YD,

If 0 < o < 1, we have, by (??) and noting that (j/n)2(1=® < C in this case,

(5411 [2521-
I <C Z j 2(ato0)— 2 y—2 (0+4a) (j/’rl) (1-a) <CN~ 2(o+a) Z ]2(a+cr) 2
7=1
CN~2ata) if0<2(a+o0) <1,
< {CN—2et9)n(N), if2(a+o)=1,
CN™1, if 2(a+o0) > 1,

where the last inequality for 2(aw + o) > 1 follows from

N
2(o+a) Z 2(a+0)— CN—2(J+a) / 1,2(04-&-0)—2 do < CON—L
0

If 1 < o < 2, then we have, by (??) and noting that (n/N)*®~1 < C in this case,

(2521

2

N
121 < CN—QU—Q j20 < CN—QU—Q/ .,L,QO' dr < CN_l.
0

j=1
For I35, noting that, with ("7_11 <j<n—-1,n>4,

0 = (i) S O < Cuyne ),

and

2(j+1)

liy1 —t; = NNED < CjN2<COnN"?

8
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we have

n—1

i1
Iy <O Y (N 2)n/N2Y / (bos1 — 5)°~ds
=24 b
tTl,

< CnQU_lN_QU/ (tnge1 — 5)* ds.

t(ngl1

Further we note that

tn L 1
[ =9 s = <[ = o) = (b — )]

t(n;l1

1 L1
Sa(tnﬂ—t[%—w) <

—t

(6%

Thus we have, by (??), (??) and (??), with [%51] <j<n—1,n >4,
122 — Cn2071N720‘(n/N)2a — CN72(U+a)n2(U+a)fl‘

If 0 < a <1, then we have

CN—20+a)  if 0 < 2(0c +a) <1,
Iy < 1 .
CN—, if2(c+a)>1,

where the last inequality follows from, with 2(c + «) > 1,
Loy < ON-2050) () N)2e+a) =1 N2(o+a) -1 < N1,
If 1 < o < 2, then we have, by (?7), since a € (1,2) implies 2(c + «) > 1,
Iy <CON™.

For I3, we have, with &, € (tp,tnt1),n=1,2,...,N — 1,

tn+1
Iy < ¢ / (bst — 8)7 L9/ (6) (5 — ta) ds].
tn

By Assumption 77, we have, with 0 < a < 2

tnt1
I3 < C(tn—l-l - tn)tg_l / (tn+1 - 8)a_1 ds
tn

1 _
(tns1 — Tty 1a(tn+1 —tn)* < Cltnt1 — tn)1+atg !
(nN—2)1+a(n/N)2(a—1) _ Cna+20—1N—2(a+a)

CN=2+e)  if2(a+0) <1+a,

C

<C

<

- { CN-0+2)  if2(a40) > 1 +a,

1 = = (0 D0+ 2)/N(N +1))° < Cln/N)>

(19)

(20)
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where the last inequality follows from, with 2(a + o) > 1+ «,
Cna+20—1N—2(a+a) < C(n/N)a-i-Za—lNoz+2a—1N—2(a+a) < CN_(l—Hl).

Obviously the bound for I3 is stronger than the bound for I;.
Together these estimates complete the proof of Lemma ?77.

We also need the following lemmas.

Lemma 3.4 ([?, Lemma 3.1]) If & > 0, n is a nonnegative integer, 7; < Tj11j =
0,1,...,n — 1, then wjp41 and Wjns1 defined by (?7) and (?7) respectively have the
following estimates

Wj n+1 < CaTj(tn+l - tj)a717 ] = 07 17 L
and
B <Ol Tlirn 30,
int1 < b - -
" : Tiltns1 — ) Vi1 (b1 — tj—1)* Y 1=1,2,...,n+1,
_ max{2,a}
'the’r’e Ca = W

LEMMA 3.5 ([?, Lemma 8.3]) Assume that v, Co, T > 0 and b;,, = CoTj(tn—1t;)*"1,j =
0,1,2,....n—=1for0=tg<ti1 < - <tp, <---<ty=T,n=1,2,...,N where N is a
positive integer and 7; = tj 41 —t;. Let go be positive and the sequence {1} meet

1/}0 < g0,
Y < 3521 binths + 9o,

then

LEMMA 3.6 Let o > 0. We have

(1) wjnt1 >0,5=0,1,2,...,n, where wjn,41 are the weights defined in (77).
(2) Wjpt1 >0,5=0,1,2,...,n+ 1, where W; i1 are the weights defined in (?7).

Proof. 1t is obvious that wj 41 >0, 7 =0,1,...,n. Let us now consider w;,+1 >0, j =
0,1,2,...,n+ 1. For j =0,1,2,...,n, we have

1 i1 s—tiyq 1 tit1 s —t.
= — ¢ _ a1 I+ g / ¢ _ a—1 I 4
st =gy, e =T RS g e s

which is also positive obviously. Further, by (??), we have Wy,41,n4+1 > 0.
The proof of Lemma 77 is complete. [ ]

10
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Proof of Theorem ??. For n =0,1,2,..., N — 1, we have

[Y(tnt1) — Ynt1] = ’F(la)/o n+1(tn+1 —5)* g(s)ds — jgowj,n+1f(tj7yj)’
<X =97 0l —atty)

=0
+ ‘ wjnt1(9(t;) — f(tj,yj))’ =T +1I.
j:

o

The term [ is estimated by Lemma ??. For 11, we have, by Lemma 7?7 and the Lipschitz
condition of f,

n n
IT = ’ij,nﬂ(g(fj) - f(tjayj))‘ S LY winsly(ty) —ysl.
J=0 =0

Thus we obtain

n
Y(tnt1) = Ynar| ST+ LY winpaly(ts) — yl-
=0

By Lemma 77, we get

ly(tn1) — Yns1| < C1.

Together these estimates complete the proof of Theorem ?7.

3.2 Trapezoid formula

In this section we will consider the error estimates of the trapezoid method (?7?) for
solving (??). Assume that § Dy € C2[0,T7], Li et al. [? ] proved the following theorem

THEOREM 3.7 ([? , Theorem 4.2 ) If D¢y € C2[0,T) and the non-equidistant step
size is non-decreasing, then the trapezoid scheme (?7) for solving (??7) has the following
error estimates

()] < 2
og%v ’?JJ y( ])‘ < CTimazs

where Tmagz is defined by (77).
We shall prove the following theorem.

THEOREM 3.8 Let 0 < a < 2 and assume that g := OCDtay satisfies Assumption ?7. Let
75,5 =0,1,2,...,N — 1 be the non-uniform meshes defined in (??7). Assume that y(t;)
and y; are the solutions of (?7) and (77), respectively.

11
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(1) If 0 < a < 1, then we have

CN—2ato), if0 < 2(a+0) < 2,
max |y(t;) —yj| < { ON“2+)In(N),  if2(a+0) =2,
0<j<N
CN—2% if2(a+0) > 2.

(2) If 1 < a < 2, then we have

ti) —y;| < CN2.
omax [y(t;) =yl <
To prove Theorem 77, we need the following lemma.

LEMMA 3.9 Let 0 < a < 2. Assume that g satisfies Assumption ?77.
o [f0<a<l, then

1 trnt+1 n+1 CN*Q(a+a)7 ifO < 2(Oé + (T) < 2,
‘F(a) / (tns1=5)"""g(s) ds =3 Wyninglt)| < § N2 (N), - if2(a+0) =2,
0 = CN2, if2(a+0) > 2.

o Ifl<a<?2, then

1 bt . n+41 ,
I TRV S R
7=0

Proof. Note that, withn =2,3,...,N —1,N > 3,

n+1

1 tnt1 o ~
o | e =9 gl ds = 3 ynatty)
=0

1 ’zn:/thrl(t )a—l( (s) s —tjt1 () s —t; (t )) d
== 1= 8)Hgls) — —F—g(t;) — ——-g(tj1)) ds
D)l =/, " ti—ti U =t

—t

_ F(la)’ /Otl (b — )01 <g(8) S 75lg(t0) - %g(h)) ds‘
=

b+ s —tj41 s —1tj
-1-7‘ / tne1 —5)* H(g(s) — —Lg(t;) — ——L—g(t5 ds
| e =90 7 00) = S g) - o atten)

s — 1y

=17t
+ I‘(la)‘ /tnm(tnﬂ — )" (g(s) — mg(tn) - 9(tnt1)) d8’

tn — tn+l tpy1 — tn
=L+ I + Is.

12
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For Iy, we have, by Assumption 77,

/tl(tn+1 )“‘1[3__th/0 dr—/tl ] ds|

tl tl
<C/ (the1 — $) 1Ud3—i—C/ tnp1 — 8)* 19 ds. (21)

1
11:7

If 0 < a < 1, we have, by (?7?)
I < Cltpgr — 1) ()7 < ON—2eto), (22)

If 1 < a <2, then we have, by (77?)

t1
1 < Ctg+}/0 s7ds + Cte (7T < Ct2 1t <ONTPT2<CONTE (23)

For Iy, we have, with &; € (¢j,tj41),7=1,2,...,n—1landn=2,3,...,N — 1,

I < 0{2/”1 buet — )71 (6)(5 — 1)(s — ty41) ds].

By Assumption 7?7, we have, with n > 4,

t‘+1
A

[ 11 b
<0 S (- ) [ =t
j=1 ¢

J

tita
+C J+1 — t t?Q/ (tns1 — 8)a_1 ds = Iy + 1.
t;
J=1"5*] !

Following the similar arguments as in the estimates for I5; in lemma 7?7, we can show,
for 0 < <1,

CN~2atao) if0 < 2(a+0) <2,
Iy < CN~2@t9)n(N), if2(a+0) =2,
CN—2 if2(a+o0) > 2,

and Iny <CN72 for 1 < a < 2.
Following the similar arguments as in the estimates for Io2 in lemma 77, we can show,
for0<a <1,

e CN—2t9) if ) < 2(a+0) < 2,
?=1 on—? if 2(c + 0) > 2,

13
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and Ipo < CN72 forl < a < 2.
Following the similar arguments as in the estimates for I3 in lemma 77, we can show,
for 0 < a < 2,

I < CN—2@+9) if) < 2(a+0) <1+a,
5= oN—@re), if2(a+0)>1+a.

Together these estimates complete the proof of Lemma 77.

u
Proof of Theorem ??. For n =0,1,2,..., N — 1,we have
1 trg1 . n+1
[Y(tnt1) = Ynt1] = ’F(a)/o (tnt1 — )% g(s) ds = Y i1 f (s, y5)
j=0
- 1 ’z”:/tjﬂ(t )a_1< ( ) S _tj+1 (t ) S—tj (t )> d ‘
S =N +1— 5 g\8) — ————9\;) — ———glj+1) ) as
F(a) §=0 t; " tj — tj+1 J tj—l—l — tj J
n+1
+ ‘ ij,n-i-l (9(t5) = f(tjvyj))‘
j=0
=14+11

The term [ is estimated by Lemma ??. For I/, we have, by Lemma ?? and the Lipschitz
condition of f,

n+1 n+1
= ’ Y @i (9(t) = f(t5, yj))) < LY @inely(ty) -yl
j=0 Jj=0
Thus we obtain
n+1
Y(tnr1) = Ynrr| ST+ LY @jnily(ty) — ysl.
§=0

By using the corresponding Gronwall Lemma similar as Lemma ?7?, see Li et al. [? ,
Theorem 4.2], we have |y(t,+1) — Yn+1| < CI, which completes the proof of Theorem ?7.
|

We remark that for 0 < o < 1, we may prove Theorem 7?7 by using the argument in
[? , Lemma 4.3]. However this argument does not work for proving Theorem ?? with
a € (1,2).

3.3 Predictor-corrector scheme

In this subsection we will consider the error estimates of the predictor-corrector method
(??) for solving (??). Assume that §Dgy € C?[0,T], Li et al. [? ] proved the following
theorem

14
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THEOREM 3.10 ([? , Theorem 4.3]). If §Dgy € C2[0,T] and the non-equidistant step
size is non-decreasing, then the predictor-corrector scheme (?7) for solving (77?) has the
following error estimates

_ N < q — _
OI<nag§v|y] y(tj)| < Ctingrs k=0,1,2,...,N —1,

where ¢ = min{2,1 + a} and Tmagz is defined by (77).
We have the following Theorem.

THEOREM 3.11 Let 0 < a < 2 and assume that g := § Dy satisfies Assumption 77.
Let 75,7 = 0,1,2,...,N — 1 be the non-uniform meshes defined in (??7). Assume that

y(tj) and y; are the solutions of (??7) and (?7), respectively.

(1) If 0 < a < 1, then we have

CN—2ato), if2(a+0) <1+ a,
Jmax [y(t;) —yjl <  ONTHFI(N), if2(a+0) = 1+a,
CN—1-e if2(a+0)>1+a.

(2) If 1 < a <2, then we have

—yj| <CN2.
omax [y (t) — sl <

To prove Theorem 7?7, we need the following lemma.

LEMMA 3.12 Let 0 < a < 2. Assume that g(t) satisfies Assumption ?7.
o Jf0 < a<1, then we have

7+1 CN—2ato), if2(a+o)<1l+a,
s, nHZ [ ot g) | £ NN, 2 0) =140,
CN-1- if2(a+0)>1+a.

o Ifl < a <2, then we have

< CN~2.

R Z / " tuss — £)°7Y (9(s) — g(ty)) ds

Proof. The proof is similar to the proof of Lemma ??7. We omit the proof here. [ |
Proof of Theorem ??. Following the argument of the proof of [? , Lemma 3.1] and using
the estimates in Lemma 77, we may prove this theorem. We omit the proof here.

]

4. Numerical examples

In this section, we will give some numerical examples to illustrate the convergence orders
of the numerical methods introduced in the previous sections under the different smooth-

15
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ness assumptions of §'Dfy in (??). In Example ?? we consider the rectangle formula and
in Example ?? we consider the trapezoid formula. In Examples 7?7 and 77 we consider
the predictor-corrector method. We only show the numerical results for a € (0, 1) here.
Similarly we may obtain the numerical results for o € (1,2).

ExAMPLE 1 Consider, with 0 < o < 1,

6 Dfy(t) = f(t,y(1), te(0,T], (24)
y(0) =1, (25)
where
ft,y) = _ 2 pa_ b pal v 4 (P —t+1)2
’ '3 —a) r'2-a)
The ezact solution is y(t) = t> —t + 1, and §Dy(t) = ﬁt%a — ﬁtka. It is

easy to see that §Dy(t) ¢ C%0,T) and satisfies Assumption ?? with 0 =1 — a.

Let N > 1 be a positive integer. Let 0 = tg < t; < --- < ty = T be the non-
uniform meshes defined in (7). For simplicity, we choose T = 1. Assume that y(t;) and
yj,7 =0,1,2,... N are the solutions of (??7) and (??), respectively. By Theorem 77, we
have, with 0 =1 — a,

= 2) — < N_l. 2
llenloo Ogﬁv!y(t;) yi|l < C (26)

In Table 7?2, for the different o € (0,1), we choose the different N = 20 x 2!, 1 =
1,2,3,4,5. We obtain the mazimum nodal errors ||en|ls defined in (?77) with respect
to the different N. We also calculate the experimental order of convergence (EOC) by

log2(|i|:2i]|h°° ) We observe that the experimental order of convergence is consistent with

llen]]oo
lleanlloo

our theoretical result in (7?), i.e, log2< > ~ 1. In this case, the Caputo fractional

derivative OCDtO‘y(t) behaves as t17%. 0 < o < 1, by using the rectangle formula with
uniform meshes, the experimental order of convergence (EOC) is almost the same as the
order obtained by using the rectangle formula with non-uniform meshes.

Meshes N a=03 EOC a=06 EOC a=08 EOC
Non-uniform 40 1.51E-02 1.52E-02 1.66E-02
80 7.10E-03 1.09 7.33E-03 1.06 &.10E-03 1.03
160 3.39E-03 1.07 3.58E-03 1.04 4.00E-03 1.02
320 1.63E-03 1.06 1.76E-03 1.02 1.99E-03 1.01
640 7.89E-04 1.05 8.71E-04 1.01 9.90E-04 1.01
Uniform 40  2.44E-02 2.44E-02 2.44E-02
80 1.23E-02 0.98 1.23E-02 0.98 1.23E-02 0.98
160 6.21E-03 0.99 6.21E-03 0.99 6.21E-03 0.99
320 3.12E-03 0.99 3.12E-03 0.99 3.12E-03 0.99
640 1.56E-03 0.99 1.56E-03 0.99 1.56E-03 0.99

Table 1. Maximum nodal errors at T'= 1 for Example ?? using rectangle formula (?7?)
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EXAMPLE 2 In this example, we consider the trapezoid formula for (7?)-(7?). Assume
that y(t;) and y;,j = 0,1,2,...N are the solutions of (?7) and (??), respectively. By
Theorem 77, we have, with o =1 — «,

= i) —yi| < -2 .
llen]loo Og;eggvly(tg) y;| < CN"“In(N) (27)

In Table ??, for the different a € (0,1) we choose the different N = 20x2!,1 =1,2,3,4,5.
We obtain the mazimum nodal errors |len||o defined in (??) with respect to the different
N. We also calculate the experimental order of convergence (EOC).

Meshes N a=03 EOC a=06 EOC a=08 EOC

Non-uniform 40 1.03E-04 1.30E-04 2.18E-04
80 2.70E-05 1.94 3.28E-05 1.99 5.47E-05 2.00
160 6.97E-06 1.95 8.24E-06 1.99 1.37E-05 2.00
320 1.79E-06 1.96 2.06E-06 2.00 3.42E-06 2.00
640 4.56E-07 1.97 5.16E-07 2.00 &.55E-07 2.00
Uniform 40 9.57TE-04 4.67E-03 8.30E-03
80 4.99E-04 0.94 2.42E-03 0.95 4.24E-03 0.97
160 2.62E-04 0.93 1.25E-03 0.96 2.15E-03 0.98
320 1.37E-04 0.93 6.35E-04 0.97 1.08E-03 0.99
640 7.13E-05 0.94 3.22E-04 0.98 5.44E-04 0.99

Table 2. Maximum nodal errors at T' = 1 for Example ?? using trapezoid formula (?7)

We see that the experimental order of convergence (EOC) of the trapezoid method (?7)
with non-uniform meshes is almost O(N~2) as we expected. However the experimental
order of convergence (EOC) of the trapezoid method (??7) with uniform meshes is only
about O(N—1)

ExamMpLE 3 Consider, with0 < a<1,0< 8 <1 and a < S,

I'(1
Cpy) = UTE a2y ve o1, (28)

(1+8-a)
y(0) = vo, (29)

where yo = 0, and the exact solution is y(t) = t5, and §Dy(t) = %ﬁ*a, which

implies that the regularity of § Dy(t) behaves as tP~®. Thus we see that §D{y(t) sat-
isfies the Assumption 1 with o0 = 8 — «.

We shall use the same notations as in FExample 77. We have, by Theorem 77 with
0= /8 —Q,

CN—28, if26 <1+ a,
lenll:= max ly(t;) —y;l < § CN"# In(N), 26 =1+«
- CN-(+e)  if98 > 1+ .

In Table 7?7, we choose = 0.9 and we obtain the experimental orders of convergence
(EOC) and the mazimum nodal errors with respect to the different N. In Table 77, we
have 2 > 1+« the experimental order of convergence (EOC) of (?7?) with non-uniform
meshes is almost 1 + a as we expected.
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Meshes N a=03 EOC «a=06 EOC a=08 EOC
Non-uniform 40 1.74E-02 1.53E-03 5.19E-04
80 5.36E-03 1.70 4.57E-04 1.75 1.49E-04 1.80
160 1.73E-03 1.63 1.41E-04 1.70 4.28E-05 1.80
320 5.90E-04 1.55 4.46E-05 1.66 1.23E-05 1.80
640 2.10E-04 1.49 1.43E-05 1.64 3.53E-06 1.80
Uniform 40 7.39E-02 8.95E-03 1.43E-02
80 2.37TE-02 0.85 4.83E-03 0.89 7.68E-03 0.90
160 7.08E-03 0.88 2.59E-03 0.90 4.12E-03 0.90
320 2.24E-03 0.89 1.39E-03 0.90 2.21E-03 0.90
640 7.62E-04 090 7.46E-04 090 1.18E-03 0.90

Table 3. Maximum nodal errors at T'= 1 for Example ?? using predictor-corrector scheme (??) with 8 = 0.9

In Table 77, we choose B = 0.4 and we obtain the experimental orders of convergence
(EOC) and the mazimum nodal errors with respect to the different N. In Table 77,
we have 28 < 1+ «, the experimental order of convergence (EOC) of (??7) with non-
uniform meshes is indeed almost 25 = 0.8 as we expected for a = 0.2,0.3. For a = 0.1,
the experimental order of convergence (EOC) of (??) with non-uniform meshes is less
than 28 = 0.8. If we choose a > 0.5 in this case, we could not get any numerical results,
the solutions blow up.

Meshes N a=03 EOC «a=02 EOC a=01 EOC
Non-uniform 40 6.06E-03 3.21E-02 4.63E-01
80 2.15E-03 1.49 7.68E-03 2.06 4.09E-01 0.18
160 1.08E-03 0.99 2.08E-03 1.88 3.48E-01 0.23
320 5.40E-04 0.99 1.21E-03 0.78 2.76E-01 0.33
640 2.70E-04 0.99 6.97E-04 0.79 1.76E-01 0.65
Uniform 40 2.02E-02 1.14E-02 4.02E-01
80 1.64E-02 0.30 9.96E-03 0.20 3.41E-01 0.23
160 1.25E-02 0.40 1.05E-02 -0.07 2.70E-01 0.34
320 9.18E-03 0.44 9.40E-03 0.16 1.77E-01 0.61
640 6.63E-03 0.47 7.86E-03 0.26 1.14E-02 0.96

Table 4. Maximum nodal errors at T'= 1 for Example ?? using predictor-corrector scheme (??) with 8 = 0.4

ExAMPLE 4 Consider, with 0 < a < 1,

6 DFy() +y(H) =0, te(0,T], (30)
y(0) = yo, (31)
where yo = 1. The exact solution is y(t) = En1(—t%), and §Dgy(t) = —Fa1(—t%),

where Eq (%) is the Mittag-Leffler function defined by

o0 k
z
Boq(2) =) w5, a,7>0
— I'(ak +7)

18



August 10, 2017

10:34 International Journal of Computer Mathematics liurobertsyan'2017°06°21

Hence we have

a (—tY) (=)
oCDty(t)——l—F(aH) T

which implies that the reqularity of OCDtay(t) behaves as ¢+ ct®,0 < a < 1. By Theorem
7?7 with 0 = «a, we have

CN— 4, if e < 1/3,

lenlloo := max |y(t;) —y;| < S CN~*In(N), ifa=1/3,
0<j<N

CN-(+e)  ifa > 1/3.

In Table 77 we obtain the experimental orders of convergence (EOC) and the mazimum
nodal errors with respect to the different N. When o = 0.3 which is less than 1/3,
the convergence order should be O(N~4) = O(N—'2). When a = 0.6,0.8 which are
greater than 1/3, the convergence orders should be 1 + «. We see that the numerical
results are perfectly consistent with the theoretical results for a« = 0.6,0.8. For a =
0.3, the experimental orders of convergence (EOC) is slightly lower than the theoretical
convergence order O(N—12).

Meshes N a=03 EOC a=06 EOC a=08 EOC
Non-uniform 40 9.50E-04 4.26E-04 2.53E-04
80 4.87TE-04 0.96 1.35E-04 1.66 7.23E-05 1.81
160 2.64E-04 0.88 4.37E-05 1.63 2.08E-05 1.80
320 1.31E-04 1.02 1.42E-05 1.62 6.01E-06 1.79
640 6.14E-04 1.09 4.66E-06 1.61 1.74E-06 1.79
Uniform 40 1.11E-02 7.57E-04 1.14E-04
80 4.47E-03 1.32 4.34E-04 0.80 4.43E-05 1.37
160 1.24E-03 1.84 2.19E-04 0.98 1.59E-05 1.48
320 5.54E-04 1.17 1.05E-04 1.07 5.47E-06 1.54
640 6.48E-04 -0.22 4.83E-05 1.12 1.85E-06 1.56

Table 5. Maximum nodal errors at T' = 1 for Example ?? using predictor-corrector scheme (?7)

4.1 Conclusion

In this paper, we consider the error estimates of three kinds of fractional numerical
methods for solving nonlinear fractional differential equations with non-uniform meshes.
Under the assumption that the fractional derivative of the solution of the fractional
differential equation has lower smoothness, we obtain the error bounds which depend
on the fractional order o and the smoothness of the Caputo fractional derivative of the
solution of the fractional differential equation. We may extend this idea to consider other
numerical methods for solving fractional ordinary or partial differential equations with
non-uniform meshes.
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