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Abstract 

  

Fractional differential equations, particularly fractional partial differential equations (FPDEs) 

have many applications in areas such as diffusion processes, electromagnetics, electrochemistry, 

material science and turbulent flow. There are lots of work for the existence and uniqueness of 

the solutions for fractional partial differential equations. In recent years, people start to consider 

the numerical methods for solving fractional partial differential equation. The numerical methods 

include finite difference method, finite element method and the spectral method. In this 

dissertation, we mainly consider the finite element method, for the time fractional partial 

differential equation. We consider both time discretization and space discretization. We obtain 

the optimal error estimates both in time and space. The numerical examples demonstrate that the 

numerical results are consistent with the theoretical results.    

Keywords: 

• Fractional partial differential equations. 

• Finite element method. 

• Caputo fractional derivative. 

• Riemann-Liouville fractional derivative. 
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Chapter 1 

Introduction 

 

Through the use of four sections this introductory chapter aims to highlight the research process 

in this dissertation. Section 1 and 2 of this chapter review and discuss the aims and objectives 

which have underpinned the research process. Finally, Section 3 outlines the organization of the 

dissertation undertaken.  

  

1.1 Aim of the dissertation 

The primary aim of the dissertation is to:  

• Promote an engineer’s ability to use fractional calculus as a modelling Instrument. 

 

1.2 Objectives of the dissertation 

This dissertation is a discussion of fractional partial differential equations and the numerical 

methods used to solve these equations.  The evaluation of derivatives and integrals where the 

order of the derivative is not an integer is described as fractional calculus. Through a discussion 

of the different types of equations found in fractional calculus the author aims to provide an 

overview of the topic before moving on to the analysis of the finite element method for solving 

time fractional  partial differential equations. From the discussion of the presented analysis the 

author will then identify potential areas of future work. 
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In this dissertation we shall:- 

- Review the history of fractional calculus including some of the analytical methods used 

to solve the fractional differential equation 

- Discuss the existing numerical methods for solving fractional differential equations. 

- Introduce the standard finite element method for solving partial differential equations. 

- Consider the finite element method for solving fractional PDEs. 

 

1.3 Organization of this dissertation 

In chapter two we describe the history of fractional calculus, and we present a brief survey of the 

possible uses of fractional differential equations. The chapter provides specific examples from 

recent applications enable us to understand the diversity of fields in which fractional calculus can 

be of use.  

In chapter three we explain the tools and methods involved in solving fractional ordinary 

differential equations.  

In chapter four we review two different algorithms for the numerical solution of fractional 

ordinary differential equation to provide the necessary background to enable a discussion of 

fractional Partial differential equations. 

In chapter five we explore a background of using finite element method to solve parabolic partial 

differential equations.  

In chapter six we consider the finite element methods for solving time fractional partial 

differential equations. We obtain the error estimates both in time and space. The numerical 

examples show that the numerical results are consistent with the theoretical results. 

In chapter seven we summarize the dissertation, and give our conclusions. 
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1.4 Summary   

A finite element method for time fractional partial differential equations is necessary to promote 

an engineer’s ability in their work. This chapter explains the aim and objectives of the 

dissertation and then highlights the organization of the research by providing brief notes chapter-

by-chapter. 
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Chapter 7 
 

Conclusion and Future Research 

 

7.1 Conclusion  

In this dissertation we discuss the finite element method for the time fractional partial differential 

equations. We first introduce the finite element method for solving parabolic partial differential 

equation. Then we extend the method to the time fractional partial differential equation. 

We obtain the error estimates in the L2-norm between the exact solution and the approximate 

solution in fully discrete case. The numerical examples show that the numerical results are 

consistent with the theoretical results. 

7.2 Future Research  

The main objective of this chapter is to highlight areas where further research might be pursued 

in order to contribute to the understanding and advancement of finite element method for solving 

partial differential equations in fractional order. We only demonstrate the finite element method 

for solving 1D linear fractional partial differential equations in this dissertation.  

In the future research we will extend the present approach to the 2D fractional partial differential 

equations. We will also study finite element methods for the non-linear fractional partial 

differential equations, and consider the error estimates. It is also very interesting to consider the 
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finite element method for fractional partial differential equations where both time and space 

derivative are of fractional order.      
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Appendix 
 

MATLAB program for example 6.1 

function [ dA,db,localmass ] = elementcontributions( t,x,nodes,e1,w0,al ) 
%ELEMENTCONTRIBUTION Summary of this function goes here 
%   Detailed explanation goes here 
n1=nodes(e1,1); 
n2=nodes(e1,2); 
x1=x(n1); 
x2=x(n2); 
length=x2-x1; 
f=[right(t,x1,al);right(t,x2,al)]; 
%f=0; 
localmass=[1/3*length 1/6*length; 1/6*length 1/3*length]; 
localstiffness=w0*[1/length -1/length; -1/length 1/length]; 
dA=localmass+localstiffness; 
db=w0*localmass*f; 
%db=0; 
end 
(w)..... 
function y=w(k,j,q) 
if k==0; 
    y=1/gamma(2-q); 
else if j==1 && k==j 
        y=-q/gamma(2-q); 
    else if  k==1 && j>=2; 
          y=(2^(1-q)-2)/gamma(2-q);     
    else if k>=2 && k<=j-1; 
           y=((k-1)^(1-q)+(k+1)^(1-q)-2*k^(1-q))/gamma(2-q); 
        else  k==j && j>=2; 
            y=((k-1)^(1-q)-(q-1)*k^(-q)-k^(1-q))/gamma(2-q); 
        end 
    end 
  end 
end 
end 
     
 
function [y ] = right( t,x,al ) 
  
ee=1e-5; 
y=1/gamma(1-al)*quad(@(ta)funexp1(ta,t,x,al),0,t-ee)-fun(t,x); 
  
end 
  
  
function y=funexp1(ta,t,x,al) 
y=pi*(t-ta).^(-al).*cos(pi*ta).*sin(pi*x); 
end 
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function y=fun(t,x) 
y=-pi^2.*sin(pi*t).*sin(pi*x); 
end 
 
  
%To solve the time fractional partial differential equation 
% 
% 
%D^{alpha}_{t} u (x, t) - D^{2}_{x}  u (t, x) = f(t,x), 0 < alpha <1,  
%u(0,x)=0 
%u(t,0)=u(t,1)=0; 
% 
% The exact solution is  
% 
% u(t,x)=sin(pi t)*sin(pi x); 
%  
% Here f(x, t) is caculated by using quadrature formula "quad" 
  
  
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
clear 
al=0.2;   % fractional order  
h=1/100;  % space stepsize 
x=[0:h:1]; 
n=size(x,2); 
nodes1=1:n-1; 
nodes2=2:n; 
  
for i=1:n-1; 
    nodes(i,1)=nodes1(i); 
    nodes(i,2)=nodes2(i); 
end 
  
T=1; 
k=1/32;   % time stepsize 
NT=T/k; 
  
U00=ones(size(x'))*0;   %initial value   
  
  
t=[1:1:NT]'*k; 
exact=sin(pi*t)*sin(pi*x);  % exact solution  
exact=exact'; 
exact=[U00 exact]; 
  
  
UU=U00; 
  
  
tic 
  
for j=1:NT 
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    w0=1/w(0,j,al)*k^(al); 
     
    R0=w0*(t(j))^(-al)/gamma(1-al)*U00; 
      
     
    A=zeros(n,n); 
    b=zeros(n,1); 
    mass=zeros(n,n); 
    U=zeros(n,1); 
    ssum=zeros(n,1); 
    F=zeros(n,1); 
     
     
    for e1=1:n-1 
    [dA,db,localmass]=elementcontributions(t(j),x,nodes,e1,w0,al); 
    nn=nodes(e1,:); 
    A(nn,nn)=A(nn,nn)+dA; 
    b(nn)=b(nn)+db; 
    mass(nn,nn)=mass(nn,nn)+localmass; 
    end 
     
    
    for g=2:j+1 
        ssum=ssum+w(g-1,j,al)*UU(:,j-g+2);  
        %w denotes the coefficients of the fractional time derivative 
approximation  
    end 
    R=w0/k^(al)*ssum; 
     
    b=b-mass*R+mass*R0; 
     
     
    innodes=2:n-1; 
    A1=A(innodes,innodes); 
    b1=b(innodes); 
    U1=A1\b1; 
    U(innodes)=U1; 
      
    UU=[UU U]; 
end 
  
error=UU-exact; 
   
  
figure(1) 
subplot(1,2,1) 
mesh(exact) 
xlabel('t');ylabel('x'); 
title('The exact solution u(t, x) at t=1 for \alpha =0.2') 
subplot(1,2,2) 
mesh(UU) 
xlabel('t');ylabel('x'); 
title('The approximate  solution U^{N} at  t_{N}=1 for \alpha =0.2') 
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figure(2) 
mesh(error) 
xlabel('t');ylabel('x'); 
title('The error  at t=1 for \alpha =0.2') 
  
toc 
 

MATLAB program for example 6.2 

%To solve the time fractional partial differential equation 
% 
% 
%D^{alpha}_{t} u (x, t) - D^{2}_{x}  u (t, x) = f(t,x), 0 < alpha <1,  
%u(0,x)=0 
%u(t,0)=u(t,1)=0; 
% 
% The exact solution is  
% 
% u(t,x)= t^2 *sin(2*pi x); 
%  
% Here  
% f(x, t) = 2 * t^(2- alpha) * sin (2 *pi*x)/Gamma(3-alpha)  
%             - 4 * pi^2 *sin(2 * pi*x) *t^2 
  
  
clear 
al=0.1;      % fractional order    
h=1/100;      % space stepsize 
x=[0:h:1]; 
n=size(x,2); 
nodes1=1:n-1; 
nodes2=2:n; 
  
for i=1:n-1; 
    nodes(i,1)=nodes1(i); 
    nodes(i,2)=nodes2(i); 
end 
  
T=1; 
k=0.01;    % time stepsize  
NT=T/k; 
  
U00=ones(size(x'))*0; %initial value     
t=[1:1:NT]'*k; 
exact=(t.^2)*sin(2*pi*x);  % exact solution   
exact=exact';     
exact=[U00 exact]; 
  
%U0=U00; 
UU=U00; 
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tic 
  
for j=1:NT 
    
    w0=1/w(0,j,al)*k^(al); 
     
    R0=w0*(t(j))^(-al)/gamma(1-al)*U00; 
      
     
     
    A=zeros(n,n); 
    b=zeros(n,1); 
    mass=zeros(n,n); 
    U=zeros(n,1); 
    ssum=zeros(n,1); 
    F=zeros(n,1); 
     
     
    for e1=1:n-1 
    [dA,db,localmass]=elementcontributions(t(j),x,nodes,e1,w0,al); 
    nn=nodes(e1,:); 
    A(nn,nn)=A(nn,nn)+dA; 
    b(nn)=b(nn)+db; 
    mass(nn,nn)=mass(nn,nn)+localmass; 
    end 
     
     
    for g=2:j+1 
        ssum=ssum+w(g-1,j,al)*UU(:,j-g+2); 
   %w denotes the coefficients of the fractional time derivative 
approximation  
    end 
    R=w0/k^(al)*ssum; 
     
  
    b=b-mass*R+mass*R0; 
     
     
    innodes=2:n-1; 
    A1=A(innodes,innodes); 
    b1=b(innodes); 
    U1=A1\b1; 
    U(innodes)=U1; 
      
    UU=[UU U]; 
end 
  
figure(1) 
subplot(1,2,1)  
mesh(exact) 
xlabel('t');ylabel('x'); 
title('The exact solution u(t, x) at t=1 for \alpha =0.1') 
subplot(1,2,2) 
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mesh(UU) 
xlabel('t');ylabel('x'); 
title('The approximate solution U^{N} at t_{N}=1 for \alpha =0.1') 
  
  
error=UU-exact; 
  
  
figure(2) 
mesh(error) 
xlabel('t');ylabel('x'); 
title('The error at t=1 for \alpha =0.1') 
  
toc 
 
function [ dA,db,localmass ] = elementcontributions( t,x,nodes,e1,w0,al ) 
%ELEMENTCONTRIBUTION Summary of this function goes here 
%   Detailed explanation goes here 
n1=nodes(e1,1); 
n2=nodes(e1,2); 
x1=x(n1); 
x2=x(n2); 
length=x2-x1; 
f=[right(t,x1,al);right(t,x2,al)]; 
%f=0; 
localmass=[1/3*length 1/6*length; 1/6*length 1/3*length]; 
localstiffness=w0*[1/length -1/length; -1/length 1/length]; 
dA=localmass+localstiffness; 
db=w0*localmass*f; 
%db=0; 
end 
 
function y=w(k,j,q) 
if k==0; 
    y=1/gamma(2-q); 
else if j==1 && k==j 
        y=-q/gamma(2-q); 
    else if  k==1 && j>=2; 
          y=(2^(1-q)-2)/gamma(2-q);     
    else if k>=2 && k<=j-1; 
           y=((k-1)^(1-q)+(k+1)^(1-q)-2*k^(1-q))/gamma(2-q); 
        else  k==j && j>=2; 
            y=((k-1)^(1-q)-(q-1)*k^(-q)-k^(1-q))/gamma(2-q); 
        end 
    end 
  end 
end 
end 
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