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Abstract

In this paper, we consider the discontinuous Galerkin time stepping method for solving the linear space
fractional partial differential equations. The space fractional derivatives are defined by using Riesz fractional
derivative. The space variable is discretized by means of a Galerkin finite element method and the time
variable is discretized by the discontinuous Galerkin method. The approximate solution will be sought as a
piecewise polynomial function in ¢ of degree at most ¢ — 1, ¢ > 1, which is not necessarily continuous at the
nodes of the defining partition. The error estimates in the fully discrete case are obtained and the numerical
examples are given.
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1. Introduction

In this paper we will consider the discontinuous Galerkin time stepping methods for solving the following
linear space fractional partial differential equation, with 1/2 < a < 1,

ou(t,x)  0%°u(t,x)

ot o =f(t,x), 0<t<T,0<z<1, (1)
u(t,0) =u(t,1)=0, 0<t<T, (2)
u(0,2) =up(z), 0<ax<l, (3)

where the Riesz fractional derivative is defined by, [31], [32]

*w(x) _ 1 R 2 R 2
Olw|2> 72COS(017T) (0 Dyw(z) + o Dy w(x)),

and #DYw(z) and EDJw(z),1 < v < 2 are called the left-sided and right-sided Riemann-Liouville fractional
derivatives, respectively,

FDY0) = g [ -0 e d EDTu() = ot [ o e (@
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Space fractional partial differential equations are widely used to model complex phenomena, for example,
in quasi-geostrophic flow, the fast rotating fluids, the dynamic of the frontogenesis in meteorology, the diffu-
sions in fractal or disordered medium, the pollution problems, the mathematical finance and the transport
problems, soil contamination and underground water flow, see, e.g., [5], [9], [24], [4], [29].

In recent years, many authors consider the numerical methods for solving space fractional partial dif-
ferential equations, e.g., finite difference methods [1], [2], [27]-[28], [34]-[38], [40], [19], [30], finite element
methods [11], [12]-[18], [33], [41], [42] and spectral methods [25]-[26], [7], [8], matrix transfer technique
(MTT) [20]-[21]. Recently, Jin et al. [23] considered the finite element method for solving the linear space
fractional parabolic equation where the space fractional derivative is defined as left-sided Riemann-Liouville
derivative, see also [22]. The estimates in [23] are for both smooth and nonsmooth initial data, and are
expressed directly in terms of the smoothness of the initial data.

The Riesz space fractional partial differential equations were firstly proposed by Chaves [10] to investigate
the mechanism of super-diffusion. Benson et al. [3] [4] considered the fractional order governing equation
of Lévy motion. Zhang et al. [41] considered a finite element method in space and backward difference
method in time for solving Riesz space fractional partial differential equation. Sousa [36] studied a second
order numerical method for Riesz space fractional convection-diffusion equation. Bu et al. [6] considered
a finite element method in space and Crank-Nicolson method in time for solving Riesz space fractional
partial differential equations in two-dimensional case. Duan et al. [13] studied a finite element method in
space and backward Euler method in time for solving Riesz space fractional partial differential equations in
two-dimensional case.

In this paper, we will consider a finite element method in space and a discontinuous Galerkin method
in time for solving Riesz space fractional partial differential equation. When the approximating functions
are piecewise constant in time, we proved that the error is O(h"~* + k,,) and the bounds contain the
terms  ||ull,g, and ||w||a,s,, see Theorem 4.1 below. When the approximating functions are piecewise
linear in time, we proved that the error is O(h?"~=®) 4+ k2) and the bounds contain the terms ||u/|,. s, and
lweet ||, , see Theorem 4.3 below. The advantages of the discontinuous Galerkin method is that, e.g., variable
coeflicients and nonlinearities present no complication in principle. We obtain precise error estimates for
the discontinuous Galerkin method which make it possible to construct the adaptive methods based on the
automatic time-step control.

The paper is organized as follows. In Section 2, we introduce some fractional Sobolev spaces and some
basic lemmas. In Section 3, we give the error estimates for the backward Euler method. In Section 4, we
consider the error estimates for the discontinuous Galerkin time stepping method for ¢ = 1,2. Finally in
Section 4, we give two numerical examples.

By C we denote a positive constant independent of the functions and parameters concerned, but not
necessarily the same at different occurrences.

2. Preliminaries
In this section, we will introduce some fractional Sobolev spaces.

Definition 2.1. [14], [25] For any o > 0, we define the spaces 'HZ(0,1) and "HS(0,1) to be the closures
of C§°(0,1) with respect to the norms |[v[|1gg 0,1y and ||[v||~mg(0,1), respectively, where

|‘U||21Hg(0,1) = ||UH%2(0,1) + |l (])%ngH%Z(O,l)’
and
”’UH%‘H{)’(OJ) = HU||i2(o,1) + | fDTU”%Q((],l)'
The semi-norms are defined by |v|ipg 0,1y = || &DZv| 12001y and |v] rHg(0,1) = || BD7v||12(0,1), respectively.



Remark 2.1. In Definition 2.1, |v|ipg 0,1y, > 0 is a semi-norm (not a morm) since |v| g 0,1y = 0 does
not imply v = 0. For example, when 0 < o < 1, let w(x) = 2771, we have w(x) # 0 and

1 d x 1 d xT
RD(7 ) = 77/ — —0.n — 77/ o —o,0—1 ’
0 DZw(z) T —o)dz J, (@ —y) "w(y)dy T —o)dzr )y (—y) 7y’ " dy

1 d

1
== 771 —t)° tdt =
F(l—a)dm/o ( ) 0

. . . T o Rpyo,,
which implies that |w|igeo1y) = |oDow
v rHg(0,1) and the semi-norm in Definitions 2.2 below.

20, = 0. The similar comments are for the semi-norm

Definition 2.2. [1/], [25] For any ¢ > 0, ¢ # n—1/2, n € Z*, we define the space “HJ(0,1) to be the
closure of C§°(0,1) with respect to the norm |[v||cgg 0,1y, where

HU”%Hg(O,l) = ||v||%2(0,1) + |(§nga ﬁDfU)‘
The semi-norm is defined by |”|20Hg(0 1) = (&DZv, EDJv)|.

Definition 2.3. [14], [25] For any o > 0, let H° (R) denote the fractional Sobolev space defined in the whole
line R. We define
H?(0,1) = {v € L*(0,1) : 0](0,1) = v, where v € H? (R)},

with the norm

_ inf -
vl 7 0,1) %HU(RI)I}M(OJ):U||U||H0(R),

where
9] 77 ) = (1 + [w]*)7/2F(0) (w) | 2Ry

and F(0) denotes the Fourier transform of © and the corresponding semi-norm is defined by |0|go @) =
||w|” F ()| 2wy Further we define the Sobolev space H§(0,1) to be the closure of C§°(0, 1) with respect to
the norm |[v||z2(0,1) and the semi-norm in H§ (0, 1) is denoted by |v|gg (0,1)-

Lemma 2.1. [14, Theorems 2.12, 2.13], [25, Lemmas 2.4, 2.5] Let ¢ > 0,0 # n —1/2,n € ZT. The
semi-norms and norms in spaces 'H(0,1), "HZ(0,1), *HZ(0,1) and H§(0,1) are equivalent.

Below we will denote (-,-) and || - || as the inner product and norm in L2(0,1), respectively.
Lemma 2.2. Let o > 0,0 #n—1/2, n € ZT, we have
(EDg0, RD7v) = cos(mo)l| EDZv|2, ¥ v € HE(0,1).
In particular, (¥DZv, BDv) is negative when 1/2 < o < 1.
Proof: It is sufficient to prove
(6 DZ¢, 2 D7) = cos(ma)|| g DI, ¥ ¢ € C5°(0,1).
In fact, we have, for any ¢ € C§°(0,1), [25],
(EDgp, BD7g) = (R_DI3, BDZ.G) 1) = cos(no)| B, D2G|2 ) = cos(no)| EDZ,

where ¢ is the extension of ¢ by zero outside of (0, 1).
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Lemma 2.3. Let 1/2 < o < 1. We have, see [25],
(BD2w,v) = (FD%w, BDS), ¥ w,v € HE(0,1),
(ED3*w,v) = (EDSw, ¥DSw), YV w,v € H§(0,1).
We also have the following fractional Poincaré inequality:

Lemma 2.4. [14], [17], [25] For v € H§(0,1), 1/2 < a < 1, we have

lullz20,1) < Clulmg 0,1

and for0 < s<p, s#n—1/2, ne€Z™,

lulmz0,1) < Clulgeo,1)-

Multiplying v € H§(0,1) in both sides of the equation (1) and integrating on (0,1) we get, by Lemma
2.3,

(ut,v) + Bo(u,v) = (f,v), Vve H§0,1), (5)
u(0) = uo, (6)

where the bilinear form B, /(-,-) is defined by

1

Ba(u,v) = 2 cos(am)

((§'Dgu, DY) + (FDfu, ¢ Dv)). (7)

By Lemmas 2.1, 2.2 and 2.4, it is easy to show that the bilinear form B,(-,-) is symmetric, continuous
and coercive on H§(0,1), 1/2 < o < 1.

Let S, € H§(0,1),1/2 < o < 1 be the piecewise continuous linear finite element space. The finite
element method of (1)-(3) is to find up(t) € Sp such that

(uh,t; X) + Ba(uha X) = (f7 X)a VX € Sha (8)
up(0) = vp, (9)

where v, € Sy, is some appropriate approximation of uy € L?(0,1).

3. The backward Euler method

In this section, we will consider the error estimates of the backward Euler method for solving (5)-(6).
Let us first consider the error estimates for solving (5)-(6) in the semidiscrete case.

To do this, we need to introduce the regularity assumption for the following fractional elliptic problem,
with 1/2 < a <1, g € L?(0,1),

9% w(x) B 1 o o _
- olz|2*  2cos(arm) ((I)%D?” w(z) +5 D% w(x)) =g(x), 0<z <1, (10)
w(0) = w(1) = 0. (11)

The variational form of (10)-(11) is to find w € H§(0, 1) such that

Bo(w, ) = (9,9), Ve e Hg(0,1). (12)
4



Assumption 3.1. Let 1/2 < o < 1. For w solving (12) with g € L*(0,1), there exists some r € [a, 20],
such that

1wl z50,1) < Cllgllzz(0,1)-

Remark 3.1. Suppose that the equation (10) only contain the left-sided Riemann-Liouville derivative, Jin
et al. [23, Lemma 4.2] and [22, Theorem 4.4] show thatr =2a—14+ 4,0 < 5 <1/2 for1/2 < a <1 in the
Assumption 3.1. For the equation (12) with the Riesz fractional derivative, we have at least w € H§(0,1).
Further we assume that, by the Assumption 3.1, there exists r € [a, 2a] such that w € H™(0,1) N H§(0,1).
The similar assumption was also used in [14, Assumption 4.1].

We next introduce the fractional Ritz projection Rj o on S.
Definition 3.1. Let 1/2 < o <1 and let v € H§(0,1). We define Ry o : H§(0,1) — S), by
Ba(Bhav,X) = Ba(v,X), VX €Sp, veHg01). (13)

It is easy to see that Rp o : H§(0,1) — Sp is well defined since By (+,-) is symmetric, continuous and
coercive on Sy. Further we have, see [14],

Lemma 3.2. Let v € H"(0,1) N H§(0,1),1/2 < a < 1l,a < r < 2« and let Ry, o : H§(0,1) — Sy, be the
fractional Ritz projection onto Sy, defined as in (13). Then, under Assumption 3.1, there exists a constant
C = C(«) such that

| Rn,av = 0|l + h" %Ry o0 — 0| g 0,1) < CR* =) vl e 0.1 (14)

Theorem 3.3. Let uy, and u be the solutions of (8)-(9) and (5)-(6), respectively. Let « < r < 2a,1/2 <
a<1. Let ug € H™(0,1). Then, under the Assumption 3.1, there exists a constant C = C(a) such that

t
o 8) = ) < o = ol + €12 (ol + [ a(s) v s (15)

Proof: We write
un(t) — u(t) = 0(t) + p(t),
where 6(t) = un(t) — Rp,ou(t) and p(t) = Rp qu(t) — u(t).
By Lemma 3.2, we have, with 1/2 < a <1,

lo@®)ll < CR= u(®) b 0,1)-

Note that :
u(t) = u(0) +/(J ug(s) ds,
we get ,
[u(®)lla0,1) < llwoll 70,1 +/0 l[ut ()] 1r(0,1) ds.
Hence

¢
ool < 0120~ (uallriony + | a0 )
We next consider the estimates for 6(¢). Note that 6(t) satisfies

(01, x) + Ba(0,x) = (un,t, X) + Ba(uns X) = (Ra,atiz; X) — Ba(u,X)
= (fa X) - (Rh,auta X) - Ba(u>X) = (ut - Rh,aut7X)
= (_phX)a VX € Sh'
5



Choose x = 0, we get
(9t7 9) + Ba(e7 9) = _(pt7 9),

which implies, by Lemma 2.1,

1d
5 g 10 + ClOlEg 0,1y < —(pe: 0) < llpelll6]]-
Note that |02 a(0,1) > 0, we get

1d

5 =101 < =(01,0) < ol

which implies that
d
—0@)| < t)||-
S0 < llou(o)]

Hence,
t t
16N < 16(0)]] +/0 l[pe(s)]l ds < [lun(0) — Rp.au(0)]] +/O CR*= [lu(s) | ro,1) ds
t
< [|un(0) = w(0) ]| + CA*"=* [[u(0) | gr(0.1) +/ CR*"= luy ()| 1 (0.1) ds-
0

Together these estimates complete the proof of Theorem 3.3.
|

We now introduce the backward Euler methods for solving (5)-(6). Let 0 =tg < t; <ty < --- <ty =T
be a partition of [0,7] and k be the time step size. Let U™ = wy,(¢,,) be the approximation of uy(t,). The
backward Euler method for solving (5)-(6) is to find U™ € S},, such that

(%x) + Ba (U™, x) = (f(tn),X), ¥ X € Sh, (16)
U° = uy, (17)
(U™, x) + kBo (U™, x) = (U " 4+ kf(tn), X), (18)
UO = Uh.- (19)

Theorem 3.4. Let U™ and u(t,) be the solutions of (16)-(17) and (5)-(6), respectively. Let a < r <
2a,1/2 < a < 1. Assume that uo € H"(0,1) and

[on = uoll < Ch2=) |Jug | g+ (0,1)-

We have, under the Assumption 3.1, withn =1,2,..., N,

tn tn
(U™ —u(ts)| < Ch2(r7a)(||U0HHT(0,1) "‘/ |t || 57 (0,1 dS) + k/ l|wse]| ds.
0 0

Proof: We write

U™ —u(ty) = (U" — Rpaulty)) + (Rupau(tn) — u(ty)) = 0"+ p™.



Here p" = p(t,) is bounded by

t

o™ | = | Bnaultn) = ulta)| < CH*C=ult)ll 01y < CH*=||ug +/0 ur(s) ds|

H"(0,1)
t

< €t (Juolloy + [ Noalrrcon) ).
0

We next estimate 6™. Note that ™ satisfies, by (16)-(17) and (5)-(6),

o — gn
%

- (LUH_IJO - (R,WMJ() + Ba(U",X) = Ba(Rn,au(tn), x)
(

X) + B, (9", Vx)

k
va)
() - %,X) N (u(tn) —ultn) g ) - u(tn_Q’X)

n
= —(’LU aX)v
where w" = w} + w¥,

u(ty) — u(t,—
w} = (Rpo — [)%7
Choose x = 0™ in (20), we have

", 6m) — (9”71, 0™) + kB, (9”, 9”) = —k(w",0m).
Note that, by the coercivity property, B, (6™, 6™) > 0, we have
167> — (6™, 6™) < Klw"|]16™]],

or
167112 < o™=l | + Kllw™ [[16™

Cancelling ||6™||, we get
167 < 119" + Kljw™ |-

By repeated application, we have

101 < 10O+ &> Il < 10O+ Y llwd ||+ £ D -
Jj=1 j=1 j=1

We write
u(t;) —u(t;—
w{:<Rh,a_I) (]) ; (J 1)
t; t;
= (Rho — I)k—l/ ug(s)ds = k™! / (Rpo — Duy(s) ds
tj—1 tj—1
Hence
n ] n t;
30l <3 [ IR = Duslo)] ds
j=1 j=1"7ti-1
n t; tn
S Z/ C’h2(r_a)||ut||Hr(0’1) ds S ChZ(r_a) / ||utHHT(O,1) ds.
j=17ti-1 0
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Further

ksl = u(ty) — u(ty 1) — kug(t;) = — /t " (5=t 1)ug(s) ds.

J—

Thus

kZ||w2||<ZH/ tio )use(s) ds <I<:Z/ e (5 ||dsfk/ l[aee ()| ds.

Together these estimates complete the proof of Theorem 3.4.

4. The discontinuous Galerkin time stepping method

In Section 3, we obtain the error estimates for solving (5)-(6) by using the finite element method in
space and the backward Euler method in time. The error is O(h2"=®) + k), a < r < 2a,1/2 < a < 1 and
the bounds contain the terms fOt” lue(s)|| v (0,1) ds and fOt" ||uee(s)]| ds. In this section, we will consider the
discontinuous Galerkin time stepping method for solving (5)-(6). When the approximating functions are
piecewise constant in time, we proved that the error is O(h"~* 4 k,,) and the bounds contain the terms
llullr, s, and ||utlla,s,, see Theorem 4.1 below. When the approximating functions are piecewise linear in
time, we proved that the error is O(h?"=® + k2) and the bounds contain the terms |ju|. s, and |[us|a.7, ,
see Theorem 4.3 below.

Let 0=ty <t; <+ <tp_1 <ty <--- <ty =T be the time partition of [0,T]. Let k, =t, —t_1,n =
1,2,..., N be the time step size. Denote J,, = (t,—_1, tn].

Define

q—1
S = { X [0,T) = S, X[, = 3 X8, X; € S},
j=0

where ¢ is a given positive integer and X = X (t) € Sy, is left continuous at the discretization point ¢,,, but
not necessarily right continuous at t,_; on each subinterval J,, = (t,,—1,t,],n = 1,2,..., N. Denote X" =
X(tn—) = limy_yy,— X(¢) and X7 = X(t,—14) = limyy, ,+ X(t). We then have X" = X(t,) = X"
Further, let S}, denote the restriction of Sk, on J,, = (tn—1,tx).

The discontinuous Galerkin time stepping method of (5)-(6) is to find U = U(t) € Sp, such that, with
n=12,...,N,

/tt" (U X) + Ba(U, X0)] dt 4+ (U3, X2 21)

tﬂ,
= (U:H,Xfl)Jr/ (f,X)dt, VX € S}y,

tn—1

U(tn_1) = Uf_l, (22)
tN N-1
/ [(Ut,X) +Ba(U,X)} dt+ " (U], X7) + (UL, X1) (23)
to n=1
= (U X))+ /tN(f,X)dt, VX € S,
U(0) = U2 = vy, (24)



Here [U],, = U} — U denotes the jump of U at t,,n=1,2,...,N — 1.

Denote
Bo(U, X) = /tN (U0 X) + Ba(U X)] dt + 37 (0], X3) + (U2, XY).

Then the discontinuous Galerkin time stepping method of (5)-(6) is to find U € Sy, such that

tN
BQ(U,X):(UE,X$)+/ (f,X)dt, VX € Spp. (25)

to

We remark that in the case ¢ = 1, (21)-(22) reduces to the following modified backward Euler method

(U™, x) + knBa (U™, x) = (U™, x) + (/t n f(t) dt,x)7 Vx € Sh. (26)

Note that the f™ = f(¢,) occurring in the standard backward Euler method (18)-(19) has been replaced
by an average of f over (t,—_1,t,). The standard backward Euler method may thus be interpreted as resulting
from (26) after quadrature.

We have the following theorem.

Theorem 4.1. Assume that kyy1/k, > ¢ >0 forn > 1 and let g = 1. Let U™ and u(ty,) be the solutions
of (21)-(22) and (5)-(6), respectively. Let o <r < 2a,1/2 < o« < 1. Then we have, under the Assumption
3.1, with vy, = Puug,uo € L*(0,1),

vt 1 K ]

JU% = ()| < CLy mae (hul wt); (27)

/2
and [[@lls, 7, = supse, le@)m:0,1), 8 = a7

where Ly =1+ (log ,%)1
Denote A, : D(A4) — L*(0,1) by
Ba(‘paw) = (Aoc(Pvz/J)> Ve D(Aa)7 Ve H(?(Ov 1)'

We may consider the following backward homogeneous problem

— 2zt +Aez =0, fort<ty, (28)
z(tn) = . (29)

We next introduce the discrete fractional elliptic operator Ay, o @ S, — Sp, by, with 1/2 < a <1,
1
(Ah,awaX):m[(é%Dgw7 fD(llX) +(§D?'¢)? (I)%D:X):|7 Vw7X€Sh (30)

The semidiscrete problem of (28)-(29) is then to find 2z, € Si, such that

—2ht + Apazn =0, fort <ty, (31)
zn(tn) = Pro. (32)

The discontinuous Galerkin time stepping method for (31)-(32) is to find Z;, € S}, such that

[ 0= 20) + Ba(X A Z0)]| e+ (Xt Za(ta-) (33)

tn—1

= (Xn(tn—), Zn(tnt)), VXn € Sih,
Zn(tn+) = Zn(tn) = Pre. (34)



Here we use the fact that By (X, Z1) = (An,aXn, Zn) = (Xn, An,aZn)-

We remark that (33)-(34) are obtained by transforming (31)-(32) into the forward homogeneous problem
and then apply the discontinuous Galerkin time stepping method (21)-(22) to this forward homogeneous
problem. In fact, let t =T — s, we assume

zn(t) = z2n(T — 8) = Zn(s),

which implies that
Zht = —Zns, 2n(tw) = zn(0).

Here (31)-(32) is equivalent to the following forward homogeneous problem

Znt + Apozn =0, fort <ty, (35)
fh(()) = Ppo. (36)

The discontinuous Galerkin time stepping method of (35)-(36) is to find Z;, € Sp, such that

/ttN o |(Znsss Xn) + (AnaZn, Xn)| ds + (Zn((tw = ta) + ), Kn((tn = ta) +))

N—tn

= (Zn((tx =) =), Ku((tv —ta) =), VX € S,

which implies that, with s = tx —t, Zp,(8) = Zp(t), Zn.s(s) = —Zn4(t),

/t" |:(Xh, —Zhﬂg) + (X}uAh,aZh)} dt + (Xh(tN — (tN — tn)+), Zh(tN — (tN - tn>+))

b —

= (Xn(ty = (tn —tn)=), Zn(tn — (tn —ta)=), YV Xi € Siy,s

or

/t" (X1 =200) + (X Ao Z0)] dt + (Xn(tn =), Zi (1)

tn—1

= (Xh(t7L_)7Zh(tn+))7 VX, € Sl?hv

which is (33)-(34).

By summation with n =1,2,..., N, we get
tN N-1
/ [(Xh, —Znyt) + (XhaAh,aZh)} dt — Z (Xn(tn—), [Zn]n) + (Xn(tn—), Zn(tn—))
to n=1

= (Xh<tN—),Zh(tN+)) = (Xh(tN—>,Ph(p>, VX, € Skh-

It is easy to show that, by integration by parts with respect to ¢,

Ba(Xi, 21) = / (X0~ Z00) + (X0, Ao )]

Z Xn(tn=);[Zn)n) + (Xn(tn—), Zu(tn—))-

Hence we see that the solution Zp, € Skp, of (33)- (34) satisfies
Bo(Xn, Zn) = (Xn(tn—), Pup) = (Xn(tn—), @), VXu € Skn. (37)

10



Lemma 4.2. Assume that kpy1/kn > ¢ > 0,n > 1. Then we have for the solution of (37),

tN N
/0 (1Z0ll+ 1 4naZnll) dt + 3 [1Zulall < CLu el

where Ly =1+ (10g %)1/2.
Proof: The proof is similar to the proof of [39, Lemma 12.3]. We omit the proof here.
|
Proof of Theorem 4.1: Let @ denote the piecewise constant function (with respect to ) defined by
a(t) = u(ty,), fort € (tn_1,tn],
we write
e=U—u=(U~-Rpai) + (Rnoti—u) =0+p,

where Ry, o is defined by (13).
For p, we have, noting that a(tn) = u(ty),

M| = | R 0i(tn) — w(tn)| = || Rhauty) — ultn)l| < CR2T=ull gro,1).-
For 6, we have, with ¢ € L?(0,1), by (37),
Ba(ev Zh) = (an <,0)-
Thus
(9N7 80) = Ba(97 Zh) = Ba(e - P Zh) = B(X(e7 Zh) - Ba(p7 Zh)
Note that - -
Boé(e,)(h):.BQ(UV—’U,,‘X}I):O7 V Xy € Skh.
In fact, we have, by (25),
BaU.Xa) = (0% Xa(04) + [ (£ X0)dt, ¥ Xi € S

to

Further
tN N—
(u, X3) :/ (ug, Xp) + (Agqu, X, ] Z W, Xp(tat)) + (v, X, (04))
to n=1
tN
= f,Xh dt+( _,Xh(0+)).
to
Thus
Bu(e, Xp) = (U2 —u?, X1,(0+4)) = (Pruo — ug, Xn(to+)) = 0.
Therefore
N tn N— 1
(0".0) =~Balp.Z0) == 3 [ [(0.~Zns) + Balp. 2] + ~GNBg). ()
n=1"tn-1 n=1

11



Note that
Bo(p, Zn) = Ba(Rh,ap, Zn) = (Rh,ap, AnaZn),

and p" =0,n=1,2,..., N, we have

tn N—
Z/ (Rh,ap, An,aZn) dt + Z [ Zn]n) = (PN, Pue)

tn 1
tN N-1
< e (I, + [Rnals, ) [ [ 14naZallde+ Y- 1(Zelall + el
= 0 n=1
By (14) with r = «, we have
1Bn,aplls. < Bhap = plla, +llpls. < ChOlpllas, + lolls. < Cliplla,.- (39)

We therefore have
10V < CLx max [|plla.., -
n<N

Note that,

[ollays, = [[Rhat = ulla,s, < [[(Rra = Dilla,, + [
= [[(Rn,a — Dultn)lla,s, + @
< ChT_a”uHr,Jn + Cknlluella, s,

()l 0,1) + Chnlluel|a, s,

Together these estimates complete the proof of Theorem 4.1.
|

Remark 4.1. Note that, by (14), the fractional Ritz projection Ry, o is not bounded in L?(0,1). Therefore
we can not bound || Ry opl| by using ||p|| in (39) as in the proof of (12.50) in [39, pp. 199]. Therefore we can
only prove the convergence order O(h"~%) for the discontinuous Galerkin time stepping method with ¢ = 1
for space fractional partial differential equation.

Theorem 4.3. Let ¢ = 2, and assume that ky11/k, > ¢ >0 forn > 1. Let U™ and u(t,) be the solutions
of (21)-(22) and (5)-(6), respectively. Let o < r < 2a,1/2 < o < 1. Then we have, under the Assumption
3.1, with vy, = Prug,ug € L2(O, 1),

10N = u(tn)| < CL ma ( ot K ustla,,)

1/2
where Ly =1+ (log 1%) " and llells,g, = supses, o)l ms0,1), 5= .
Proof: With J, = (t,-1,t,],n > 1 and let @ € Sy denote the piecewise linear interpolant defined by

w(ty) = u(ty), n >0,

i.e., u interpolates at the nodal points, and the interpolation error is orthogonal to any constant on J,,. This
interpolant is uniquely defined and the error estimates read as follows, See [39, (12.10), pp. 186]

|a(t) — “(t)‘Hg(o,l) < Cki/J |utt(s)|H5(071), fort € J,, j=0,1. (40)

n
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This time we find instead of (38)

N-1

Z/ —(p, Znt) + Balp, Zy) dt—l—z Znln) — (PN, Pro).

n=1

Here we have, using the definition of ,

/ (pv Zh,t) dt = / (Rh,aa —u, Zh,t) dt - / (Rh,au —u, Zh,t) dta
J J In

n n

and, by Lemma 4.2,

N tN
> / (it = 4, Zpa) di| < e | Rnate = ul., / 12| dt
n=1""Jn . 0

< CLNhZ(rfa)
n<N
and similarly
‘ N—

n:l

(0, P < ma [ Brs — )t (3 121l + 1Pl

< 2(r—a) .
< CLnh max [wllr, . 1l

Finally, by the definition of Rj, q,

>

n=1"7Jn n=1"Jn
N N
- Z/ (Aa(t —u), Zp,) dt = Z K,,
n=1"Jn n=1

By the Assumption 3.1 and the definition of the interpolant @, we have

Kol < Fol =, [ 120l

n

Thus we have

N
;'Kn‘ Singa&(( n , n)

el

N
3
, n);/Jn | Zn ]| dt < OLNglgaJi/( (kn

Hence we get the following estimates
O™, < CLy max (K2 il + 120~ gl

Together these estimates complete the proof of Theorem 4.3.
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5. Numerical simulations
In this section, we will consider two numerical examples.

Example 5.1. Consider the following linear space fractional partial differential equation, with 1/2 < a < 1,

u(t,z) 0%u(t, )

5 B[z = f(t,x), 0<t<T, 0<x<l, (41)
u(t,0) =u(t,1) =0, 0<t<T, (42)
u(0,z) = uo(z), 0<z <1, (43)

where ug(x) = 0 and f(t,x) = 2tx?(1 — x)? — t3(2 — 12z + 122?).
u(t,r) = t222(1 — )2,

When o = 1, the exact solution is

In the numerical simulation, we use the piecewise constant approximation in time and the linear finite
element approximation in space. We consider the experimentally determined orders of convergence (“EOC ”)
for the different o at ¢,, = 1. We choose k = 0.001 and the different space step size h; = 1/2%,i = 1,2, 3,4, 5.
Let e\ = w(tn) —U™||L2(0,1) denote the L? norm at ¢, = 1 obtained by using the different space step sizes
hi =1/2%i =1,2,3,4. Since the exact solution is not available, we will calculate the reference solution ( or
‘true’ solution) u(t,) by using the very small time step size k& = 0.0001 and space step size h = 2710, By
Theorems 4.1, we have, with some a <r < 2aq and 1/2 < a < 1,

ely) < Oy, (44)

which implies that the convergence order r — « satisfies
log, (67(11')/6534-1)) ~ log, (hi/hiJrl)T_a =7r—a.

In Table 1, we observe that the experimentally determined orders of convergence (“EOC ”) are 2« which is
much better than the theoretical convergence order in Theorem 4.1.

& h | EOC (@ =06) | BOC(a=0.7) | EOC( a = 0.8) | EOC(a = 0.9)
0.001 | 1/2
0.001 | 1/4 2.0132 2.4290 2.4232 2.3176
0.001 | 1/8 1.3547 1.6634 2.0163 2.1684
0.001 | 1/16 1.3493 1.3635 1.5023 1.5863

Table 1: The experimentally determined orders of convergence (“EOC ) for the different v at ¢, = 1 in Example 1

Example 5.2. Consider the following linear space fractional partial differential equation, with 1/2 < a <1,

u(t,z) 0%%u(t, r)

T RIS = f(t,z), 0<t<T, 0<zx<l, (45)
u(t,0) =wu(t,1) =0, 0<t<T, (46)
w(0,2) = up(x), 0<z<l, (47)

where ug(z) = (1 — x) and f(t,z) =0.

In Table 2, we observe that the experimentally determined orders of convergence (“EOC ”) are also
better than our theoretical convergence order O(h"~%), o« < r < 2« in Theorem 4.1. We will investigate this
issue in our future work.
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k h | EOC («=0.6) | EOC(a=0.7) | EOC( a=0.8) | EOC(a =0.9)
0.001 | 1/2
0.001 | 1/4 1.4233 1.5410 1.5249 1.4240
0.001 | 1/8 1.0621 1.1559 1.4353 1.6324
0.001 | 1/16 1.0171 1.1045 1.2011 1.5345

Table 2: The experimentally determined orders of convergence (“EOC ”) for the different o at ¢, = 1 in Example 5.2
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