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Abstract: We analyze the error estimates of a fully discrete scheme for solving a semilinear stochas-
tic subdiffusion problem driven by integrated fractional Gaussian noise with a Hurst parame-
ter H ∈ (0, 1). The covariance operator Q of the stochastic fractional Wiener process satisfies
∥A−ρQ1/2∥HS < ∞ for some ρ ∈ [0, 1), where ∥ · ∥HS denotes the Hilbert–Schmidt norm. The Caputo
fractional derivative and Riemann–Liouville fractional integral are approximated using Lubich’s
convolution quadrature formulas, while the noise is discretized via the Euler method. For the spatial
derivative, we use the spectral Galerkin method. The approximate solution of the fully discrete
scheme is represented as a convolution between a piecewise constant function and the inverse
Laplace transform of a resolvent-related function. By using this convolution-based representation
and applying the Burkholder–Davis–Gundy inequality for fractional Gaussian noise, we derive the
optimal convergence rates for the proposed fully discrete scheme. Numerical experiments confirm
that the computed results are consistent with the theoretical findings.

Keywords: stochastic semilinear subdiffusion; fractional Gaussian noise; Caputo fractional derivative;
spectral Galerkin method

MSC: 65M12; 65M06; 65M70; 35S10

1. Introduction

Consider the following semilinear stochastic subdiffusion problem driven by inte-
grated fractional Gaussian noise, with 0 < α < 1, 0 ≤ γ ≤ 1,

C
0 Dα

t u(t) + Au(t) = F(u(t)) + R
0 D−γ

t
dWH(t)

dt
, for 0 < t ≤ T, with u(0) = 0, (1)

where A : D(A) → H = L2(D) with D(A) = H1
0(D) ∩ H2(D) is a linear elliptic operator

and D ⊂ Rd, d = 1, 2, 3 is some regular domain with smooth boundary. Here, F is a smooth

real-valued function specified in Section 2 and dWH(t)
dt a zero-mean, H-valued Gaussian

noise defined in a complete filtered probability space (Ω,F ,P , {Ft}t≥0). Here C
0 Dα

t u(t)
and R

0 D−γ
t u(t) denote the Caputo fractional derivative and Riemann–Liouville integral,

respectively [1–3].
Let {λj, ej}∞

j=1 be the eigenvalues and eigenfunctions of the elliptic operator A. We

assume that WH(t) takes the following Fourier series form

WH(t) =
∞

∑
j=1

γ1/2
j ejβ

H
j (t),
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where βH
j (t) is one dimensional fractional Brownian motion with Hurst parameter H ∈ (0, 1)

[2]. Let Q : H → H be the covariance operator of the Gaussian process WH(t) such that
Qej = γjej where Q is a self-adjoint, non-negative, linear bounded operator on H.

We assume that A satisfies the following resolvent estimate, with θ ∈ (π/2, π), see
Lubich et al. [4], Thomée [5],

∥(zI + A)−1∥ ≤ C|z|−1 for z ∈ Σθ = {z ̸= 0 : |arg z| < θ}, (2)

which implies that, with 0 < α < 1, see Yan et al. [6],

∥(zα I + A)−1∥ ≤ C|z|−α for z ∈ Σθ = {z ̸= 0 : |arg z| < θ}. (3)

Many application problems can be effectively described using (1) including thermal
diffusion in media with fractional geometry [7], in highly heterogeneous aquifers [8], under-
ground environmental challenges [9], and the study of random walks [10], among others.
To provide further clarity, we can consider between phenomena with short-term memory
characterized by H in the range (0, 1

2 ) and those with long-term memory characterized
by H in the range ( 1

2 , 1). From the viewpoint of mathematics, the Hurst index reflects the
Hölder property of fractional Brownian motion’s trajectory.

Let us consider the following physical problem which can be modeled by (1), [11,12].
Let the functions u(t, x), Ẽ(t, x), and F(t, x) represent the body temperature, energy, and
flux density, respectively. Then, for constants η and a with η, a > 0, we have

∂Ẽ
∂t (t, x) = −div F(t, x),
Ẽ(t, x) = ηu(t, x),
F(t, x) = −a∇u(t, x).

The above equations lead to the classical heat equation:

η
∂u
∂t

(t, x) = a∆u.

However, in reality, the propagation speed is generally finite due to interruptions in heat
flow caused by the material’s response. If the material has thermal memory, we often use
the following model to characterize it:

Ẽ(t, x) = β̄u(t, x) +
∫ t

0
n(t − s)u(s, x) ds,

with the constant β̄ and kernel n(t). To account for external random effects, we express the
energy term as

Ẽ(t, x) =
∫ t

0
k1(t − s)u(s, x) ds +

∫ t

0
k2(t − s)(b(u(s, x)) + ẆH(s, x)) ds, (4)

where k1(t) = Γ(1− α)−1t−α, k2(t) = −Γ(γ+ 1)−1tγ, and ẆH(t, x) := dWH(t)
dt is a centered

Gaussian noise that is white in time and fractional in space. Differentiating (4), we obtain

−div F =
1

Γ(1 − α)

∂

∂t

∫ t

0
(t − s)−αu(s, x) ds − 1

Γ(γ + 1)
∂

∂t

∫ t

0
(t − s)γ(b(u(s, x)) + ẆH(s, x)) ds

= C
0 Dα

t u(t, x)− 1
Γ(γ)

∂

∂t

∫ t

0

∫ τ

0
(τ − s)γ(b(u(s, x)) + ẆH(s, x)) ds dτ

= C
0 Dα

t u(t, x)− R
0 D−γ

t (b(u(t, x)) + ẆH(t, x)),

which provides a physical explanation for the fractional derivative and fractional integral
with respect to t in (1).



Mathematics 2024, 12, 3579 3 of 27

The investigation into the existence, uniqueness, and regularity of time-fractional
Stochastic Partial Differential Equations (SPDEs) has been a subject of extensive research.
Chen et al. [11] successfully demonstrated both the existence and uniqueness of a stochastic
time-fractional PDE in both its divergence and non-divergence forms. Anh et al. [13] ex-
plored the weak-sense solution of a time-fractional SPDE that exhibits fractional spatial and
temporal characteristics. Mijena and Nane [14] investigated the existence and uniqueness
of a continuous random field solution to a space-time-fractional SPDE. In a subsequent
study [15], they analyzed the weak intermittency in the solution and the propagation of
intermittency fronts. Liu et al. [16] studied the existence and uniqueness of solutions to
time-fractional SPDEs with a more general quasi-linear elliptic operator. Chen [17] con-
ducted a comprehensive analysis of moments, Hölder continuity, and intermittency in the
solution for one-dimensional nonlinear stochastic time-fractional diffusion, see also [18,19].
Shukla et al. [20] considered the approximate controllability of Hilfer fractional stochastic
evolution inclusions of order 1 < q < 2.

Recent advances have also been made in the field of numerical analysis for time-
fractional SPDEs. Jin et al. [21] proposed numerical methods for stochastic linear time-
fractional partial differential equations driven by integrated noise. Gunzburger, Li, and
Wang [1,22] studied time discretization and finite element methods for approximating
stochastic linear integrated-differential equations driven by space-time white noises.
Wu et al. [23] considered the L1 scheme for approximating the linear stochastic subd-
iffusion problems driven by integrated space-time white noises. Cao et al. [24] considered
the spatial semidiscretization of solving stochastic linear evolution equations driven by
fractional noise, with the Hurst index H ∈ (0, 1). Deng et al. [25] investigated the existence,
uniqueness, and spatial semidiscrete schemes for semilinear stochastic wave equations
driven by fractional noise, with the Hurst index H ∈ ( 1

2 , 1). For numerical methods related
to stochastic parabolic partial differential equations, refer to Wang et al. [26], Dai et al. [27],
Liu [28], Yan [29], Kruse [30], Jentzen and Kloeden [31], Chen et al. [32], and the refer-
ences therein. For recent numerical methods in deterministic time-fractional differential
equations, see [33,34] and the references therein.

Nie and Deng [2] recently proposed a unified framework for the numerical analysis of
stochastic semilinear fractional diffusion equations with α ∈ (0, 1) and H ∈ (0, 1),

∂tu(t) + R
0 D1−α

t Au(t) = F(u(t)) +
dWH(t)

dt
, for 0 < t ≤ T, with u(0) = 0, (5)

where they introduced a novel Burkholder–Davis–Gundy inequality for fractional Gaussian
noise. They used the spectral Galerkin method and the convolution quadrature formula to
discretize the Laplacian and Riemann–Liouville fractional derivatives, respectively, and
provided error estimates for the proposed numerical methods.

In this paper, we adopt a similar approach to that in [2] to conduct a numerical analysis
of (1). However, Equation (1) includes a more general nonlinear term F(u) compared to
that used in [2]. We approximate the Caputo time-fractional derivative and the Riemann–
Liouville fractional integral using the first-order Lubich convolution quadrature formula,
while discretizing the fractional noise via the Euler method. For spatial discretization, we
use the spectral Galerkin method. Our fully discrete scheme is formulated by expressing
the approximate solution as a convolution between a piecewise constant function and
the inverse Laplace transform of a function associated with the resolvent. We obtain
both the temporal and spatial regularity of the solutions. Optimal error estimates in the
Lp(Ω,H), p ≥ 2 norm are obtained via the Laplace transform method, showing precisely
how the parameters α ∈ (0, 1), γ ∈ [0, 1], and H ∈ (0, 1) influence the convergence orders.
Numerical results are also provided to confirm that the computed outcomes are consistent
with the theoretical findings.

The paper is organized as follows. In Section 2, we present some preliminaries and
assumptions. In Section 3, we consider the spatial and temporal regularities of the solution
in (1). In Section 4, we apply the spectral Galerkin method for spatial discretization. The
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time discretization of (1) is studied in Section 5. Finally, in Section 6, we provide some
numerical simulations to validate the theoretically predicted convergence order discussed
in Section 5. Throughout this paper, we use c, C to denote positive constants independent
of the functions and parameters concerned, but not necessarily the same at different
occurrences.

2. Preliminaries and Main Assumptions

Let Ḣs, s ∈ R be the Sobolev space defined by

Ḣs = D(A
s
2 ) = {v ∈ H : ∥A

s
2 v∥2 =

∞

∑
j=1

λs
j (v, φj)

2 < ∞},

with norm |v|2s = ∥A
s
2 ∥2 = ∑∞

j=1 λs
j (v, φj)

2.

Let L0
2 = HS(Q

1
2 (H),H) be the Hilbert–Schmidt operators space from Q

1
2 (H) to H

equipped with the following inner product and norm

< T1, T2 >=
∞

∑
j=1

(T1Q
1
2 ej, T2Q

1
2 ej), ∥T∥2

L0
2
=

∞

∑
j=1

∥TQ
1
2 ej∥2 < ∞.

We will provide some main assumptions on nonlinear term F(u), fractional noise term
dWH(t)

dt , which will be used throughout this paper.

Assumption 1. For the nonlinear term F, we assume that there exist 1 ≤ ν < 2 , 1 ≤ η < 2
such that

∥F(u)∥ ≤ C(1 + ∥u∥), u ∈ H, (6)

∥F′(u)v∥ ≤ C∥v∥, u, v ∈ H, (7)

∥F′(u)v∥Ḣ−ν ≤ C(1 + ∥u∥Ḣµ)∥v∥Ḣ−µ , u ∈ Ḣµ, v ∈ Ḣ−µ, 0 ≤ µ < ν < 2, (8)

∥F′′(u)(v1, v2)∥Ḣ−η ≤ C∥v1∥∥v2∥, v1, v2 ∈ H. (9)

Assumption 2. The space-time fractional Gaussian noise dWH(t)
dt takes the following Fourier

series form
dWH(t)

dt
=

∞

∑
j=1

γ1/2
j ej

dβH
j (t)

dt
, (10)

where βH
j (t) is one dimensional fractional Brownian motion with Hurst parameter H ∈ (0, 1).

Moreover, we assume

∥A−ρ∥L0
2
< ∞, ρ ∈

[
0, min

{
1,

H
α
+ 1 +

γ − 1
α

})
. (11)

Lemma 1 ([24,35]). For H ∈ (0, 1/2) and g1(t), g2(t) ∈ H
1−2H

2
0 ([0, T]), we have

E
[∫ T

0
g1(r) dβH(r)

∫ T

0
g2(r) dβH(r)

]
=

1
2

H(1 − 2H)
∫
R

∫
R

(g1(r1)− g1(r2))(g2(r1)− g2(r2))

|r1 − r2|2−2H dr1 dr2,

where βH(t) denotes the one-dimensional fractional Brownian motion with the Hurst parameter H.

Lemma 2 ([36,37]). For H ∈ (1/2, 1) and g1(t), g2(t) ∈ L2([0, T]), there holds

E
[∫ T

0
g1(r) dβH(r)

∫ T

0
g2(r) dβH(r)

]
= H(2H − 1)

∫ T

0

∫ T

0
g1(r1)g2(r2)|r1 − r2|2H−2 dr1 dr2,

where βH(t) denotes the one-dimensional fractional Brownian motion with the Hurst parameter H.



Mathematics 2024, 12, 3579 5 of 27

Lemma 3 ([2]). For u ∈ Hs(a, b) with a, b ∈ R, 0 ≤ s < 1
2 , supp v ⊂ (a, b), there exist positive

c1, c2 such that
c1∥ R

a Ds
x∥ ≤ |v|Hs((a,b)) ≤ c2∥ R

a Ds
x∥.

Here Hs denote the fractional Sobolev space with s ∈ (0, 1).

Lemma 4 ([2]). For v ∈ L2(R), µ ∈ (0, 1/2) and supp v ⊂ (c, d) with c, d ∈ R, we have

∫ d

c

∫ d

c
v(η)v(ζ)|ζ − η|2µ−1 dζ dη ≤ C

∫ d

c
( R

c D−µ
s v(s))2ds.

Lemma 5. For g ∈ L2([0, T]), R
0 D

1−2H
2

s g ∈ L2([0, T]) and H ∈ (0, 1), we have

E
(∫ T

0
g(r)dβH(r)

)2

≤ C∥ R
0 D

1−2H
2

s g∥2
L2([0,T]), (12)

E
(∫ t2

t1

g(t2 − r)dβH(r)
)2

≤ C∥ R
0 D

1−2H
2

s g∥2
L2([0,t2−t1])

. (13)

Proof. We only prove (12) here. The proof of (13) is similar.
Case 1. When H = 1

2 , the Itô isometry may show

E
(∫ t2

t1

g(t2 − r)dβH(r)
)2

=
∫ t2−t1

0
|g(r)|2 dr = ∥ R

0 D
1−2H

2
s g∥2

L2([0,t2−t1])
.

Case 2. When H ∈ (0, 1/2), let ḡ(t2 − s) be the zero extension of g(t2 − s) on [t1, t2]
such that supp ḡ(t2 − s) ⊂ [t1, t2]. By Lemma 1, the definition of the semi-norm in Hs, and
the fact Hs coincides with Ḣs, it holds

E
(∫ t2

t1

g(t2 − r)dβH(r)
)2

=
1
2

H(1 − 2H)
∫
R

∫
R

(ḡ(t2 − r1)− ḡ(t2 − r2))
2

|r1 − r2|2−2H dr1 dr2

=
1
2

H(1 − 2H)
∫
R

∫
R

(ḡ(r1)− ḡ(r2))
2

|r1 − r2|2−2H dr1 dr2

≤ C|ḡ(r)|
H

1−2H
2 (R)

≤ C|g(r)|
H

1−2H
2

0 ([0,t2−t1])
.

Further by Lemma 3, we get

E
(∫ t2

t1

g(t2 − r)dβH(r)
)2

≤ C∥ R
0 D

1−2H
2

s g∥2
L2([0,t2−t1])

.

Case 3. When H ∈ (1/2, 1), by Lemmas 2 and 4, we have

E
(∫ t2

t1

g(t2 − r)dβH(r)
)2

= H(2H − 1)
∫ t2

t1

∫ t2

t1

g(t2 − r1)g(t2 − r2)|r1 − r2|2H−2dr1dr2

≤ C
∫ t2−t1

0

∫ t2−t1

0
g(r1)g(r2)|r1 − r2|2H−2dr1dr2

≤ C
∫ t2−t1

0
( R

0 D
1−2H

2
s g)2dt = C∥ R

0 D
1−2H

2
s g∥2

L2([0,t2−t1])
.

Lemma 6. Let R
0 D

1−2H
2

s ψ(s) ∈ L0
2, then we have

E
∥∥∥∥∫ t

0
ψ(r) dWH(r)

∥∥∥∥2
≤ C

∫ t

0
∥ R

0 D
1−2H

2
r ψ(r)∥2

L0
2

dr, (14)
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E
∥∥∥∥∫ t

s
v(t − r) dWH(r)

∥∥∥∥2
≤ C

∫ t−s

0
∥ R

0 D
1−2H

2
r ψ(r)∥2

L0
2

dr. (15)

Further we have, for p ≥ 2,

∥∥∥∥∫ t

0
ψ(r)dWH(r)

∥∥∥∥
Lp(Ω,H)

≤ C

∥∥∥∥∥∥
(∫ t

0

∥∥∥∥ R
0 D

1−2H
2

r ψ(r)
∥∥∥∥2

L0
2

dr

) 1
2
∥∥∥∥∥∥

Lp(Ω,R)

, (16)

∥∥∥∥∫ t

s
ψ(t − r)dWH(r)

∥∥∥∥
Lp(Ω,H)

≤ C

∥∥∥∥∥∥
(∫ t−s

0

∥∥∥∥ R
0 D

1−2H
2

r ψ(r)
∥∥∥∥2

L0
2

dr

) 1
2
∥∥∥∥∥∥

Lp(Ω,R)

. (17)

Proof. See the Appendix A.

3. Temporal and Spatial Regularities in the Solution of (1)

Denote G(t) = F(u(t)) and f (t) = dWH(t)
dt , then (1) can be written as

C
0 Dα

t u(t) + Au(t) = G(t) + R
0 D−γ

t f (t), for 0 < t ≤ T, with u(0) = 0. (18)

Taking the Laplace transform of (18), we have

zαû(z) + Aû(z) = Ĝ(z) + z−γ f̂ (z),

which implies that

û(z) = (zα + A)−1Ĝ(z) + z−γ(zα + A)−1 f̂ (z).

By the inverse Laplace transform, we have

u(t) =
∫ t

0
Ē(t − s)F(u(s)) ds +

∫ t

0
Ẽ(t − s) dWH(s), (19)

where

Ē(t) =
1

2πi

∫
Γ

ezt(zα + A)−1 dz, Ẽ(t) =
1

2πi

∫
Γ

ezt(zα + A)−1z−γ dz,

and, with v̂(z) being the Laplace transform of v(t),

ˆ̄E(z) = (zα + A)−1, ˆ̃E(z) = (zα + A)−1z−γ.

Here Γ = {z : | arg(z)| = θ, θ ∈ (π/2, π), ℑ(z) increases from − ∞ to ∞}.
According to the resolvent estimate (3) and interpolation theory, we have, for r ∈ [0, 1],

∥Ar ˆ̄E(z)∥ = ∥Ar(zα + A)−1∥ ≤ C|z|α(r−1), (20)

∥Ar ˆ̃E(z)∥ = ∥Ar(zα + A)−1z−γ∥ ≤ C|z|α(r−1)−γ. (21)

Combining (20) and (21), we can easily get, with 0 ≤ p − q ≤ 2, 0 ≤ p, q ≤ 2 and l = 0, 1,

|∂l
tĒ(t)v|p ≤ Ct−α

p−q
2 +α−1−l |v|q, (22)

|∂l
tẼ(t)v|p ≤ Ct−α

p−q
2 +α+γ−1−l |v|q. (23)

Remark 1. The solution operators Ē(t), Ẽ(t) also satisfy the following properties:

Ē(t) = tα−1Eα,α(−tα A), Ẽ(t) = tα+γ−1Eα,α+γ(−tα A),
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and, with E(t) = Eα,1(−tα A),

E′(t) = −AĒ(t), Ẽ′(t) = tα+γ−2Eα,α+γ−1(−tα A).

Here Eα,β(z), z ∈ C with α ∈ (0, 1), β > 0 denote the Mittag–Leffler functions.

The existence and uniqueness of the mild solution of (1) in C([0, T], Lp(Ω,H)) with
p ≥ 2 can be considered by using the Banach contraction mapping theorem similar to [38].
To save space, we omit the proof here. Now we turn to the spatial and temporal regularities
in the solution of (1).

Theorem 1. Let u(t) be the solution of (1). Suppose that Assumptions 1 and 2 hold. Let ρ ∈ [0, 1)
and α ∈ (0, 1), γ ∈ [0, 1]. Then we have, with p ≥ 2,

∥u(t)∥Lp(Ω,Ḣσ) ≤ C,

where 0 ≤ σ < min{2(1 − ρ), 2H
α − 2ρ + 2 + 2γ−2

α }.

Proof. Simple calculations give

∥u(t)∥Lp(Ω,Ḣσ) ≤
∥∥∥∥∫ t

0
Ē(t − s)F(u(s)) ds

∥∥∥∥
Lp(Ω,Ḣσ)

+

∥∥∥∥∫ t

0
Ẽ(t − s)dWH(s)

∥∥∥∥
Lp(Ω,Ḣσ)

= I + I I.

As for I, the estimate (22) with l = 0, Assumption condition (6) lead to

I ≤ C
∫ t

0
(t − s)α(1− σ

2 )−1(1 + ∥u(s)∥Lp(Ω,H)) ds ≤ C + C
∫ t

0
(t − s)α(1− σ

2 )−1∥u(s)∥Lp(Ω,H)ds,

where we require σ < 2.
When σ = 2, by (22) with l = 0, the Assumption (7), and Remark 1, we have

I ≤
∥∥∥∥∫ t

0
AĒ(t − s)(F(u(s))− F(u(t))) ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ t

0
AĒ(t − s)F(u(t) ds

∥∥∥∥
Lp(Ω,H)

≤ C
∫ t

0
(t − s)−1∥u(s)− u(t)∥Lp(Ω,H) ds +

∥∥∥∥∫ t

0
E′

s(t − s)F(u(t) ds
∥∥∥∥

Lp(Ω,H)

≤ C
∫ t

0
(t − s)−1(t − s)ε ds + ∥E(0)− E(t)∥∥F(u(t)∥Lp(Ω,H), (24)

where ε > 0 is determined by the temporal regularity in Theorem 2.
As for II, by (21), we have, noting that 0 ≤ σ/2 + ρ ≤ 1, that is σ ≤ 2(1 − ρ) which

implies ρ ≤ 1 when σ ≥ 0,

I I2 ≤ C

∥∥∥∥∥
(∫ t

0
∥ R

0 D
1−2H

2
s Aσ/2Ẽ(s)∥2

L0
2

ds
) 1

2
∥∥∥∥∥

2

LP(Ω,R)
≤ Cp

∫ t

0
∥ R

0 D
1−2H

2
s Aσ/2+ρẼ(s)∥2

L(H) ds∥A−ρ∥2
L0

2

≤ Cp

∫ t

0

(∫
Γ
|ezs||z|

1−2H
2 +α(σ/2+ρ−1)−γd|z|

)2
ds ≤ Cp

∫ t

0
s2H−2α(σ/2+ρ−1)+2γ−3 ds ≤ C, (25)

where we need 2H − α[σ + 2(ρ− 1)] + 2γ− 2 > 0 to preserve the boundedness of I I, which
leads to σ < 2H

α − 2ρ + 2 + 2γ−2
α and ρ < H

α + 1 + γ−1
α .

For 0 < σ < 2, we have

∥u(t)∥Lp(Ω,Ḣσ) ≤ C + C
∫ t

0
(t − s)α(1− σ

2 )−1∥u(s)∥Lp(Ω,Ḣσ)ds,
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which implies that, by Grönwall lemma,

∥u(t)∥Lp(Ω,Ḣσ) ≤ C.

For σ = 2, we have, by (24) and (25),

∥u(t)∥Lp(Ω,Ḣσ) ≤ C + C∥u(t)∥Lp(Ω,H) ≤ C.

Together these estimates complete the proof of Theorem 1.

Theorem 2. Let u(t) be the mild solution of (1). Suppose that Assumptions 1 and 2 are fulfilled.
Let 0 ≤ t1 < t2 ≤ T, α ∈ (0, 1), γ ∈ [0, 1], ε ∈ (0, 1), ρ ∈ [0, 1) . Then we have, with p ≥ 2,

∥u(t2)− u(t1)∥Lp(Ω,H) ≤ C(t2 − t1)
β,

where 0 < β = min{α, H − α(ρ − 1) + γ − 1 − ε} < 1.

Proof. We first divide ∥u(t2)− u(t1)∥Lp(Ω,H) into four parts

∥u(t2)− u(t1)∥Lp(Ω,H)

≤
∥∥∥∥∫ t1

0
(Ē(t2 − s)− Ē(t1 − s))F(u(s)) ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ t2

t1

Ē(t2 − s)F(u(s)) ds
∥∥∥∥

Lp(Ω,H)

+

∥∥∥∥∫ t1

0
(Ẽ(t2 − s)− Ẽ(t1 − s)) dWH(s)

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ t2

t1

Ẽ(t2 − s) dWH(s)
∥∥∥∥

Lp(Ω,H)

= I + I I + I I I + IV.

Using (22) with l = 1, and the Assumption (6) and Theorem 1, one yields

I =
∥∥∥∥∫ t1

0

∫ t2

t1

Ē′
t(t − s) dtF(u(s)) ds

∥∥∥∥
Lp(Ω,H)

≤ C
∫ t2

t1

∫ t1

0
(t − s)α−2∥F(u(s))∥Lp(Ω,H) ds dt

≤ C
∫ t2

t1

(t − t1)
α−1 dt ≤ C(t2 − t1)

α. (26)

Similarly we get

I I ≤ C
∫ t2

t1

(t2 − s)α−1∥F(u(s))∥Lp(Ω,H) ds ≤ C(t2 − t1)
α. (27)

As for III, applying the inequality (16), the resolvent estimate (21), and the fact ∥ezτ − 1∥ ≤
Cτa|z|a, a = H − α(ρ − 1) + γ − 1 − ϵ ∈ (0, 1) on Γ, we obtain

I I I2 ≤ C

∥∥∥∥∥
(∫ t1

0
∥ R

0 D
1−2H

2
s (Ẽ(t2 − s)− Ẽ(t1 − s))∥2

L0
2

ds
) 1

2
∥∥∥∥∥

2

LP(Ω,R)

≤ Cp

∫ t1

0
∥ R

0 D
1−2H

2
s Aρ(Ẽ(t2 − s)− Ẽ(t1 − s))∥2

L(H) ds ∥A−ρ∥2
L0

2

≤ Cp

∫ t1

0

∥∥∥∥∫Γ
ez(t1−s)(ez(t2−t1) − 1)Aρ ˆ̃E(z)z

1−2H
2 dz

∥∥∥∥2

L(H)
ds

≤ Cp(t2 − t1)
2a
∫ t1

0

(∫
Γ

e−crsra+ 1−2H
2 +α(ρ−1)−γ dr

)2
ds

≤ Cp(t2 − t1)
2a
∫ t1

0
s2(−a+H−α(ρ−1)+γ− 3

2 ) ds

≤ Cp(t2 − t1)
2a ≤ Cp(t2 − t1)

2H−2α(ρ−1)+2γ−2−2ϵ. (28)
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Here we choose a = H − α(ρ − 1) + γ − 1 − ϵ to preserve
∫ t1

0 s2(−a+H−α(ρ−1)+γ− 3
2 ) ds < ∞.

Similar to the estimate of I I I, by (17) and resolvent estimate (21), we get, noting that

the Laplace transform of R
0 D

1−2H
2

s v(t) satisfies
̂

R
0 D

1−2H
2

s v(z) = z
1−2H

2 v̂(z) for sufficiently
smooth v(t),

IV2 ≤ C

∥∥∥∥∥
(∫ t2−t1

0
∥ R

0 D
1−2H

2
s Ẽ(s)∥2

L0
2

ds
) 1

2
∥∥∥∥∥

2

LP(Ω,R)
≤ Cp

∫ t2−t1

0
∥ R

0 D
1−2H

2
s AρẼ(s)∥2

L(H) ds ∥A−ρ∥2
L0

2

≤ Cp

∫ t2−t1

0

(∫
Γ
|ezs||z|

1−2H
2 +α(ρ−1)−γd|z|

)2
ds ≤ Cp

∫ t2−t1

0
s2H−2α(ρ−1)+2γ−3 ds

≤ Cp(t2 − t1)
2H−2α(ρ−1)+2γ−2. (29)

By combining the above estimates (26)–(29), the proof is complete.

Remark 2. When H = 1
2 , α = 1, ρ = 0, γ = 0, we get β = 1

2 which is consistent with the well
known results for the stochastic heat equation with trace class noise.

4. Spatial Discretization

In this section, we shall use the spectral Galerkin method to discretize the spatial
variable of Equation (1). Let HN = span{e1, e2, · · · , eN} be a finite dimensional subspace,
and define the projection operatorPN : H → HN by

PNu =
N

∑
j=1

(u, ej)ej, ∀u ∈ H.

Define AN : HN → HN by AN = APN which generates a family of resolvent operators
{ĒN(t)}, {ẼN(t)} in HN . Obviously, we have

ĒN(t)PN = Ē(t)PN , ẼN(t)PN = Ẽ(t)PN ,

and
∥A−s(I − PN)∥ = sup

k≥N+1
λ−s

k = λ−s
N+1, s > 0. (30)

The spectral Galerkin semeidiscrete scheme of (1) can be written as: find uN(t) ∈ HN
such that

C
0 Dα

t uN(t) + ANuN(t) = PN F(uN(t)) + PN
R
0 D−γ

t
dWH(t)

dt
, with uN(0) = 0. (31)

Taking Laplace transform and inverse Laplace transform gives

uN(t) =
∫ t

0
ĒN(t − s)PN F(uN(s)) ds +

∫ t

0
ẼN(t − s)PN dWH(s), (32)

where ĒN(t) = 1
2πi
∫

Γ ezt(zα + AN)
−1 dz , ẼN(t) = 1

2πi
∫

Γ ezt(zα + AN)
−1z−γ dz. These

operators have the similar smoothing properties as Ē(t), Ẽ(t). Similar to the proofs of
Theorems 1 and 2, one can get the same spatial and temporal regularities of uN .

Now we turn to the error estimates of the spatial discretization.

Theorem 3. Let u(t), uN(t) be the solutions of (1) and (31), respectively. We assume that
Assumptions 1 and 2 with ρ ∈ [0, 1) are fulfilled. Let α ∈ (0, 1) , γ ∈ [0, 1], 0 ≤ σ

2 <

min{1 − ρ, H
α − ρ + 1 + γ−1

α }, we have with d = 1, 2, 3 and p ≥ 2

∥u(t)− uN(t)∥Lp(Ω,H) ≤ Cp(N + 1)−
σ
d .
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Proof. By (19) and (32), we have

∥u(t)− uN(t)∥Lp(Ω,H)

≤
∥∥∥∥∫ t

0
Ē(t − s)F(u(s)) ds −

∫ t

0
Ē(t − s)PN F(uN(s)) ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ t

0
Ẽ(t − s) dWH(s)−

∫ t

0
Ẽ(t − s)PN dWH(s)

∥∥∥∥
Lp(Ω,H)

≤
∥∥∥∥∫ t

0
Ē(t − s)[F(u(s))− F(uN(s))] ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ t

0
(Ē(t − s)(I − PN)F(uN(s)) ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ t

0
Ẽ(t − s)(I − PN) dWH(s)

∥∥∥∥
Lp(Ω,H)

= J1 + J2 + J3. (33)

The regularity of Ē(t) (22) with l = 0, and the Assumption (7) on F give

J1 ≤
∫ t

0
∥Ē(t − s)∥L(H)∥u(s)− uN(s)∥Lp(Ω,H) ds ≤ C

∫ t

0
(t − s)α−1∥u(s)− uN(s)∥Lp(Ω,H) ds. (34)

By the regularity of Ē(t) (22) with l = 0, the Assumption condition (6) on F, and (30),
we have

J2 ≤
∫ t

0
∥A

σ
2 Ē(t − s)∥L(H)∥A− σ

2 (I − PN)∥L(H)∥F(uN(s))∥Lp(Ω,H) ds

≤ C
∫ t

0
(t − s)α(1− σ

2 )−1 ds λ
− σ

2
N+1. (35)

Applying the inequality (17) and (30), and the resolvent estimate (21), with 0 ≤ σ
2 <

min{1 − ρ, H
α − ρ + 1 + γ−1

α }, we obtain

J2
3 ≤ Cp

∫ t

0
∥ R

0 D
1−2H

2
s AρẼ(s)(I − PN)∥2 ds∥A−ρ∥2

L0
2

≤ Cp

∫ t

0
∥ R

0 D
1−2H

2
s Aρ+ σ

2 Ẽ(s)∥2
L(H) ∥A− σ

2 (I − PN)∥2
L(H) ds

≤ Cpλ−σ
N+1

∫ t

0

(∫
Γ

ezsz
1−2H

2 zα(ρ+ σ
2 −1)−γ d|z|

)2
ds

≤ Cpλ−σ
N+1

∫ t

0
s2[ 2H−1

2 −α(ρ+ σ
2 −1)+γ−1] ds ≤ Cpλ−σ

N+1. (36)

From (34)–(36), we derive, noting λj ≥ j
2
d , j ≥ 1 [22],

∥u(t)− uN(t)∥Lp(Ω,H) ≤ Cpλ
− σ

2
N+1 ≤ Cp(N + 1)−

σ
d ,

which complete the proof of Theorem 3.

5. Time Discretization

Let 0 = t0 < t1 < t2 < · · · < tM = T be a partition of [0, T] and τ the time step size.
At t = tn, we consider the following approximations:

C
0 Dα

t u(tn) = τ−α
n

∑
i=0

w(α)
i u(tn−i) + O(τ),

and
R
0 D−γ

t u(tn) = τγ
n

∑
i=0

w(−γ)
i u(tn−i) + O(τ),
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where w(α)
i , w(−γ)

i , i = 1, 2, . . . are generated by (1 − ξ)α, (1 − ξ)−γ, respectively, that is,

(1 − ξ)α =
∞

∑
i=0

w(α)
i ξ i, (1 − ξ)−γ =

∞

∑
i=0

w(−γ)
i ξ i,

see Jin et al. [21].
For the noise term f (t) = dWH(t)

dt , we approximate it at t = tn using the Euler method
as follows:

dWH(tn)

dt
≈ WH(tn)− WH(tn−1)

τ
= f n, n = 1, 2, . . . , M, with f 0 = 0.

Let un
N denote the fully approximate solution of u(tn), we define the following fully

discretization scheme

τ−α
n

∑
i=0

w(α)
n−iu

i
N + ANun

N = PN Fn + τγ
n

∑
i=0

w(−γ)
n−i PN f i. (37)

Taking the discrete Laplace transform in both sides of (37), we have

τ−α
∞

∑
n=1

(
n

∑
i=0

w(α)
n−iu

i
N

)
ξn +

∞

∑
n=1

(ANun
N)ξ

n =
∞

∑
n=1

PN Fnξn + τγ
∞

∑
n=1

(
n

∑
i=0

w(−γ)
n−i PN f i

)
ξn.

Denote the discrete Laplace transform of {ω
(α)
n }∞

n=0, {ω
(−γ)
n }∞

n=0, {un
N}∞

n=0, {Fn}∞
n=0,

{ f n}∞
n=0 by

ω̃(α)(ξ) =
∞

∑
n=0

ω
(α)
n ξn, ω̃(−γ)(ξ) =

∞

∑
n=0

ω
(−γ)
n ξn,

ũN(ξ) =
∞

∑
n=0

un
Nξn, F̃(ξ) =

∞

∑
n=0

Fnξn, f̃ (ξ) =
∞

∑
n=0

f nξn,

respectively. We then have

(τ−αω̃(α)(ξ) + AN)ũN(ξ) = PN F̃(ξ) + τγω̃(−γ)(ξ)PN f̃ (ξ),

which implies

ũN(ξ) = (τ−αω̃(α)(ξ) + AN)
−1PN F̃(ξ) + (τ−αω̃(α)(ξ) + AN)

−1τγω̃(−γ)(ξ)PN f̃ (ξ).

By using the inverse discrete Laplace transform, we get, with b ∈ (0, 1), ξ = e−zτ ,

un
N =

1
2πi

∫
|ξ|=b

ξ−(n+1)ũN(ξ) dξ

=
1

2πi

∫
|ξ|=b

ξ−(n+1)
(
(τ−αω̃(α)(ξ) + AN)

−1PN F̃(ξ) + (τ−αω̃(α)(ξ) + AN)
−1τγω̃(−γ)(ξ)PN f̃ (ξ)

)
dξ

=
τ

2πi

∫
Γτ

eztn [(τ−αω̃(α)(e−zτ) + AN)
−1PN F̃(e−zτ) + (τ−αω̃(α)(e−zτ) + AN)

−1τγω̃(−γ)(e−zτ)PN f̃ (e−zτ)] dz,

where Γτ = {z : z ∈ Γ, |ℑz| ≤ π
τ }.

Denote zτ = 1−e−zτ

τ where zτ is a suitable approximation of z ∈ Γτ , we then have

τ−αω̃(α)(e−zτ) = zα
τ , τγω̃(−γ)(e−zτ) = z−γ

τ ,
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which implies

un
N =

τ

2πi

∫
Γτ

eztn [(zα
τ + AN)

−1PN F̃(e−zτ) + (zα
τ + AN)

−1z−γ
τ PN f̃ (e−zτ)] dz. (38)

We will show that un
N can be expressed as the convolution of the piecewise constant

function F̄(t), f̄ (t). To obtain this, we first introduce the following piecewise constant
function f̄ (t), F̄(t), t ≥ 0, defined by, with f̄ (0) = F̄(0) = 0,

f̄ (t) =

{
f j, t ∈ (tj−1, tj], j = 1, 2, . . . , M,
0, t > T = tM,

(39)

and

F̄(t) =

{
F(uj−1

N ) = Fj, t ∈ (tj−1, tj], j = 1, 2, . . . , M,
0, t > T = tM.

(40)

Similar to the proof of Lemma 2.1 in Wu et al. [23], we may show that un
N in (38) can be

written as

un
N =

∫ tn

0
Ēτ(tn − s)PN F̄(s) ds +

∫ tn

0
Ẽτ(tn − s)PN f̄ (s) ds,

where
Ēτ(t) =

1
2πi

∫
Γτ

ezt(zα
τ + A)−1 zτ

ezτ − 1
dz, (41)

and
Ẽτ(t) =

1
2πi

∫
Γτ

ezt(zα
τ + A)−1z−γ

τ
zτ

ezτ − 1
dz. (42)

Denote

∂τWH(t) =


0, t = 0,
f j, t ∈ (tj−1, tj], j = 1, 2, . . . , M,
0, t > T = tM.

Then we have

un
N =

∫ tn

0
Ēτ(tn − s)PN F̄(s) ds +

∫ tn

0
Ẽτ(tn − s)PN∂τWH(s) ds. (43)

Next, we introduce several lemmas that will be used in the error estimation of the
fully discretized scheme.

Lemma 7 ([1]). Let zτ = 1−e−zτ

τ for ∀z ∈ Γτ , then we have

|z| ∼ |zτ |, |z − zτ | ≤ Cτ|z|2, |zα − zα
τ | ≤ Cτ|z|α+1,

where |z| ∼ |zτ | means that ∀z ∈ Γτ , |z| and |zτ | are equivalent on Γτ .

Lemma 8. Let zτ = 1−e−zτ

τ for z ∈ Γτ , we obtain

∥(zα + A)−1 − (zα
τ + A)−1 zτ

ezτ − 1
∥ ≤ Cτ|z|1−α,

and, with 0 ≤ ρ ≤ 1,

∥Aρ[z−γ(zα + A)−1 − z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
]∥ ≤ Cτ|z|α(ρ−1)−γ+1.
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Proof. Here, we only prove the latter. By using the resolvent estimate (2), the differential
mean value theorem, and Lemma 7, we obtain:

∥Aρ[z−γ(zα + A)−1 − z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
]∥

≤∥Aρ(z−γ − z−γ
τ )(zα + A)−1∥+ ∥Aρz−γ

τ [(zα + A)−1 − (zα
τ + A)−1]∥

+ ∥Aρz−γ
τ (zα

τ + A)−1(1 − zτ

ezτ − 1
)∥

≤C|z|α(ρ−1)|z−γ − z−γ
τ |+ C∥z−γ

τ Aρ(zα + A)−1(zα
τ + A)−1(zα − zα

τ)∥

+ C|z|α(ρ−1)∥z−γ
τ (1 − zτ

ezτ − 1
)∥

≤C|z|α(ρ−1)|z|−γ−1|z − zτ |+ C|z|α(ρ−1)|z|−γ∥(zα
τ + A)−1(zα − zα

τ)∥

+ C|z|α(ρ−1)|z|−γ|1 − zτ

ezτ − 1
|

≤Cτ|z|α(ρ−1)−γ−1|z|2 + C|z|α(ρ−1)−γ|z|−α|z|α−1|z − zτ |

+ Cτ|z|α(ρ−1)−γ|z| ≤ Cτ|z|α(ρ−1)−γ+1, (44)

which completes the proof of the required inequality.

We now turn to show the error estimate of fully discretization approximation.

Theorem 4. Let u(t), un
N be defined in (19) and (43), respectively. Let 0 < ε < 1. Then we get,

with p ≥ 2,
∥u(tn)− un

N∥Lp(Ω,H) ≤ C(N + 1)−
σ
d + Cτβ,

where 0 < β = min{α, H + α(1 − ρ) + γ − 1 − ε}, 0 ≤ σ
2 < min{1 − ρ, H

α − ρ + 1 + γ−1
α }

with ρ ∈ [0, 1).

Proof. First, we have

∥u(tn)− un
N∥Lp(Ω,H) ≤ ∥u(tn)− uN(tn)∥Lp(Ω,H) + ∥uN(tn)− un

N∥Lp(Ω,H). (45)

By subtracting (43) from (32), we have

∥uN(tn)− un
N∥Lp(Ω,H) =∥

∫ tn

0
Ē(tn − s)PN F(uN(s)) ds +

∫ tn

0
Ẽ(tn − s)PN dWH(s)

−
∫ tn

0
Ēτ(tn − s)PN F̄(s) ds −

∫ tn

0
Ẽτ(tn − s)PN∂τWH(s) ds∥Lp(Ω,H)

≤
∥∥∥∥∫ tn

0
(Ē(tn − s)− Ēτ(tn − s))PN F(uN(s)) ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ tn

0
Ēτ(tn − s)PN [F(uN(s))− F̄(s)] ds

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ tn

0
(Ẽ(tn − s)− Ẽτ(tn − s))PN dWH(s)

∥∥∥∥
Lp(Ω,H)

+

∥∥∥∥∫ tn

0
Ẽτ(tn − s)PN dWH(s)−

∫ tn

0
Ẽτ(tn − s)PN∂τWH(s) ds

∥∥∥∥
Lp(Ω,H)

=I + I I + I I I + IV.

For I, employing Assumption condition (6), the regularity of uN , resolvent estimate
(20) and the first inequality in Lemma 8, we have

I =
∥∥∥∥∫ tn

0

(
1

2πi

∫
Γ

ez(tn−s)(zα + A)−1 dz − 1
2πi

∫
Γτ

ez(tn−s)(zα
τ + A)−1 zτ

ezτ − 1
dz
)

PN F(uN(s)) ds
∥∥∥∥

Lp(Ω,H)
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≤C
∫ tn

0

∥∥∥∥∫Γτ

ez(tn−s)[(zα + A)−1 − (zα
τ + A)−1 zτ

ezτ − 1
]

dz
∥∥∥∥
L(H)

· ∥PN F(uN(s))∥Lp(Ω,H) ds

+ C
∫ tn

0

∥∥∥∥∫Γ/Γτ

ez(tn−s)(zα + A)−1dz
∥∥∥∥
L(H)

· ∥PN F(uN(s))∥Lp(Ω,H) ds

≤Cτ
∫ tn

0

∫
Γτ

|ez(tn−s)||z|1−α d|z| ds + C
∫ tn

0

∫
Γ/Γτ

|ez(tn−s)||z|−α |d|z| ds

≤Cτ
∫ tn

0

∫ 1
τ

0
e−cr(tn−s)r1−α dr ds + C

∫ tn

0

∫ ∞

1
τ

e−cr(tn−s)r−α+ϵr−ϵ dr ds

≤Cτ
∫ 1

τ

0
r−α dr + Cτα−ε

∫ tn

0

∫ ∞

1
τ

e−crsr−ε dr ds ≤ Cτα.

As for I I, we first divide it into three parts by using the following Taylor expansion

F(uN(s)) = F(uN(ti−1)) + F′(uN(ti−1))(uN(s)− uN(ti−1)) + RF,i−1(s).

Thus we obtain

I I =

∥∥∥∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN [F(uN(s))− F(ui−1
N )] ds

∥∥∥∥∥
Lp(Ω,H)

≤C

∥∥∥∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN [F(uN(s))− F(uN(ti−1))] ds

∥∥∥∥∥
Lp(Ω,H)

+ C

∥∥∥∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN [F(uN(ti−1))− F(ui−1
N )] ds

∥∥∥∥∥
Lp(Ω,H)

≤C

∥∥∥∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))(uN(s)− uN(ti−1)) ds

∥∥∥∥∥
Lp(Ω,H)

+ C

∥∥∥∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN RF,i−1(s)ds

∥∥∥∥∥
Lp(Ω,H)

+ C

∥∥∥∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN [F(uN(ti−1))− F(ui−1
N )] ds

∥∥∥∥∥
Lp(Ω,H)

=I I1 + I I2 + I I3,

where

RF,i−1(s) =
∫ 1

0
F′′(uN(ti−1) + λ(uN(s)− uN(ti−1)))(uN(s)− uN(ti−1), uN(s)− uN(ti−1))(1 − λ)dλ.

As for I I1, noting that

uN(s) =
∫ s

0
Ē(s − δ)PN F(uN(δ))dδ +

∫ s

0
Ẽ(s − δ)PN dWH(δ),

and

uN(ti−1) =
∫ ti−1

0
Ē(ti−1 − δ)PN F(uN(δ)) dδ +

∫ ti−1

0
Ẽ(ti−1 − δ)PNdWH(δ),

we get

I I1 ≤
∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
[ ∫ s

0
Ē(s − δ)PN F(uN(δ))dδ

−
∫ ti−1

0
Ē(ti−1 − δ)PN F(uN(δ)) dδ

]
ds
∥∥

Lp(Ω,H)
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+
∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
[ ∫ s

0
Ẽ(s − δ)PN dWH(δ)

−
∫ ti−1

0
Ẽ(ti−1 − δ)PNdWH(δ)

]
ds
∥∥

Lp(Ω,H)

≤∥
n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
∫ ti−1

0
[Ē(s − δ)− Ē(ti−1 − δ)]PN F(uN(δ)) dδ ds∥Lp(Ω,H)

+
∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
∫ s

ti−1

Ē(s − δ)PN F(uN(δ)) dδ ds
∥∥

Lp(Ω,H)

+
∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
∫ ti−1

0
[Ẽ(s − δ)− Ẽ(ti−1 − δ)]PN dWH(δ) ds

∥∥
Lp(Ω,H)

+
∥∥ n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
∫ s

ti−1

Ẽ(s − δ)PN dWH(δ) ds
∥∥

Lp(Ω,H)

=I I11 + I I12 + I I13 + I I14.

Applying the assumptions (8), (6) on F, and Hölder inequality ∥uv∥Lp(Ω) ≤ ∥u∥L2p(Ω)

∥v∥L2p(Ω), and the spatial regularity of uN , one can obtain

I I11 ≤
n

∑
i=1

∫ ti

ti−1

∥Aν/2Ēτ(tn − s)∥L(H)∥A−ν/2PN F′(uN(ti−1))
∫ ti−1

0
[Ē(s − δ)− Ē(ti−1 − δ)]PN F(uN(δ)) dδ∥Lp(Ω,H) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1(1 + ∥uN(ti−1)∥L2p(Ω,Ḣµ))∥

∫ ti−1

0

∫ s

ti−1

Ē′(θ − δ)PN F(uN(δ)) dθ dδ∥L2p(Ω,Ḣ−µ) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1

∫ ti−1

0

∫ s

ti−1

(θ − δ)α−2dθ∥F(uN(δ))∥L2p(Ω,H) dδ ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1(s − ti−1)

αds ≤ Cτα.

By simple calculation, we have

I I12 ≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)α−1∥∥ ∫ s

ti−1

Ē(s − δ)PN F(uN(δ))dδ
∥∥

Lp(Ω,H)
ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)α−1
∫ s

ti−1

(s − δ)α−1 dδ ds ≤ Cτα.

To estimate I I13, we proceed similarly to the estimate of I I11. By using the Hölder
inequality, we obtain:

I I13 ≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1∥PN F′(uN(ti−1))

∫ ti−1

0
(Ẽ(s − δ)− Ẽ(ti−1 − δ))PN dWH(δ)∥Lp(Ω,Ḣ−ν) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1∥

∫ ti−1

0
A− µ

2 (Ẽ(s − δ)− Ẽ(ti−1 − δ))PN dWH(δ)∥L2p(Ω,H) ds

≤ Cp

n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1( ∫ ti−1

0
∥ R

0 D
1−2H

2
δ A− µ

2 (Ẽ(s − δ)− Ẽ(ti−1 − δ))PN ∥2
L0

2
dδ
) 1

2 ds

≤ Cp

n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1( ∫ ti−1

0
∥ R

0 D
1−2H

2
δ Aρ− µ

2 (Ẽ(s − δ)− Ẽ(ti−1 − δ)) ∥2
L0

2
dδ
) 1

2 ds∥A−ρ∥L0
2
.

Case 1: For 1 > ρ > µ
2 , we have

∫ ti−1

0
∥ R

0 D
1−2H

2
δ Aρ− µ

2 (Ẽ(s − δ)− Ẽ(ti−1 − δ)) ∥2 dδ
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≤ Cp

∫ ti−1

0
∥
∫

Γ
ez(ti−1−δ)(ez(s−ti−1) − 1)z

1−2H
2 Aρ− µ

2 (zα + A)−1z−γ dz∥2
L(H) dδ

≤ Cp(s − ti−1)
2a
∫ ti−1

0

( ∫
Γ

ezδ|z|α(ρ−
µ
2 −1)−γ+a+ 1−2H

2 d|z|
)2 dδ

≤ Cp(s − ti−1)
2a
∫ ti−1

0
δ2[α(1−ρ+

µ
2 )+γ−a−1− 1−2H

2 ] dδ ≤ Cpτ2H+2α(1−ρ+
µ
2 )+2γ−2−2ε, (46)

where we divide Γ = Γ∞
δ−1 ∪ γθ,δ−1 = {z : arg(z) = θ, δ−1 ≤ |z| < ∞} ∪ {z : |z| =

δ−1eiφ,−θ ≤ φ ≤ θ} and choose 0 < a = H + α(1 − ρ + µ
2 ) + γ − 1 − ε < 1 due to

2[α(1 − ρ + µ
2 ) + γ − a − 1 − 1−2H

2 ] > −1, which implies a < H + α(1 − ρ + µ
2 ) + γ − 1.

Case 2: For ρ ≤ µ
2 , we arrive, similarly to Case 1,

∫ ti−1

0
∥ R

0 D
1−2H

2
δ Aρ− µ

2 (Ẽ(s − δ)− Ẽ(ti−1 − δ)) ∥2 dδ

≤ Cp

∫ ti−1

0
∥
∫

Γ
ez(ti−1−δ)(ez(s−ti−1) − 1)z

1−2H
2 (zα + A)−1z−γ dz∥2

L(H) dδ

≤ Cp(s − ti−1)
2a
∫ ti−1

0
δ2[α(1−ρ+

µ
2 )+γ−a−1− 1−2H

2 ] dδ ≤ Cpτ(2H+2α+2γ−2−2ε). (47)

As for I I14, similar to the estimate of I I12, note that R
0 D

1−2H
2

δ AρẼ(δ) = 1
2πi
∫

Γ ezδz
1−2H

2

zα(ρ−1)−γ dz, we obtain

I I14 = ∥
n

∑
i=1

∫ ti

ti−1

Ēτ(tn − s)PN F′(uN(ti−1))
∫ ti

ti−1

χ[ti−1,s](δ)Ẽ(s − δ)PN dWH(δ) ds∥Lp(Ω,H)

≤ C
n

∑
i=1

∫ ti

ti−1

∥Ēτ(tn − s)PN F′(uN(ti−1))
∫ ti

ti−1

χ[ti−1,s](δ)Ẽ(s − δ)PN dWH(δ)∥Lp(Ω,H) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1∥

∫ ti

ti−1

A− µ
2 χ[ti−1,s](δ)Ẽ(s − δ)PN dWH(δ)∥LP(Ω,H) ds

≤ Cp

n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1( ∫ ti

ti−1

∥ R
0 D

1−2H
2

δ Aρ− µ
2 χ[ti−1,s]Ẽ(δ)∥2

L(H)dδ
)1/2 ds · ∥A−ρ∥L0

2

≤ Cp

n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
ν
2 )α−1( ∫ s−ti−1

s−ti

δ−2[α(ρ−1− µ
2 )−γ+ 1−2H

2 +1] dδ
)1/2 ds

≤ Cpτ−α(ρ−1− µ
2 )+γ+H−1

∫ tn

0
(tn − s)α−1 ≤ Cpτα(1+ µ

2 −ρ)+γ+H−1.

As for I I2, applying assumption (9) and Theorem 2 , we give

I I2 ≤ C
n

∑
i=1

∫ ti

ti−1

∥A
η
2 Ēτ(tn − s)A− η

2 PN RF,i−1(s)∥Lp(Ω,H) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
η
2 )α−1∥RF,i−1(s)∥Lp(Ω,Ḣ−η) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)(1−
η
2 )α−1∥uN(s)− uN(ti−1)∥2

L2p(Ω,H)
ds

≤ Cτ2β ≤ Cτβ. (48)

Now we estimate I I3. Applying Assumption condition (7), we have

I I3 ≤ C
n

∑
i=1

∫ ti

ti−1

∥Ēτ(tn − s)PN∥L(H)∥F(uN(ti−1))− F(ui−1
N )∥Lp(Ω,H) ds

≤ C
n

∑
i=1

∫ ti

ti−1

(tn − s)α−1∥uN(ti−1)− ui−1
N ∥Lp(Ω,H) ds
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≤ Cτα
n

∑
i=1

∥uN(ti−1)− ui−1
N ∥Lp(Ω,H). (49)

For I I I, we can split it as

I I I2 = ∥
∫ tn

0
(Ẽ(tn − s)− Ẽτ(tn − s))PN dWH(s)∥2

Lp(Ω,H)

≤ Cp

∫ tn

0
∥ R

0 D
1−2H

2
s (Ẽ(s)− Ẽτ(s))PN∥2

L0
2
ds

≤ Cp

∫ tn

0
∥ R

0 D
1−2H

2
s Aρ(Ẽ(s)− Ẽτ(s))∥2

L(H) ds ∥A−ρ∥2
L0

2

≤ Cp

∫ tn

0
∥
∫

Γ/Γτ

ezsz
1−2H

2 Aρz−γ(zα + A)−1dz∥2
L(H) ds

+ Cp

∫ tn

0
∥
∫

Γτ

ezsz
1−2H

2 Aρ
(
z−γ(zα + A)−1 − z−γ

τ (zα
τ + A)−1 zτ

ezτ − 1
)
dz∥2

L(H) ds

= I I I1 + I I I2. (50)

For I I I1, we have

I I I1 ≤ Cp

∫ tn

0
(
∫ ∞

1/τ
e−crtr

1−2H
2 r−γrα(ρ−1)r−b2 rb2 dr)2 dt

≤ Cpτ2b2

∫ tn

0
(
∫ ∞

0
e−crtr

1−2H
2 −γ+α(ρ−1)+b2 dr)2 dt

≤ Cpτ2b2

∫ tn

0
t2H+2γ−2α(ρ−1)−3−2b2 dt ≤ Cpτ2b2 = Cpτ2H+2α(1−ρ)+2γ−2−ϵ. (51)

Here we choose 0 < b2 = 2H−1
2 + γ + α(1 − ρ) − 1

2 − ϵ
2 with ϵ ∈ (0, 1) such that∫ ∞

0 e−crtr
1−2H

2 −γ+α(ρ−1)+b2 dr < ∞ and
∫ tn

0 t2H−1+2γ−2α(ρ−1)−2−b2 < ∞.
For I I I2, by Cauchy–Schwarz inequality and Lemma 8, there holds

I I I2 ≤ Cp

∫ tn

0

( ∫
Γτ

1d|z|
) ∫

Γτ

∥eztz
1−2H

2 Aρ[z−γ(zα + A)−1 − z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
]∥2

L(H) d|z| dt

≤ Cτ2
∫ tn

0
(
∫ 1/τ

0
1 dr)(

∫ 1/τ

0
e−crtr1−2Hr2−2α(1−ρ)−2γ dr) dt

≤ Cτ
∫ tn

0

( ∫ 1/τ

0
e−crtr3−2H−2α(1−ρ)−2γ dr

)
dt. (52)

On one hand, we have

I I I2 ≤ Cpτ
∫ 1/τ

0
r2−2H−2α(1−ρ)−2γdr ≤ Cτ2H−2+2α(1−ρ)+2γ,

where we require 2H − 2 + 2α(1 − ρ) + 2γ < 1 to preserve the boundedness of I I I2.
On the other hand, we have

I I I2 ≤ Cpτ
∫ tn

0
t2H−4+2α(1−ρ)+2γ dt ≤ Cτ.

Meanwhile, we need 2H − 2 + 2α(1 − ρ) + 2γ > 1 to preserve the boundedness of I I I2.
Finally, we turn to estimate IV. Denote Gτ(r) = 1

τ

∫ ti+1
ti

Ẽτ(r̄) dr̄. By the inequality (17)
and variable substitution, we have

IV2 = ∥
∫ tn

0
Ẽτ(tn − s)PN dWH(s)−

∫ tn

0
Ẽτ(tn − s)∂τWH(s)PN ds∥2

Lp(Ω,H)

= ∥
n−1

∑
i=0

∫ ti+1

ti

Ẽτ(tn − s)PN dWH(s)−
n−1

∑
i=0

∫ ti+1

ti

Ẽτ(tn − s̄)PN(
1
τ

∫ ti+1

ti

dWH(s))ds̄∥2
Lp(Ω,H)
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= ∥
n−1

∑
i=0

∫ ti+1

ti

(Ẽτ(tn − s)− 1
τ

∫ ti+1

ti

Ẽτ(tn − s̄)ds̄)dWH(s)∥2
Lp(Ω,H)

≤ Cp

n−1

∑
i=0

∫ ti+1

ti

∥ R
0 D

1−2H
2

r Aρ[Ẽτ(r)−
1
τ

∫ ti+1

ti

Ẽτ(r̄) dr̄]∥2
L(H) dr∥A−ρ∥2

L0
2

≤ Cp

n−1

∑
i=0

∫ ti+1

ti

∥ R
0 D

1−2H
2

r Aρ[Ẽτ(r)− Gτ(r)]∥2
L(H) dr.

Due to Lemmas A1 and A2 in Appendix A, one can split IV2 into three parts.

IV2 ≤Cp

n−1

∑
i=0

∫ ti+1

ti

∥ R
0 D

1−2H
2

r Aρ[Ẽτ(r)− Gτ(r)]∥2
L(H) dr

≤Cp

n−1

∑
i=1

∫ ti+1

ti

∥ 1
2πi

∫
Γ/Γτ

ezr AρĜτ(z)z
1−2H

2 dz∥2
L(H) dr

+ Cp

n−1

∑
i=1

∫ ti+1

ti

∥ 1
2πi

∫
Γτ

ezr Aρ[ ˆ̃Eτ(z)− Ĝτ(z)]z
1−2H

2 dz∥2
L(H) dr

+ C
∫ t1

0
∥ R

0 D
1−2H

2
r Aρ[Ẽτ(r)− Gτ(r)]∥2

L(H) dr

=IV1 + IV2 + IV3.

Here we split [0, tn] into [0, t1] and [t1, tn] to guarantee r cos θ + (1 − α − γ + αρ)τ < 0.
Note that 0 < ρ < min{1, H

α + 1 + γ−1
α }, then one has t cos θ + (1 − α − γ + αρ)τ <

t cos θ + τ < 0 for t > t1. Thus, by Lemmas A2 and A3 in Appendix A, we have the
following cases:

If 1 − α(1 − ρ)− γ ≥ 0,

IV1 ≤ Cp

n−1

∑
i=1

∫ ti+1

ti

∥ 1
2πi

∫
Γ/Γτ

ezt AρĜτ(z)z
1−2H

2 dz∥2
L(H) dt

≤ Cp

n−1

∑
i=1

∫ ti+1

ti

( ∫
Γ/Γτ

|ezt||z|α(ρ−1)−γe(1−α−γ+αρ)|z|τ |z|
1−2H

2 d|z|
)2 dt

≤ Cp

∫ tn

t1

( ∫ ∞

1
τ

e(t cos θ+(1−α−γ+αρ)τ)|z|r
1−2H

2 +α(ρ−1)−γ dr
)2 dt

≤ Cp

∫ tn

t1

( ∫ ∞

1
τ

e−crtr
1−2H

2 +α(ρ−1)−γ dr
)2 dt

≤ Cp

∫ tn

t1

( ∫ ∞

1
τ

e−crtr
1−2H

2 +α(ρ−1)−γ− ϵ
2 r

ϵ
2 dr

)2 dt

≤ Cpτ2H+2α(1−ρ)+2γ−1+ϵ
∫ tn

t1

( ∫ ∞

0
e−crtr

ϵ
2 dr

)2 dt

≤ Cpτ2H+2α(1−ρ)+2γ−1+ϵ
∫ tn

t1

t−ϵ−2 dt

≤ Cpτ2H+2α(1−ρ)+2γ−2. (53)

If 1 − α(1 − ρ)− γ < 0, then

IV1 ≤ Cp

n−1

∑
i=1

∫ ti+1

ti

∥ 1
2πi

∫
Γ/Γτ

ezt AρĜτ(z)z
1−2H

2 dz∥2
L(H) dt

≤ Cpτ2α(1−ρ)+2γ−2+2H−2ε
∫ tn

t1

(
∫ ∞

1
τ

|ezt||z|−
1
2−ε d|z|)2 dt
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≤ Cpτ2α(1−ρ)+2γ−2+2H−2ε
∫ tn

t1

t2ε−1 dt ≤ Cpτ2α(1−ρ)+2γ−2+2H−2ε. (54)

As for IV2, by Lemma 8, the Assumption condition 2, and 0 < ρ < min{1, H
α + 1 + γ−1

α },
there holds

IV2 ≤
n−1

∑
i=1

∫ ti+1

ti

∥
∫

Γτ

ezt Aρ
[
z−γ

τ (zα
τ + A)−1 zτ

ezτ − 1
− z1−γ

τ z−1(zα
τ + A)−1]z 1−2H

2 dz∥2
L(H)dt

≤ Cp

n−1

∑
i=1

∫ ti+1

ti

{
∫ 1

τ

0
d|z| ·

∫ 1
τ

0
|ezt|2∥Aρ[z−γ

τ (zα
τ + A)−1 zτ

ezτ − 1
− z−γ

τ (zα
τ + A)−1]∥2

L(H)|z|
1−2Hd|z|}dt

≤ Cpτ
∫ tn

t1

∫ 1
τ

0
e−crtr−2α(1−ρ)+2(1−γ)+1−2Hdrdt

≤ Cpτ
∫ tn

t1

t2α(1−ρ)+2γ+2H−4 dt. (55)

If −1 < 2α(1 − ρ) + 2γ + 2H − 3 < 0, then

IV2 ≤ Cpτt2α(1−ρ)+2γ+2H−3
1 ≤ Cpτ2H+2α(1−ρ)+2γ−2.

If 0 ≤ 2α(1 − ρ) + 2γ + 2H − 3 < 1, we have

IV2 ≤ Cpτt2α(1−ρ)+2γ+2H−3
n ≤ Cpτ.

For IV3, we first have the following estimate, with t ∈ [0, t1],

∥Aρ[Ẽτ(t)− Gτ(t)]∥L(H) = ∥Aρ[Ẽτ(t)−
1
τ

∫ t1

0
Ẽτ(t̄)dt̄]∥L(H)

= ∥Aρ[
1
τ

∫ t1

0
(Ẽτ(t)− Ẽτ(t̄))dt̄]∥L(H)

≤ Cτ−1∥
∫ t1

0

∫
Γτ

ezt(1 − ez(t̄−t))Aρ(zα + A)−1z−γ dz dt̄∥L(H)

≤ Cτa
∫

Γτ

|ezt||z|α(ρ−1)−γ+a d|z| ≤ Cτatα(1−ρ)+γ−a−1, (56)

where we have used |1 − ez(t̄−t)| ≤ Cτa|z|a, a ∈ (0, 1).
If H = 1

2 , note that 0 < H + α(1 − ρ) + γ − 1 < 1, by choosing a = 1, we have

IV3 ≤ Cp

∫ t1

0
∥Aρ[Ẽτ(t)− Gτ(t)]∥2

L(H) dt ≤ Cτ2
∫ t1

0
t2α(1−ρ)+2γ−4 dt

≤ Cτ2α(1−ρ)+2γ−1 = Cτ2α(1−ρ)+2γ+2H−2. (57)

If H ∈ ( 1
2 , 1), by choosing 0 < a = H + α(1 − ρ) + γ − 1 − ϵ < 1, we have

IV3 ≤ Cp

∫ t1

0
∥ R

0 D
1−2H

2
t Aρ[Ẽτ(t)− Gτ(t)]∥2

L(H) dt

≤ Cp

∫ t1

0

( ∫ t

0
(t − s)

2H−1
2 −1∥Aρ(Ẽτ(s)− Gτ(s̄))∥L(H) ds

)2 dt

≤ Cpτ2a
∫ t1

0

( ∫ t

0
(t − s)

2H−1
2 −1sα(1−ρ)+γ−a−1 ds

)2 dt

≤ Cpτ2a
∫ t1

0
t2[ 2H−1

2 +α(1−ρ)+γ−a−1] dt

≤ Cpτ2H+2α(1−ρ)+2γ−2. (58)
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If H ∈ (0, 1
2 ), by choosing 0 < a = H + α(1 − ρ) + γ − 1 − ϵ < 1, we have

IV3 ≤ Cp

∫ t1

0
∥ R

0 D
1−2H

2
t Aρ[Ẽτ(t)− Gτ(t)]∥2

L(H) dt

≤ Cp

∫ t1

0

( d
dt

∫ t

0
(t − s)

2H−1
2 ∥Aρ(Ẽτ(s)− Gτ(s̄))∥L(H) ds̄ ds

)2 dt

≤ Cpτ2a
∫ t1

0

( d
dt

∫ t

0
(t − s)

2H−1
2 sα(1−ρ)+γ−a−1 ds

)2 dr

≤ Cpτ2a
∫ t1

0
[
(
t

2H−1
2 +α(1−ρ)+γ−a)′]2 dt

≤ Cpτ2a
∫ t1

0
t2[ 2H−1

2 +α(1−ρ)+γ−a−1] dt

≤ Cpτ2H+2α(1−ρ)+2γ−2. (59)

Finally combining the above estimates, and employing Theorem 3 we have

∥u(tn)− un
N∥Lp(Ω,H)

≤ Cp(N + 1)−
σ
d + Cpτα + Cpτα−ϵ + CpτH+α(1−ρ)+γ−1−ϵ + CpτH+α(1−ρ)+γ−1 + Cτβ

+ Cτα
n

∑
i=1

∥u(tj−1)− uj−1
N ∥Lp(Ω,H) ds,

where 0 < β = min{α, H + α(1 − ρ) + γ − 1 − ϵ}. By discrete Grönwall inequality, one has

∥u(tn)− un
N∥Lp(Ω,H) ≤ C(N + 1)−

σ
d + Cτβ,

where 0 < β = min{α, H + α(1 − ρ) + γ − 1 − ϵ} < 1.
The proof of Theorem 4 is complete.

6. Numerical Experiments

In this section, we provide numerical results for the following time-fractional semilin-
ear stochastic partial differential Equation (SPDE), where α ∈ (0, 1) and γ ∈ [0, 1].

C
0 Dα

t u(t) + Au(t) = sin(u(t)) + R
0 D−γ

t
dWH(t)

dt
, for 0 < t ≤ T, with u(0) = 0, (60)

Assume that the covariance operator Q of the H-valued fractional Wiener process
WH(t) has eigenvalues given by γk = km for k = 1, 2, . . . , where m ≤ 0. Two cases are of
particular interest in applications:

Case 1. When m = 0, WH(t) is referred to as white noise since tr(Q) = ∑∞
k=1 γk =

∑∞
k=1 k0 = ∞.

Case 2. When m < −1, WH(t) is known as trace-class noise, as tr(Q) = ∑∞
k=1 γk =

∑∞
k=1 km < ∞.

Under the assumption that ∥A−ρ∥L0
2
= ∥A−ρQ1/2∥HS < ∞, it follows that ρ is

approximately (m+1)d
4 , where d = 1, 2, 3 denotes the dimension of the space variable [2].

This result is derived from the following observation, noting λk ≈ k2/d,

∥A−ρQ1/2∥2
HS =

∞

∑
k=1

λ
2ρ
k γk =

∞

∑
k=1

(k2/d)−2ρkm =
∞

∑
k=1

k−
4ρ
d +m < ∞,

if ρ > (m+1)d
4 . Based on this, we observe that in the trace-class case, when m = −1, we have

ρ ≈ 0. In contrast, in the white noise case, when m = 0, we have ρ ≈ d/4.
By Theorem 4, the convergence rate in time is given by:

∥u(tn)− un
N∥Lp(Ω,H) ≤ Cτβ,
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where 0 < β = min{α, H + α(1 − ρ) + γ − 1 − ϵ}.
In the numerical simulations presented below, we experimentally determine the

convergence rates for the following two cases:
Case 1. When m = 0, WH(t) corresponds to white noise. In this case, we have

ρ ≈ 1/4 in the one-dimensional case. Therefore, the theoretical convergence rate is
O(τmin(α,H+ 3

4 α+γ−1)).
Case 2. When m < −1, WH(t) corresponds to trace-class noise. Here, we have ρ ≈ 0,

leading to a theoretical convergence rate of O(τmin(α,H+α+γ−1)).
Let ∆t represent the time step size for the partition 0 = t1 < t2 < · · · < tM = T, where

T is the final time. We demonstrate the numerical simulations using a one-dimensional
example on the unit interval D = (0, 1). In our computations, we set N = 4, 8, 16, 32, 64 and
the time step size ∆t = T/N. All expected values are computed using M = 60 trajectories.
We focus solely on examining the temporal convergence rates.

The final time is set to T = 0.1. The reference solution is computed using a much
finer temporal mesh with N = 512. The numerical results for various combinations of
the Hurst parameter H, the fractional orders α and γ, as well as for both trace-class noise
(m = −1) and white noise (m = 0), are provided in Tables 1–4. All numerical simulations
were conducted using MATLAB R2018a (version 9.4).

In Tables 1–4, the numbers in parentheses in the “rate” column indicate the theoretical
rates predicted by Theorem 4. The experimentally determined convergence rates in time
are in good agreement with the theoretical predictions, fully confirming the error analysis,
despite the relatively small number of trajectories used to compute the expectations. The
convergence improves consistently as the fractional orders α and γ and H increase, reflect-
ing enhanced temporal regularity of the solution. The running times are provided in the
final columns in Tables 1–4.

In Table 1, we set γ = 0 and H = 0.5. For m = 0 (the white noise case), the theoretical
convergence order is O(τmin(α,H+ 3

4 α+γ−1)) = O(τmin(α, 3
4 α−0.5)). For m = −1 (the trace-class

noise case), the theoretical convergence rate becomes O(τmin(α,H+α+γ−1)) = O(τα−0.5). In
both cases, we observe that the experimentally determined convergence orders exceed the
theoretical expectations.

In Table 2, we set γ = 0 and H = 0.8. For m = 0 (the white noise case), the theoretical
convergence order is O(τmin(α,H+ 3

4 α+γ−1)) = O(τmin(α, 3
4 α−0.2)). For m = −1 (the trace-class

noise case), the theoretical convergence rate is O(τmin(α,H+α+γ−1)) = O(τα−0.2). Again, the
observed experimental orders are higher than the theoretical values.

In Table 3, we set γ = 1 and H = 0.5. For m = 0 (the white noise case), the theoretical
convergence order is O(τmin(α,H+ 3

4 α+γ−1)) = O(τmin(α, 3
4 α+0.5)). For m = −1 (the trace-

class noise case), the theoretical convergence rate is O(τmin(α,H+α+γ−1)) = O(τα). The
experimentally determined orders, once more, surpass the theoretical predictions.

In Table 4, we set γ = 1 and H = 0.8. For m = 0 (the white noise case), the theoretical
convergence order is O(τmin(α,H+ 3

4 α+γ−1)) = O(τmin(α, 3
4 α+0.8)). For m = −1 (the trace-class

noise case), the theoretical convergence rate is O(τmin(α,H+α+γ−1)) = O(τα). As observed
in the previous cases, the experimental convergence rates exceed the theoretical predictions.
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Table 1. The L2(Ω; H)-error at t = 0.1 with γ = 0 and H = 0.5.

m α\N 4 8 16 32 64 Rate CPU Time

0 0.3 4.45 × 10−0 4.36 × 10−0 4.23 × 10−0 4.22 × 10−0 3.52 × 10−0 0.08 (−0.27) 165 s
0.5 2.04 × 10−0 1.93 × 10−0 1.81 × 10−0 1.75 × 10−0 1.37 × 10−0 0.11 (−0.12) 165 s
0.7 8.36 × 10−1 7.41 × 10−1 6.45 × 10−1 5.73 × 10−1 4.23 × 10−1 0.15 (0.02) 165 s
0.9 3.35 × 10−1 2.81 × 10−1 2.26 × 10−1 1.87 × 10−1 1.34 × 10−1 0.20 (0.17) 165 s

−1 0.3 4.25 × 10−0 4.15 × 10−0 4.05 × 10−0 4.04 × 10−0 3.35 × 10−0 0.08 (−0.20) 165 s
0.5 1.79 × 10−0 1.65 × 10−0 1.57 × 10−0 1.53 × 10−0 1.16 × 10−0 0.11 (0.00) 165 s
0.7 6.13 × 10−1 4.89 × 10−1 4.03 × 10−1 3.68 × 10−1 2.48 × 10−1 0.30 (0.20) 165 s
0.9 1.92 × 10−1 1.29 × 10−1 7.82 × 10−2 5.98 × 10−2 3.56 × 10−2 0.50 (0.40) 165 s

Table 2. The L2(Ω; H)-error at t = 0.1 with γ = 0 and H = 0.8.

m α\N 4 8 16 32 64 Rate CPU Time

0 0.3 2.75 × 10−1 2.57 × 10−1 2.46 × 10−1 2.25 × 10−1 1.67 × 10−1 0.10 (0.02) 169 s
0.5 1.59 × 10−1 1.35 × 10−1 1.18 × 10−1 9.91 × 10−2 6.73 × 10−2 0.25 (0.17) 169 s
0.7 8.63 × 10−2 6.47 × 10−2 4.71 × 10−2 3.40 × 10−2 2.11 × 10−2 0.45 (0.33) 169 s
0.9 4.49 × 10−2 3.03 × 10−2 1.88 × 10−2 1.22 × 10−2 7.16 × 10−3 0.60 (0.48) 169 s

−1 0.3 2.63 × 10−1 2.45 × 10−1 2.36 × 10−1 2.17 × 10−1 1.60 × 10−1 0.17 (0.10) 169 s
0.5 1.44 × 10−1 1.18 × 10−1 1.04 × 10−1 8.85 × 10−2 5.84 × 10−2 0.32 (0.30) 169 s
0.7 7.24 × 10−2 4.81 × 10−2 3.17 × 10−2 2.25 × 10−2 1.29 × 10−2 0.62 (0.50) 169 s
0.9 3.33 × 10−2 1.91 × 10−2 8.98× 10−3 4.84 × 10−3 2.42 × 10−3 0.90 (0.70) 169 s

Table 3. The L2(Ω; H)-error at t = 0.1 with γ = 1 and H = 0.5.

m α\N 4 8 16 32 64 Rate CPU Time

0 0.3 2.68 × 10−3 1.80 × 10−3 1.26 × 10−3 1.16 × 10−3 7.20 × 10−4 0.40 (0.30) 165 s
0.5 5.73 × 10−3 23.62 × 10−3 2.20 × 10−3 1.89 × 10−3 1.06 × 10−3 0.60 (0.50) 165 s
0.7 8.15 × 10−3 4.87 × 10−3 2.36 × 10−3 1.72 × 10−3 8.99 × 10−4 0.74 (0.70) 165 s
0.9 8.74 × 10−3 5.08 × 10−3 2.19 × 10−3 1.34 × 10−3 7.14 × 10−4 0.92 (0.90) 165 s

−1 0.3 2.67 × 10−3 1.79 × 10−3 1.25 × 10−3 1.16 × 10−3 7.18 × 10−4 0.47 (0.30) 165 s
0.5 5.69 × 10−3 3.56 × 10−3 2.15 × 10−3 1.86 × 10−3 1.04 × 10−3 0.61 (0.50) 165 s
0.7 8.03 × 10−3 4.71 × 10−3 2.18 × 10−3 1.62 × 10−3 8.45 × 10−4 0.80 (0.60) 165 s
0.9 8.51 × 10−3 4.84 × 10−3 1.98 × 10−3 1.22 × 10−3 6.51 × 10−4 0.92 (0.80) 165 s

Table 4. The L2(Ω; H)-error at t = 0.1 with γ = 1 and H = 0.8.

m α\N 4 8 16 32 64 Rate CPU Time

0 0.3 4.12 × 10−4 2.34 × 10−4 1.19 × 10−4 7.66 × 10−5 4.10 × 10−5 0.80 (0.30) 169 s
0.5 9.27 × 10−4 5.23 × 10−4 2.47 × 10−4 1.40 × 10−4 6.91 × 10−5 0.93 (0.50) 169 s
0.7 1.48 × 10−3 8.19 × 10−4 3.55 × 10−4 1.79 × 10−4 8.57 × 10−5 1.02 (0.70) 169 s
0.9 1.85 × 10−3 1.00 × 10−3 4.35 × 10−4 2.11 × 10−4 9.91 × 10−5 1.05 (0.90) 169 s

−1 0.3 4.11 × 10−4 2.33 × 10−4 1.19 × 10−4 7.64 × 10−5 4.09 × 10−5 0.83 (0.30) 169 s
0.5 9.24 × 10−4 5.19 × 10−4 2.44 × 10−4 1.38 × 10−4 6.83 × 10−5 0.93 (0.50) 169 s
0.7 1.47 × 10−3 8.08 × 10−4 3.46 × 10−4 1.74 × 10−4 8.33 × 10−5 1.03 (0.70) 169 s
0.9 1.83 × 10−3 9.82 × 10−4 4.23 × 10−4 2.05 × 10−4 9.65 × 10−5 1.06 (0.90) 169 s

7. Conclusions

In this work, we developed a fully discrete scheme to approximate the stochastic time-
fractional diffusion problem driven by integrated fractional noise with a Hurst parameter
H ∈ (0, 1). The Caputo time-fractional derivative and fractional integral were approxi-
mated using a first-order convolution quadrature formula, while the fractional noise was
approximated using the Euler method. For spatial discretization, we used the spectral
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Galerkin method. By applying the convolution-based expression of the approximate solu-
tion, we obtained the error estimates for the proposed fully discrete scheme. In future work,
we aim to extend these techniques to develop numerical approximations for nonlinear
stochastic subdiffusion problems driven by multiplicative integrated fractional noise.
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Appendix A

In this Appendix, we provide the proof of Lemma 6 and introduce several lemmas
that are essential for proving the main theorems presented in this paper.

Proof of Lemma 6. We will prove the first equality; the others can be demonstrated in a
similar manner. Note that∥∥∥∥∫ t

0
g(s) dWH(s)

∥∥∥∥2
= ∥

∞

∑
j=1

∫ t

0
g(s)γ1/2

j ej dβH
j (s)∥2 =

∞

∑
k=1

(
∞

∑
j=1

∫ t

0
g(s)γ1/2

j ej dβH
j (s), ϕk

)2

=
∞

∑
k=1

(
∞

∑
j=1

∫ t

0
(g(s)γ1/2

j ej, ϕk) dβH
j (s)

)2

=
∞

∑
k=1

(
∞

∑
j=1

∫ t

0
(g(s)γ1/2

j ej, ϕk) dβH
j (s),

∞

∑
l=1

∫ t

0
(g(s)γ1/2

l el , ϕk) dβH
l (s)

)
.

Thus we have, using the orthogonality of basis functions,

E
∥∥∥∥∫ t

0
g(s) dWH(s)

∥∥∥∥2
= E

∞

∑
k=1

(
∞

∑
j=1

∫ t

0
(g(s)γ1/2

j ej, ϕk) dβH
j (s),

∞

∑
l=1

∫ t

0
(g(s)γ1/2

l el , ϕk) dβH
l (s)

)

= E
∞

∑
k=1

∞

∑
j=1

∞

∑
l=1

(∫ t

0
(g(s)γ1/2

j ej, ϕk) dβH
j (s) ·

∫ t

0
(g(s)γ1/2

l el , ϕk) dβH
l (s)

)
.

Since the fractional Brownian motions βH
j (t) and βH

l (t) are independent and the cross
terms for j ̸= l have mean zero and vanish, we arrive at

E
∥∥∥∥∫ t

0
g(s) dWH(s)

∥∥∥∥2
= E

∞

∑
k=1

∞

∑
j=1

(∫ t

0
(g(s)γ1/2

j ej, ϕk) dβH
j (s)

)2

=
∞

∑
k=1

∞

∑
j=1

E
(∫ t

0
(g(s)γ1/2

j ej, ϕk) dβH
j (s)

)2
.

By Lemma 2.5, we get

E
∥∥∥∥∫ t

0
g(s) dWH(s)

∥∥∥∥2
≤ C

∞

∑
k=1

∞

∑
j=1

∥ R
0 D

1−2H
2

s (g(s)γ1/2
j ej, ϕk)∥2

L2([0,t])
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= C
∞

∑
j=1

∫ t

0

∞

∑
k=1

∣∣∣∣ R
0 D

1−2H
2

s (g(s)γ1/2
j ej, ϕk)

∣∣∣∣2 ds

= C
∞

∑
j=1

∫ t

0
∥ R

0 D
1−2H

2
s g(s)γ1/2

j ej∥2 ds

= C
∫ t

0
∥ R

0 D
1−2H

2
s g(s)∥2

L0
2

ds,

which completes the proof of the first equality.

Lemma A1. Let Ēτ(t) and Ẽτ(t) be defined in (41) and (42), respectively, then we have

R
0 D

1−2H
2

t Ēτ(t) =
1

2πi

∫
Γτ

eztz
1−2H

2 (zα
τ + A)−1 zτ

ezτ − 1
dz,

R
0 D

1−2H
2

t Ẽτ(t) =
1

2πi

∫
Γτ

eztz
1−2H

2 z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz.

Proof. We only prove R
0 D

1−2H
2

t Ẽτ(t). Note that

ˆ̃Eτ(ξ) =
∫ ∞

0
e−ξtẼτ(t)dt

=
∫ ∞

0
e−ξt[

1
2πi

∫
Γτ

eztz−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz]dt

=
1

2πi

∫
Γτ

[
∫ ∞

0
e−(ξ−z)tdt]z−γ

τ (zα
τ + A)−1 zτ

ezτ − 1
dz

=
1

2πi

∫
Γτ

1
ξ − z

z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz.

Then by Cauchy integral formula, one obtain

R
0 D

1−2H
2

t Ẽτ(t) =
1

2πi

∫
Γ

e−ξtξ
1−2H

2 [
1

2πi

∫
Γτ

1
ξ − z

z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz]dξ

=
1

2πi

∫
Γτ

[
1

2πi

∫
Γ

eξtξ
1−2H

2

ξ − z
dξ]z−γ

τ (zα
τ + A)−1 zτ

ezτ − 1
dz

=
1

2πi

∫
Γτ

eztz
1−2H

2 z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz.

The proof of the first equality is complete.

Lemma A2. Let

Gτ(t) =

{
0, t = 0,
1
τ

∫ ti+1
ti

Ẽτ(r̄)dr̄, t ∈ (ti, ti+1], j = 0, 1, . . . , n − 1.

Denote zτ = 1−e−zτ

τ . Then we get

Ĝτ(z) = z−1z1−γ
τ (zα

τ + A)−1.

Proof. Extending the definition of Gτ(t) to any t > 0 (still denote Gτ(t)) by

Ḡτ(t) =


0, t = 0,
1
τ

∫ ti+1
ti

Ẽτ(r̄)dr̄, t ∈ (ti, ti+1], j = 0, 1, . . . , n − 1,

· · · .
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which is possible since Ẽτ(t) is defined for any t > 0.
By Laplace transform, we may have, with t > 0,

R
0 D

1−2H
2

t Gτ(t) =
1

2πi

∫
Γ

eztz
1−2H

2 Ĝτ(z) dz,

and

Ĝτ(z) =
∫ ∞

0
e−ztGτ(t) dt =

∞

∑
i=0

∫ ti+1

ti

e−zt( 1
τ

∫ ti+1

ti

Ẽτ(r̄) dr̄
)

dt

=

(
∞

∑
i=0

[
1
τ

∫ ti+1

ti

Ẽτ(r̄) dr̄](e−zτ)i

)
1 − e−zτ

z
. (A1)

Denote Gi =
1
τ

∫ ti+1
ti

Ẽτ(r̄)dr̄, we have, by definition of Ẽτ(r̄),

Gi =
1
τ

∫ ti+1

ti

Ẽτ(r̄)dr̄ =
1
τ

∫ ti+1

ti

[
1

2πi

∫
Γτ

ezr̄z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz] dr̄

=
1

2πi

∫
Γτ

[
1
τ

∫ ti+1

ti

ezr̄dr̄]z−γ
τ (zα

τ + A)−1 zτ

ezτ − 1
dz =

1
2πi

∫
Γτ

ezti+1 − ezti

zτ
z−γ

τ (zα
τ + A)−1 zτ

ezτ − 1
dz

=
1

2πi

∫
Γτ

ezti z−γ
τ (zα

τ + A)−1 dz. (A2)

Further, we have, with 0 < b < 1,

Gi =
1

2πi

∫
|ξ|=b

ξ−(i+1)[
∞

∑
i=0

Giξ
i] dξ =

τ

2πi

∫
Γτ

ezti [
∞

∑
i=0

Gi(e−zτ)i] dz =
1

2πi

∫
Γτ

ezti [
∞

∑
i=0

τGi(e−zti )] dz.

Thus, by applying the above analysis, we obtain

∞

∑
i=0

Gi(e−zti ) =
1
τ

z−γ
τ (zα

τ + A)−1.

Hence,

Ĝτ(z) = (
∞

∑
i=0

Gie−zti )
1 − e−zτ

z
=

1
τ

z−γ
τ (zα

τ + A)−1 1 − e−zτ

z
.

Note that zτ = 1−ξ
τ = 1−e−zτ

τ , we obtain

Ĝτ(z) =
1
z

z1−γ
τ (zα

τ + A)−1.

Lemma A3. Let 0 ≤ s ≤ 1, we have

∥AsĜτ(z)∥ =


C|z|−α(1−s)−γe(1−α−γ+αs)|z|τ , z ∈ Γ/Γτ , 1 − α(1 − s)− γ ≥ 0,
Cτ(1−s)α+γ−1|z|−1, z ∈ Γ/Γτ , 1 − α(1 − s)− γ < 0,
C|z|α(s−1)−γ, z ∈ Γτ .

(A3)

Proof. When z ∈ Γτ , the desired estimate can be obtained by Lemma 7, resolvent estimate
and Lemma A2. That is

∥AsĜτ(z)∥ = ∥z−1z1−γ
τ As(zα

τ + A)−1∥ ≤ C|z|α(s−1)−γ.
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As for z ∈ Γ/Γτ , simple calculation gives

|zτ | = |1 − e−zτ

τ
| = |1 − e−|z|τ cos θ−i|z|τ sin θ |

τ
≥ e−|z|τ cos θ − 1

τ
.

Since |z| ≥ π
τ sin θ , one can choose a suitable θ ∈ (π

2 , π), such that |zτ | ≥ e−π cot θ−1
τ ≥ e−1

τ .
Let τ be small enough to satisfy ( e−1

τ )α > λk. Obviously

ℜ(zτ) =
|1 − e−|z|τ cos θ−i cos(|z|τ sin θ)|

τ
≥ 0,

which shows (zα
τ + A)−1 exists, for z ∈ Σθ . Thus

|λs
kĜτ(z)| ≤ |z|−1|zτ |1−γ|zτ |−α|zτ |αs ≤ C|z|−1|zτ |1−α−γ+αs.

According to the fact zτ = 1−e−zτ

τ ≤ |z|∑∞
k=1

(zτ)k−1

k! ≤ |z|e|zτ|, the desired result is reached.
More precisely, if 1 − α(1 − s)− γ ≥ 0, we obtain

|λs
kĜτ(z)| ≤ |z|−α(1−s)−γe(−α(1−s)−γ+1)|z|τ , z ∈ Γ/Γτ .

If 1 − α(1 − s)− γ < 0, we obtain

|λs
kĜτ(z)| ≤ Cτα(1−s)+γ−1|z|−1, z ∈ Γ/Γτ .

The proof is complete.
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