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Abstract

A high-order time discretization scheme to approximate the time-fractional wave
equation with the Caputo fractional derivative of order α ∈ (1, 2) is studied. We
establish a high-order formula for approximating the Caputo fractional derivative of
order α ∈ (1, 2). Based on this approximation, we propose a novel numerical method
to solve the time-fractional wave equation. Remarkably, this method corrects only one
starting step and demonstrates second-order convergence in both homogeneous and
inhomogeneous cases, regardless of whether the data is smooth or nonsmooth. We also
analyze the stability region associated with the proposed numerical method. Some
numerical examples are given to elucidate the convergence analysis.

Keywords: time-fractional wave problem, Caputo derivative, Laplace transform method,
initial correction, nonsmooth data.
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1 Introduction

Consider the following time-fractional wave equation, with 1 < α < 2,
C
0 D

α
t u+Au = f(t), 0 ≤ t ≤ T,

u(0) = u0,
u′(0) = u1,

(1.1)

where C
0 D

α
t u stands for the Caputo fractional derivative of order α with respect to t defined

by

C
0 D

α
t u(t) =

1

Γ(2− α)

∫ t

0
(t− s)1−α u′′(s) ds.

Here A = −∆ with the definition domain D(A) = H1
0 (Ω) ∩ H2(Ω) and ∆ stands for

the Laplacian, where H1
0 (Ω) and H2(Ω) denote the standard Sobolev spaces on a domain

Ω ⊂ Rd, d = 1, 2, 3. Furthermore, u0 and u1 are the initial values with u0, u1 ∈ H where
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H := L2(Ω) is the Hilbert space of square integrable functions defined on Ω with the norm
‖ · ‖. Therefore for any z ∈ {z 6= 0 : | arg z| < θ0} with π/2 < θ0 < π/α, α ∈ (1, 2), the
operator A satisfies the following resolvent estimates [6]

‖(zI +A)−1‖ ≤ C|z|−1, ‖(zαI +A)−1‖ ≤ C|z|−α. (1.2)

The time fractional wave equations are extensively used for modeling processes character-
ized by non-local effects, [1], [2], [5], [18]. The solution of the time fractional wave equation
has a singularity near the origin. It is essential to identify efficient numerical methods
for solving the time fractional wave equation while working within limited smoothness as-
sumptions for the solutions.

Utilizing convolution quadratures as outlined in [10] and incorporating techniques from [11],
Jin et al. [6] introduced two methods based on convolution quadrature in time. They
established error estimates for both smooth and nonsmooth data in the context of time-
fractional wave equations. Additionally, they corrected the initial steps of the BDF meth-
ods [7], resulting in high-order numerical methods for approximating the time-fractional
wave equation with both smooth and nonsmooth data. A nonuniform L2 − 1σ Crank-
Nicolson difference method was developed on a nonuniform temporal mesh [23] for solving
time-fractional wave equation. In [12], convergence in the H1

0 (Ω)-norm was derived for a
low-order Petrov-Galerkin method with a nonsmooth source term. Li et al. [13] proposed a
time-spectral method characterized by exponential decay in temporal discretization when
the solution is smooth enough. Furthermore, in [14], they analyzed a space-time finite
element method, showing that high-order temporal accuracy can still be achieved with
appropriately graded temporal grids.

The time fractional wave equation can be written as an evolution equation with a positive-
type memory term. Various numerical methods exist for dealing with evolution equations
with such positive-type memory terms. McLean et al. [15], [16] introduced two positive
definite quadratures specifically designed for the time fractional integral operator. Apply-
ing the convolution quadratures from [10] and using backward difference methods in time,
Lubich et al. [11], [3] obtained the first and second-order time-stepping schemes. They
derived optimal error estimates with nonsmooth initial data. Mustapha and McLean [17]
proposed a novel class of algorithms by applying a discontinuous Galerkin method to ad-
dress the challenges posed by the time fractional wave equation.

In more recent developments, the S2 and S3 formulae, both belonging to the S-type formula
category, were introduced as means to approximate the Caputo fractional derivative. These
formulae exhibit convergence orders of O(k3−α) and O(k4−α) for α ∈ (1, 2) [19]. The L3
formula, as presented in [21], has been formulated for approximating the Caputo derivative
of order α ∈ (1, 2). This particular formula demonstrates second-order convergence and
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has been used in approximating solutions to the time-fractional wave equation.

Based on the ideas in [19] and [21], in this paper, we introduce a new high-order time dis-
cretization scheme with the corrections on the starting steps. Using the discrete Laplace
transform method, we prove that the proposed method has the optimal convergence order
O(k2) in both homogeneous and inhomogeneous cases with both smooth and nonsmooth
data.

The paper is organized as follows. In Section 2, we introduce a high-order formula for ap-
proximating the Caputo derivative of order α ∈ (1, 2) with some specific weight corrections.
Section 3 introduces the corrected numerical methods for approximating the time-fractional
wave equation in both homogeneous and inhomogeneous cases. We establish optimal error
estimates using the Laplace transform method. In Section 4, we consider the stability
region of the proposed numerical method. Finally, Section 5 presents numerical results
aimed at validating the theoretical findings and showing the robustness of the proposed
numerical method.

Throughout this paper we denote C a generic constant independent of the step size k which
could be different at different occurrences.

2 Time discretization

Let k = T/N and construct a partition over [0, T ] as 0 = t0 < t1 < · · · < tn < · · · < tN = T .
We shall approximate the Caputo fractional derivative, with α ∈ (1, 2),

C
0 D

α
t u(tn) =

1

Γ(2− α)

∫ tn

t0

(tn − s)1−α u′′(s) ds,

=
1

Γ(2− α)

n∑
j=1

∫ tj

tj−1

(tn − s)1−α u′′(s) ds. (2.1)

On the subintervals [t0, t1] and [t1, t2], we approximate u by the cubic interpolation poly-
nomials Π3,1u and Π3,2u defined the nodes (t0, u(t0)), (t1, u(t1)), (t2, u(t2)), (t3, u(t3)), re-
spectively. On the other subintervals [tj−1, tj ], 3 ≤ j ≤ n, we approximate u by Π3,ju
defined on the nodes (tj−3, u(tj−3)), (tj−2, u(tj−2)), (tj−1, u(tj−1)), (tj , u(tj)). By setting

δtuj− 1
2

=
uj − uj−1

k
, δ2

t uj =
δtuj+ 1

2
− δtuj− 1

2

k
, δ3

t uj =
1

k2
(δtuj+ 1

2
− 2δtuj− 1

2
+ δtuj− 3

2
),

we obtain, with δ3
t uj− 3

2
:= δ2

t

(
δtuj− 3

2

)
,

(Π3,ju(t))′′ = δ2
t uj−2 + (t− tj−2)δ3

t uj− 3
2
.
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Let ∆2uj = uj+2 − 2uj+1 + uj and similar as (2.10) in [21], we have, with n ≥ 3,

C
0 D

α
t u(tn) =

1

Γ(2− α)

(∫ t1

t0

(tn − s)1−α (Π3,1u(s))′′ ds+

∫ t2

t1

(tn − s)1−α (Π3,2u(s))′′ ds

+

n∑
j=3

∫ tj

tj−1

(tn − s)1−α (Π3,ju(s))′′ ds
)

= k−α
n−1∑
j=1

c
(α)
n−1−j ∆2uj−1 +Rn, (2.2)

where Rn = O(k2) and the coefficients c
(α)
l in (2.2) are defined by for n ≥ 3,

c
(α)
n−1−j =

1

Γ(3− α)


a

(α)
n−3 + 2a

(α)
n−2 + 3a

(α)
n−1 − b

(α)
n−1 − b

(α)
n−2 − b

(α)
n−3, j = 1,

a
(α)
n−4 − a

(α)
n−2 − 2a

(α)
n−1 + b

(α)
n−1 + b

(α)
n−2 + b

(α)
n−3 − b

(α)
n−4, j = 2,

a
(α)
n−j−2 − b

(α)
n−j−2 + b

(α)
n−j−1, 3 ≤ j ≤n− 2,

b
(α)
n−j−1, j = n− 1,

in which the coefficients a
(α)
j and b

(α)
j are defined by

a
(α)
j = (j + 1)2−α − j2−α, (2.3)

b
(α)
j =

1

3− α
(
(j + 1)3−α − j3−α)+ (j + 1)2−α − 2j2−α. (2.4)

Then, we rewrite the L3 formula in (2.2) as

C
0 D

α
t u(tn) = k−α

n∑
j=0

wj,n u(tn−j) +Rn, n ≥ 3,

with the following coefficients

wj,n =



c
(α)
0 , j = 0,

c
(α)
1 − 2c

(α)
0 , j = 1,

c
(α)
j−2 − 2c

(α)
j−1 + c

(α)
j , j = 2, . . . , n− 2,

c
(α)
n−3 − 2c

(α)
n−2, j = n− 1,

c
(α)
n−2, j = n.

(2.5)

Remark 2.1. When α → 2, the L3 formula reduces to the following scheme for approxi-
mating the second time derivative utt(tn) for n ≥ 3, i.e.,

utt(tn) ≈ k−2
(

2u(tn)− 5u(tn−1) + 4u(tn−2)− u(tn−3)
)
,

which has the second order convergence, that is

utt(tn)− k−2
(

2u(tn)− 5u(tn−1) + 4u(tn−2)− u(tn−3)
)

= O(k2), as k → 0.
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Based on (2.5), we may define wj as follows

w0 =
1

Γ(3− α)

(
1 +

1

3− α

)
,

w1 =
1

Γ(3− α)

(
22−α − 4 +

1

3− α
(23−α − 4)

)
,

w2 =
1

Γ(3− α)

(
6− 24−α + 32−α +

6

3− α
− 25−α

3− α
+

33−α

3− α

)
,

wj =
1

Γ(3− α)

(
(j + 1)2−α +

(j + 1)3−α

3− α
− 4j2−α − 4

j3−α

3− α
+ 6(j − 1)2−α + 6

(j − 1)3−α

3− α

− 4(j − 2)2−α − 4
(j − 2)3−α

3− α
+ (j − 3)2−α +

(j − 3)3−α

3− α

)
, j = 3, 4, . . . . (2.6)

Remark 2.2. In equation (2.5), the weights wj,n rely on the parameter n, whereas in
equation (2.6), the weights wj are independent of n. In the subsequent section, we will
employ the weights wj, for j = 0, 1, 2, . . . , from equation (2.6) to establish our numerical
method. This selection is made in order to facilitate the application of the discrete Laplace
transform method.

3 Error analysis

In this section, we introduce the time discretization scheme for approximating (1.1). We
proceed to derive error estimates for the schemes in both homogeneous and inhomogeneous
cases, encompassing both smooth and nonsmooth data.

3.1 Homogeneous case

In this subsection, we consider the time discretization of (1.1) with f = 0, i.e.,
C
0 D

α
t u+Au = 0, 0 ≤ t ≤ T,

u(0) = u0,
u′(0) = u1.

(3.1)

Let V (t) := u(t)− u(0)− tu′(0) then (3.1) can be written as{
C
0 D

α
t V (t) +AV (t) = −Au(0)−Atu′(0), 0 ≤ t ≤ T,

V (0) = 0, V ′(0) = 0.
(3.2)
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Based on the idea in [7], we define the following corrected time discretization schemes for
solving (3.2),

k−α
n∑
j=1

wn−jV
j +A V n = −Au0 − tnAu1 + a1(−Au0) + b1kAu1, n = 1,

k−α
n∑
j=1

wn−jV
j +A V n = −Au0 − tnAu1, n ≥ 2,

(3.3)

where the correction coefficients are a1 = 1
2 , b1 = 1

12 .

Lemma 3.1. ([4, 7]) For p 6= 1, 2, . . ., the polylogarithm function Lip(z) =
∑∞

j=1

zj

jp
is

analytically continued in the split plane C \ [1,+∞] and satisfies the singular expansion

Lip(e
−z) ∼ Γ(1− p)zp−1 +

∞∑
k=0

(−1)kξ(p− k)
zk

k!
as z → 0, (3.4)

in which ξ is the Riemann zeta function.

Lemma 3.2. Let ζ = e−zk, z ∈ C and 1 < α < 2. Then, for some suitable constants
d1, d2, we have

w̃(ζ) :=
∞∑
j=0

wjζ
j = (zk)α− 1

3
(zk)2+α+d1(zk)4 +

1

3
(zk)3+α+d2(zk)4+α+ · · · , as zk → 0.

Proof. Note that

w̃(ζ) =
∞∑
j=0

wjζ
j =

1

Γ(3− α)

[
ζ−1 − 4 + 6ζ − 4ζ2 + ζ3

] ( ∞∑
j=1

j2−αζj
)

+
1

Γ(3− α)

[
1

3− α
ζ−1 − 4

3− α
+

6

3− α
ζ − 4

3− α
ζ2 +

1

3− α
ζ3

]( ∞∑
j=1

j3−αζj
)

=
1

Γ(3− α)

[
ezk − 4 + 6e−zk − 4e−2zk + e−3zk

]
Liα−2(ζ)

+
1

Γ(3− α)

[
1

3− α
ezk − 4

3− α
+

6

3− α
e−zk − 4

3− α
e−2zk +

1

3− α
e−3zk

]
Liα−3(ζ).

Utilizing (3.4) with p = α− 2, α− 3, we have

w̃(ζ) = (zk)α − 1

3
(zk)2+α + d1(zk)4 +

1

3
(zk)3+α + d2(zk)4+α + · · · , as zk → 0.

for some suitable constants d1, d2, . . ..

6



Lemma 3.3. Let K(z) = z−1(zα +A)−1A and z ∈ Γk where, for some θ ∈ (π/2, π),

Γk = {z ∈ Γ : |=z| ≤ π/k}, Γ = {z 6= 0 : | arg z| = θ}. (3.5)

We denote, with ζ = e−zk, z ∈ Γk,

zk =
δ(ζ)

k
, δ(ζ) = w̃(ζ)1/α, µ(ζ) = δ(ζ)

( ζ

1− ζ
+ a1ζ

)
. (3.6)

Then we have the following statements

µ(e−zk)− 1 = O((zk)2), as zk → 0, (3.7)

C|z| ≤ |zk| ≤ C|z|, (3.8)

‖K(zk)−K(z)‖ ≤ Ck2|z|, (3.9)

‖µ(ζ)K(zk)−K(z)‖ ≤ Ck2|z|, (3.10)

k2z2
k

( ∞∑
n=1

n(e−zk)n + b1e
−zk
)
− 1 = O((zk)2), as zk → 0. (3.11)

Proof. By Lemma 3.2, we obtain

µ(e−x)− 1 =
( e−x

1− e−x
+ a1e

−x
)( ∞∑

j=0

wj(e
−x)j

) 1
α − 1

=
( e−x

1− e−x
+ a1e

−x
)

(xα − 1

3
x2+α + d1x

4 +
1

3
x3+α + · · · )

1
α − 1

= (−1

2
+ a1)x+ c1x

2 + c2x
4−α + c3x

3 + · · · .

By choosing a1 = 1
2 , we get limx→0

µ(e−x)−1
x2

= C which implies (3.7).

We now turn to the proof of (3.8). We first show that there exists a constant C > 0 such
that

|zk|
|z|
≤ C, for z ∈ Γk. (3.12)

Note that
|zk|
|z|

=
|δ(e−zk)|
|kz|

=
|w̃(e−zk)

1
α |

|zk|
,

and

lim
x→0

w̃(e−x)
1
α

x
= lim

x→0

(
∑∞

j=0wj(e
−x)j)

1
α

x
= lim

x→0

(xα − 1
3x

2+α + d1x
4 + 1

3x
3+α + . . . )

1
α

x
= 1.
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Hence there exists 0 < δ1 <
π

sin θ such that |zk||z| ≤ C, for z ∈ Γk, |zk| < δ1. Since w̃(e−zk)
1
α

zk is

analytic for z ∈ Γk, δ1 < |zk| < π
sin θ , we have

∣∣∣ w̃(e−zk)
1
α

zk

∣∣∣ ≤ C for z ∈ Γk, δ1 < |zk| < π
sin θ .

Thus (3.12) follows.
We next show that there exists a constant C > 0 such that

|z|
|zk|
≤ C, for z ∈ Γk. (3.13)

Note that

zk − z =
δ(e−zk)

k
− z =

δ(e−zk)− zk
k

=

(∑∞
j=0wj(e

−zk)j
) 1
α − zk

k

=
(zk)(1− 1

3(zk)2 + d1(zk)4−α + · · · )
1
α − zk

k
=

(zk)(1− 1
3α(zk)2 + · · · )− zk

k
= O(k2z3), as kz → 0.

We see that there exists 0 < δ2 < 1 such that

|z − zk| ≤
1

2
|k2z3|, for |zk| < δ2,

which implies that

|z| ≤ |z − zk|+ |zk| ≤
1

2
|kz|2|z|+ |zk| ≤

1

2
|z|+ |zk|, for |zk| < δ2.

Thus we obtain
|z| ≤ 2|zk|, for z ∈ Γk, |zk| < δ2. (3.14)

Now we turn to the case for z ∈ Γk, δ2 < |zk| < π
sin θ for some θ ∈ (π2 , π) close to π

2 .
Note that

|zαk | =
∣∣∣ w̃(e−zk)

kα

∣∣∣ =
∣∣∣ w̃(e−zk)

(zk)α
zα
∣∣∣ ≥ |w̃(e−zk)|(

π
sin θ

)α |z|α, z ∈ Γk, δ2 < |zk| <
π

sin θ
. (3.15)

Assume at the moment that there exists a constant c2 > 0 such that

|w̃(e−zk)| ≥ c2, for z ∈ Γk, δ2 < |zk| <
π

sin θ
. (3.16)

We then get, by (3.15), there exists a constant C > 0 such that

|zk| ≥ C|z|, for z ∈ Γk, δ2 < |zk| <
π

sin θ
.

Together this with (3.14) show (3.13).
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It remains to show (3.16), that is, establishing a lower bound for |w̃(e−zk)| when z ∈ Γk and
δ2 < |zk| < π

sin θ . Due to the complexity of the expression for w̃(e−zk), establishing a direct
proof for (3.16) appears to be an exceedingly challenging task. Jin and Zhou [9, Lemma 5.4]
have previously shown the existence of such a lower bound for the L1 scheme. Instead, we
shall visually illustrate the existence of a constant c2 satisfying (3.16) for some θ ∈ (π2 , π)
close to π

2 . To achieve this, we graphically present the complex function w̃(e−w) for w in
the range [−1, 1] × [δ2,

π
sin θ ] which contains the line w ∈ {zk :, z ∈ Γk, , δ2 < |zk| < π

sin θ}.
In Figure 1, it is evident that w̃(e−w) maintains a lower bound for δ2 = 0.5, θ = 0.5, α = π

2 .
Table 1 provides the lower bounds for various combinations of δ2 and α. Regardless of the
specific values chosen, it is apparent that (3.16) remains valid. Thus, we have demonstrated
the existence of the desired lower bound, supporting the conclusion that (3.16) holds true.

Table 1: The lower bounds c2 of |w̃(e−w)| in (3.16) on domain w ∈ [−1, 1]× [δ2, π]
δ2 α lower bounds c2

0.1 1.1 0.08
1.5 0.03
1.7 0.02
1.9 0.01

0.2 1.1 0.17
1.5 0.05
1.7 0.06
1.9 0.05

0.5 1.1 0.50
1.5 0.39
1.7 0.35
1.9 0.31

Following the proof in [22, Lemma 2.2], and noticing ‖K ′(z)‖ ≤ C|z|−2, we get

‖K(zk)−K(z)‖ ≤ C|z|−2k2|z|3 ≤ Ck2|z|,

which shows (3.9).

Now, using the fact that ‖K(zk)‖ ≤ C|z|−1, (3.10) follows from

‖µ(ζ)K(zk)−K(z)‖ ≤ ‖(µ(ζ)−1)K(zk)‖+‖K(zk)−K(z)‖ ≤ |zk|2C|z|−1+Ck2|z| ≤ Ck2|z|.

It remains to prove (3.11). Note that, with δ defined by (3.6) and for some suitable

9



0
-1

5

10

Real (z)

0 32.5

Image (z)

21.511 0.5

Figure 1: Plot of the function g(x, y) = |w̃(e−w)| for w = x+iy with (x, y) ∈ [−1, 1]×[δ2, π]
for α = 1.1 and δ2 = 0.5. The minimum value of g(x, y) on [−1, 1]× [δ2, π] is 0.5

.

constants cj , j = 1, 2, . . . ,

δ2(e−x)
( ∞∑
n=1

n(e−x)n + b1(e−x)
)
− 1 = w̃(e−x)

2
α

( ∞∑
n=1

n(e−x)n + b1(e−x)
)
− 1

= (xα − 1

3
x2+α + d1x

4 +
1

3
x3+α + · · · )

( e−x

(1− e−x)2
+ b1e

−x
)
− 1

= c1x
2 + c2x

3 + c3x
4 + c4x

4+α + · · · ,

we arrive at

lim
x→0

δ2(e−x)
(∑∞

n=1 n(e−x)n + b1(e−x)
)
− 1

x2
= C,

which completes the proof of (3.11). The proof of Lemma 3.3 is complete.

During the proof of the error estimate in Theorem 3.1 below, it is crucial to ensure the
existence of (zαk +A)−1, where zk is defined in (3.6). In simpler terms, we need to demon-
strate the existence of θ0 ∈ (0, 2π) such that zαk ∈ Σθ0 for z ∈ Γk, with Γk defined in
(3.5). The theoretical proof of zαk ∈ Σθ0 is generally challenging due to the complexity
of the expression zαk [9]. Therefore, to address this issue, we will adopt the approach of
visualizing the region of zαk through plots, similar to those presented in [20, Figures 4, 5,
6]. Note that

zαk =
w̃(ζ)

kα
=

1

kα

∞∑
j=0

wjζ
j =

1

kα

∞∑
j=0

wj(e
−kz)j ≈ 1

kα

N∑
j=0

wj(e
−kz)j , z ∈ Γk, (3.17)

where z = |z|eiθ = y
sin θe

iθ for y ∈ (0, π/k]. Here we shall choose θ = 257
512π in Γk, which is

very close to π/2. In Figure 2, we choose N = 100 in (3.17) and plot the region of zαk for
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Figure 2: Plane graph of zαk for α = 1.2, 1.4, 1.6, 1.8
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Figure 3: Plane graphs of zαk for α = 1.01 and α = 1.99

the different α ∈ (1, 2). It is evident that for any α ∈ (1, 2), there exists a θ0 ∈ (0, 2π) such
that zαk ∈ Σθ0 for all z ∈ Γk. Drawing from this observation, we put forward the following
conjecture, which bears resemblance to the conjecture proposed in [20] for the subdiffusion
problem with order α ∈ (0, 1).

Conjecture 3.1. Let θ > π/2 be sufficiently close to π/2 and zk be defined by (3.6). Then
there exists θ0 ∈ (π/2, π) such that

zαk ∈ Σθ0 , ∀z ∈ Γk.

To see the plane graphs of zαk when α → 1 and α → 2, in Figure 3, we plot the plane
graph for α = 1.01 and α = 1.99. It clearly show that there exist θ0 ∈ (π/2, π) such that
zαk ∈ Σθ0 , ∀z ∈ Γk.

Theorem 3.1. Let α ∈ (1, 2) and let V (tn) and V n be the solutions of (3.2) and (3.3),
respectively. Then

‖V (tn)− V n‖ ≤ Ck2t−2
n ‖u0‖+ Ck2t−1

n ‖u1‖. (3.18)

Proof. Taking the Laplace transform in both sides of (3.2) with respect to t, we obtain

V̂ (z) = (zα +A)−1(−Au0z
−1 −Au1z

−2),

11



and by the inverse Laplace transform, we get

V (t) =
1

2πi

∫
Γ
ezt
(
(zα +A)−1z−1(−Au0) + (zα +A)−1z−2(−Au1)

)
dz.

On the other hand, taking the discrete Laplace transform in (3.3) leads to

∞∑
n=1

(
k−α

n∑
j=1

wn−jV
j
)
ζn +

∞∑
n=1

(AV n)ζn = (−Au0)
(
a1ζ +

ζ

1− ζ

)
+ (−Au1)

(
kb1ζ +

∞∑
n=1

tnζ
n
)
.

Using the equality

∞∑
n=1

( n∑
j=1

wn−jV
j
)
ζn =

( ∞∑
j=0

wjζ
j
)

(V 1ζ + V 2ζ2 + · · · ) = w̃(ζ)Ṽ (ζ), (3.19)

we obtain

Ṽ (ζ) = (k−αw̃(ζ) +A)−1

[
(−Au0)

(
a1ζ +

ζ

1− ζ

)
+ (−Au1)

(
k b1ζ +

∞∑
n=1

tnζ
n
)]

,

and we have

V n =− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k (Au0)

)(
zkk
(
a1e
−zk +

e−zk

1− e−zk
))

dz

− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k (Au1)

)(
zkk

2
(
b1e
−zk +

∞∑
n=1

ne−zk
n
))

dz.

Recalling (3.6), we get V (tn)− V n = I + II therein

I =
1

2πi

∫
Γ\Γk

eztn(zα +A)−1z−1(−Au0) dz

+
1

2πi

∫
Γk

eztn
(

(zα +A)−1z−1 − (zαk +A)−1z−1
k µ(e−zk)

)
(−Au0) dz := I1 + I2,

II =
1

2πi

∫
Γ\Γk

eztn(zα +A)−1z−2(−Au1) dz

+
1

2πi

∫
Γk

eztn
(

(zα +A)−1z−2 − (zαk +A)−1k2
( 3∑
j=1

bjζ
j +

∞∑
n=1

nζn
))

(−Au1) dz

:= II1 + II2.

12



Noticing (1.2), ‖(zα +A)−1A‖ = ‖I − zα(zα +A)−1‖ ≤ C, and then

‖I1‖ = ‖ 1

2πi

∫
Γ\Γk

eztn(zα +A)−1z−1(−Au0) dz‖ ≤ C
∫ ∞

1
k

e−ctn|z||z|−1|dz|‖u0‖

≤ C
∫ ∞

1
k

e−ctn|z||z|−2|z||dz|‖u0‖ ≤ Ck2

∫ ∞
1
k

e−ctn|z||z||dz|‖u0‖

≤ Ck2t−2
n ‖u0‖. (3.20)

Using (3.10), we obtain

‖I2‖ = ‖ 1

2πi

∫
Γk

eztn
(

(zα +A)−1z−1 − (zαk +A)−1z−1
k µ(e−zk)

)
(−Au0) dz‖

≤ C‖
∫

Γk

eztn
(

(zα +A)−1z−1A− (zαk +A)−1z−1
k Aµ(e−zk)

)
dz‖‖u0‖

≤ Ck2

∫ ∞
0

e−ctnrrdr‖u0‖ ≤ Ck2t−2
n ‖u0‖. (3.21)

On the other hand, using (1.2) we obtain

‖II1‖ = ‖ 1

2πi

∫
Γ\Γk

eztn(zα +A)−1z−2(−Au1) dz‖ ≤ C
∫ ∞

1
k

e−ctn|z||z|−2|dz|‖u1‖

≤ Ck2

∫ ∞
1
k

e−ctn|z||dz|‖u1‖ ≤ Ck2t−1
n ‖u1‖. (3.22)

Finally, utilizing (3.9) and (3.11) we have

‖II2‖ = ‖ 1

2πi

∫
Γk

eztn
(

(zα +A)−1z−2 − (zαk +A)−1k2
(
b1ζ +

∞∑
n=1

nζn
))

(−Au1) dz‖

≤ C‖
∫

Γk

eztn
(

(zα +A)−1z−2A− (zαk +A)−1k2A
(
b1ζ +

∞∑
n=1

nζn
))

dz‖‖u1‖

≤ C‖
∫

Γk

eztn
(

(zα +A)−1z−2A− (zαk +A)−1z−2
k A

)
dz‖‖u1‖

+ C‖
∫

Γk

eztn(zαk +A)−1A
(
z−2
k − k

2
(
b1ζ +

∞∑
n=1

nζn
))

dz‖‖u1‖

≤ C
∫ ∞

0
e−ctnrk2dr‖u1‖ ≤ Ck2t−1

n ‖u1‖. (3.23)

The proof is completed by combining (3.20)-(3.23).
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3.2 Inhomogeneous case

In this subsection, we consider the time discretization of (1.1) with f 6= 0, i.e.,
C
0 D

α
t u+Au = f, 0 ≤ t ≤ T,

u(0) = u0,
u′(0) = u1.

(3.24)

Let V (t) := u(t)− u(0)− tu′(0) then (3.24) can be written as{
C
0 D

α
t V (t) +AV (t) = −Au(0)−Atu′(0) + f(t), 0 ≤ t ≤ T,

V (0) = 0, V ′(0) = 0.
(3.25)

Using the Taylor expansion and denoting the convolution of g and h by g ∗ h, we have

f(t) = f(0) + f ′(0)t+R(t), R(t) =
t2

2!
f ′′(0) +

(
t2

2!
∗ f (3)

)
(t).

Following [22], we take the Laplace transform in both sides of (3.25) with respect to t and
obtain

V̂ (z) = (zα +A)−1
(

(−Au0 + f(0))z−1 + (−Au1 + f ′(0))z−2 + R̂(z)
)
,

and by the inverse Laplace transform, we obtain

V (t) =
1

2πi

∫
Γ
ezt
(

(zα +A)−1z−1(−Au0 + f(0)) + (zα +A)−1z−2(−Au1 + f ′(0))

+ (zα +A)−1R̂(z)
)

dz. (3.26)

3.2.1 The case for f ∈ C2([0, T ];L2(Ω))

In this subsection, we shall construct a corrected scheme for approximating (3.24) when
f ∈ C2([0, T ];L2(Ω)) and prove the optimal error estimate.
Denoting V n as an approximation of the exact solution V (tn), we define the following
corrected time discretization scheme for solving (3.25),

k−α
n∑
j=1

wn−jV
j +A V n = −Au0 − tnAu1 + f(tn) + a1(−Au0 + f(0))

+b1k(Au1 + f ′(0)), n = 1,

k−α
n∑
j=1

wn−jV
j +A V n = −Au0 − tnAu1 + f(tn), n ≥ 2,

(3.27)

in which wj are defined by (2.6).

14



Lemma 3.4. For α ∈ (1, 2) and zk defined in (3.6), we have

‖(zα +A)−1z−3 − (zαk +A)−1
(
k
∞∑
n=1

t2n
2!
ζn
)
‖ ≤ Ck2|z|−1−α.

Proof. Following the proof of (3.9) and considering

‖1− z3
kk
(
k
∞∑
n=1

t2n
2!
ζn
)
‖= O((zk)2),

we can write

‖(zα +A)−1z−3 − (zαk +A)−1
(
k
∞∑
n=1

t2n
2!
ζn
)
‖

≤ ‖(zα +A)−1z−3 − (zαk +A)−1z−3
k ‖+ ‖(zαk +A)−1z−3

k

(
1− z3

kk
(
k

∞∑
n=1

t2n
2!
ζn
))
‖

≤ C|z|−4−αk2|z|3 + C|z|−α|z|−3k2|z|2 ≤ Ck2|z|−1−α.

Theorem 3.2. Let α ∈ (1, 2) and assume that f ∈ C2([0, t];H) and
∫ tn

0 (tn−s)α‖f (3)(s)‖ds <
∞. Let V (tn) and V n be the solutions of (3.25) and (3.27), respectively,. Then we have

‖V (tn)− V n‖ ≤ Ck2
(
t−2
n ‖u0‖+ t−1

n ‖u1‖+ tα−2
n ‖f(0)‖+ tα−1

n ‖f ′(0)‖+ tαn‖f ′′(0)‖

+

∫ tn

0
(tn − s)α‖f (3)(s)‖ds

)
.

Proof. Taking the discrete Laplace transform in (3.27), we get

∞∑
n=1

(
k−α

n∑
j=1

wn−jV
j
)
ζn +

∞∑
n=1

(AV n)ζn = (−Au0 + f(0))
(
a1ζ +

ζ

1− ζ

)
+

∞∑
n=1

R(tn)ζn

+ (−Au1 + f ′(0))
(
kb1ζ +

∞∑
n=1

tnζ
n
)
,

and considering (3.19), we obtain

Ṽ (ζ) = (k−αw̃(ζ) +A)−1
[
(−Au0 + f(0))

(
a1ζ +

ζ

1− ζ

)
+

∞∑
n=1

R(tn)ζn

+ (−Au1 + f ′(0))
(
k b1ζ +

∞∑
n=1

tnζ
n
)]
. (3.28)
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Therefore, we have

V n =− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k (Au0 − f(0))

)(
zkk
(
a1ζ +

ζ

1− ζ

))
dz

− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k (Au1 − f ′(0))

)(
zkk

2
(
b1ζ +

∞∑
n=1

nζn
))

dz

− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k

)(
− zkk(

∞∑
n=1

R(tn)ζn)
)

dz.

With (3.6), we write V (tn)− V n = I + II + III such that

I =
1

2πi

∫
Γ\Γk

eztn(zα +A)−1z−1(−Au0 + f(0)) dz

+
1

2πi

∫
Γk

eztn
(

(zα +A)−1z−1 − (zαk +A)−1z−1
k µ(e−zk)

)
(−Au0 + f(0)) dz := I1 + I2,

II =
1

2πi

∫
Γ\Γk

eztn(zα +A)−1z−2(−Au1 + f ′(0)) dz

+
1

2πi

∫
Γk

eztn
(

(zα +A)−1z−2 − (zαk +A)−1k2
( 3∑
j=1

bjζ
j +

∞∑
n=1

nζn
))

(−Au1 + f ′(0)) dz

:= II1 + II2.

III =
1

2πi

∫
Γ
eztn(zα +A)−1z−1(zR̂(z)) dz

− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k (zkk

∞∑
n=1

R(tn)ζn)
)

dz := III1 + III2.

Utilizing (3.20) and (3.21), we may write

‖I1‖ ≤ Ck2t−2
n ‖u0‖+ C

∫ ∞
1
k

e−ctn|z||z|−α|z|−1|dz|‖f(0)‖

and ‖I2‖ ≤ Ck2t−2
n ‖u0‖ + C‖

∫
Γk
eztn

(
(zα + A)−1z−1 − (zα + A)−1z−1

k µ(e−zk)
)

dz‖‖f(0)‖
where

C

∫ ∞
1
k

e−ctn|z||z|−α|z|−1|dz|‖f(0)‖ = Ck2

∫ ∞
1
k

e−ctn|z||z|1−α|dz|‖f(0)‖ ≤ Ck2tα−2
n ‖f(0)‖,

and

C‖
∫

Γk

eztn
(

(zα +A)−1z−1 − (zα +A)−1z−1
k µ(e−zk)

)
dz‖‖f(0)‖

≤ Ck2

∫ ∞
0

e−ctn|z||z|−α|z|−1|z|2|dz|‖f(0)‖ ≤ Ck2tα−2
n ‖f(0)‖,
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which implies that I ≤ Ck2(t−2
n ‖u0‖+ tα−2

n ‖f(0)‖).
For II, employing (3.22) and (3.23) leads to

‖II1‖ ≤ Ck2t−1
n ‖u1‖+ C‖

∫
Γ\Γk

eztn(zα +A)−1z−2f ′(0) dz‖,

‖II2‖ ≤ Ck2t−1
n ‖u1‖+ C‖

∫
Γk

eztn
(

(zα +A)−1z−2 − (zαk +A)−1z−2
k

)
dz‖‖f ′(0)‖,

in which

C‖
∫

Γ\Γk
eztn(zα +A)−1z−2f ′(0) dz‖ ≤ Ck2

∫ ∞
1
k

e−ctnrr−α|dz|‖f ′(0)‖ ≤ Ck2tα−1
n ‖f ′(0)‖,

C‖
∫

Γk

eztn
(

(zα +A)−1z−2 − (zαk +A)−1z−2
k

)
dz‖‖f ′(0)‖

≤ C‖
∫

Γk

eztn(zαk +A)−1
(
z−2
k − k

2
(
b1ζ +

∞∑
n=1

nζn
))
|dz|‖‖f ′(0)‖

≤ C
∫ ∞

0
e−ctnrk2r−αdr‖f ′(0)‖ ≤ Ck2tα−1

n ‖f ′(0)‖,

which implies that II ≤ Ck2(t−1
n ‖u1‖+ tα−1

n ‖f ′(0)‖).
Finally, we rewrite R(t) := R1(t) + R2(t) with R1(t) = t2

2!f
′′(0) and R2(t) = ( t

2

2! ∗ f
(3))(t)

which leads to III = III1 + III2. Then, using Lemma 3.4 we have

III1 ≤ C‖
∫

Γ\Γk
eztn(zα +A)−1z−3dz‖‖f ′′(0)‖

+ C‖
∫

Γk

eztn
(

(zα +A)−1z−3 − (zαk +A)−1
(
k

∞∑
n=1

t2n
2!
ζn
))

dz‖‖f ′′(0)‖ ≤ Ck2tαn‖f ′′(0)‖.

Moreover, following [8, Lemma 3.7], we obtain III2 ≤ Ck2
∫ tn

0 (tn − s)α‖f (3)(s)‖ds which
completes proof.

3.2.2 The case for f ∈ C1([0, T ];L2(Ω))

In this subsection, we shall construct a corrected scheme for approximating (3.24) when
f ∈ C1([0, T ];L2(Ω)) and prove the optimal error estimate.
Following the idea in [7, (25)], we introduce g = ∂−1

t f in the time discretization scheme in
order to to reduce the regularity requirements on f in the error estimates. To see this, we
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rewrite the scheme of (3.27) as

k−α
n∑
j=1

wn−jV
j +A V n = −Au0 − tnAu1 + ∂tg(tn) + a1(−Au0 + f(0))

+b1k(Au1 + f ′(0)), n = 1,

k−α
n∑
j=1

wn−jV
j +A V n = −Au0 − tnAu1 + ∂tg(tn), n ≥ 2.

(3.29)

Since g(0) = 0, then using Taylor expansion we have

g(t) = t ∂tg(0) +Rg(t) = tf(0) +Rg(t), Rg(t) =
t2

2!
∂2
t g(0) +

(
t2

2!
∗ ∂3

t g

)
(t).

Replacing f = ∂tg in (3.25) and taking Laplace transform in both sides, we obtain

V (t) =
1

2πi

∫
Γ
ezt(zα +A)−1z−1(−Au0 −Au1z

−1)dz

+
1

2πi

∫
Γ
ezt(zα +A)−1

(
z−1f(0) + zR̂g(z)

)
dz. (3.30)

On the other hand, we take the Laplace transform in (3.29) and get

∞∑
n=1

(
k−α

n∑
j=1

wn−jV
j
)
ζn +

∞∑
n=1

(AV n)ζn = (f(0)−Au0)
(
a1ζ +

ζ

1− ζ

)
+ b1kf

′(0)ζ

−Au1

(
kb1ζ +

∞∑
n=1

tnζ
n
)

+
∞∑
n=1

(∂tRg(tn))ζn,

Therefore, we have

V n =− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k (Au0 − f(0))

)(
zkk
(
a1e
−zk +

e−zk

1− e−zk
))

dz

− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k Au1

)(
zkk

2
(
b1e
−zk +

∞∑
n=1

ne−zk
n
))

dz

− 1

2πi

∫
Γk

eztn
(

(zαk +A)−1z−1
k

)
(−zkk)

(
b1ke

−zkf ′(0) +

∞∑
n=1

Rg(tn)e−zk
n
)
)

dz.

(3.31)

Finally, we derive the error estimate for scheme (3.29) with lower regularity requirement.
The proof of the Theorem 3.3 below runs along similar lines as in Theorem 3.2 with
g = ∂−1

t f instead of f .
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Theorem 3.3. Let α ∈ (1, 2) and assume that f ∈ C1([0, t];H) and
∫ tn

0 (tn−s)α‖f (2)(s)‖ds <
∞. Let V (tn) and V n be the solutions of (3.25) and (3.29), respectively,. Then we have

‖V (tn)− V n‖ ≤ Ck2
(
t−2
n ‖u0‖+ t−1

n ‖u1‖+ tα−2
n ‖f(0)‖+ tα−1

n ‖f ′(0)‖

+

∫ tn

0
(tn − s)α−1‖f (2)(s)‖ds

)
.

4 Stability region

In this section, we shall consider the stability region of the numerical method for solving
the following test problem, with α ∈ (1, 2) and <λ < 0,

C
0 D

α
t u(t) = λu(t), u(0) = u0, u

′(0) = u1, (4.1)

where u0 and u1 denote the values of u(t) and u′(t) at t = 0, respectively.
Let un ≈ u(tn) be the approximate solution of u(tn). We define the following numerical
method to approximate (4.1),

k−α
n∑
j=0

wju
n−j = λun, (4.2)

where wj , j = 0, 1, , 2, . . . are defined by (2.6).
Let un = ξn be the solution of (4.2). Then we have

n∑
j=0

wjξ
n−j = kαλξn. (4.3)

The stability region consists of all complex values z = kαλ that satisfy the following
conditions: all roots ξi, with i = 1, 2, . . . , n, of the polynomial

∑n
j=0wjξ

n−j = zξn must
fulfill |ξi| ≤ 1, and only the single roots lie on the unit circle |ξi| = 1. To visualize
the stability region, we employ the boundary locus method. In Figure 4, we plot the

values of z obtained by evaluating z =
∑n
j=0 wjξ

n−j

ξn with ξ = eiθ, θ ∈ [0, 2π] for different
α = 1.2, 1.4, 1.6, 1.8. This enables us to visualize and determine the stability regions.

5 Numerical results

In this section, we shall consider some numerical examples to determine the convergence
orders of the proposed numerical scheme (3.3) and (3.27) regarding the smooth and nons-
mooth initial data.
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Figure 4: Stability regions of the scheme (4.3) with α = 1.2, 1.4, 1.6, 1.8

Example 5.1. Consider the following fractional differential equation with 1 < α < 2,{
C
0 D

α
t y(t) + y(t) = 0, 0 ≤ t ≤ T,

y(0) = 0.5, y′(0) = 0,
(5.1)

We aim to use the time discretization scheme (3.3) to solve (5.1). Let T = 1, and 0 <
t1 < t2 < · · · < tn = T be a uniform mesh on [0, T ] with the time step size k. First,
we compute the reference solution yref on a very small time step size, i.e. kref = 2−10.
For calculating the numerical solution at y(T ) using the method (3.3), we choose n =
23, 23, . . . , 27. The maximum error estimates and convergence orders are illustrated in
Table 2. It has been demonstrated that the corrected numerical method exhibits the expected
second-order convergence.

Example 5.2. Consider the following time-fractional wave equation with 1 < α < 2,
C
0 D

α
t u(x, t)−∂

2u

∂x2
(x, t) = f(x, t), 0 < x < 1, 0 ≤ t ≤ T,

u(0, t) = u(1, t) = 0 0 ≤ t ≤ T,
u(x, 0) = u0(x), 0 ≤ x ≤ 1,
u′(x, 0) = u1(x), 0 ≤ x ≤ 1,

(5.2)

where

(a) u0(x) = x(1− x) ∈ H2(Ω) ∩H1
0 (Ω), u1(x) = 0 and f = 0,

(b) u0(x) = χ[0,1/2](x), u1(x) = 0 and f = 0,

(c) u0(x) = 0, u1(x) = χ[0,1/2](x) and f = tβ(cos(t) + sin(t))(1 + χ[0,1/2](x)), with β =
0, 1.1.

Let 0 = x0 < x1 < · · · < xm = 1 be a uniform partition with space step size h. We compute
the reference solutions (in each case) uref at T = 1 on a finer mesh with href = 2−7 and
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kref = 2−10. For the cases (a) and (b), we consider the corrected numerical method (3.3)
and finite difference method for the time and space discretizations, respectively. Then, we
choose n = 24, 25, . . . , 28 to obtain the numerical solutions at time T . In Table 3, the
maximum error estimates and convergence temporal orders are presented which show the
expected second-order convergence in time. In addition, numerical solution of case (a) with
α = 1.5 and n = 24 is shown in Figure 5.
For the case (c), we consider the corrected numerical method (3.27) for the time discretiza-
tion and finite difference method for the spatial variable. In this case, the problem has
nonsmooth data in both initial condition and source term f . We choose h = 2−6 and
n = 24, 25, . . . , 28 to obtain the numerical solutions which are listed in Tables 4 and 5 when
f ∈ C2([0, T ], L2(Ω)) and f ∈ C1([0, T ], L2(Ω)), respectively. The illustrated convergence
orders confirm the theoretical results.

α n = 23 n = 24 n = 25 n = 26 n = 27 order(≈ 2)

1.2 5.3147e –4 1.0555e –4 2.3581e –5 5.6187e –6 1.4097e –5
2.33 2.16 2.07 1.99 2.13

1.4 1.4692e –3 3.1918e –4 7.2587e –5 1.7065e –5 4.1021e –6
2.20 2.14 2.09 2.06 2.12

1.6 2.2460e –3 5.3637e –4 1.2445e –4 2.8945e –5 6.7590e –6
2.07 2.10 2.10 2.09 2.09

1.8 1.9771e –3 5.7221e –4 1.4623e –4 3.5810e –5 8.5709e –6
1.79 1.97 2.03 2.06 1.96

Table 2: (Example 5.1) Numerical convergence orders of scheme (3.3)

6 Conclusion

In this paper, we have introduced a high-order formula for approximating the Caputo
fractional derivative with an order α ∈ (1, 2), which arises in the context of the time
fractional wave equation. We have rigorously demonstrated the second-order convergence of
the proposed method for both smooth and nonsmooth initial data. Furthermore, numerical
examples have been provided to validate the reliability and effectiveness of our approach.
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α = 1.2 α = 1.4 α = 1.6 α = 1.8

n E order E order E order E order

24 1.4644e –4 1.93 10187e –3 2.70 5.7130e –3 2.15 4.6429e –3 1.68
Case 25 3.8485e –5 2.00 1.5617e –4 2.32 1.2886e –3 2.15 1.4458e –3 1.95
(a) 26 9.5605e –6 1.99 3.1249e –5 2.14 2.8956e –4 2.11 3.7527e –4 2.07

27 2.3972e –6 1.95 7.0648e –6 2.16 6.6968e –5 2.14 8.9043e –5 2.12
28 6.1994e –7 1.5775e –6 1.5193e –5 2.0414e –5

24 2.7753e –5 2.57 6.9293e –4 5.40 1.1791e –3 0.70 5.4035e –2 1.66
Case 25 4.6631e –6 2.05 1.6380e –5 1.38 1.9275e –3 1.93 1.7076e –2 1.50
(a) 26 1.1218e –6 2.04 6.2863e –6 2.04 5.0759e –4 2.08 6.0439e –3 1.79

27 2.7238e –7 2.08 1.5242e –6 2.03 1.1970e –4 2.14 1.7472e –3 2.08
28 6.4285e –8 3.7279e –7 2.7046e –5 4.1273e –4

Table 3: (Example 5.2 -cases (a) and (b)) Numerical temporal convergence orders of scheme
(3.3) with h = 2−7
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