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Abstract: We analyze the error estimates of a fully discrete scheme for solving a semilinear stochas-
tic subdiffusion problem driven by integrated fractional Gaussian noise with a Hurst parame-
ter H € (0,1).
|A=PQY2|| s < oo for some p € [0,1), where || - || s denotes the Hilbert-Schmidt norm. The Caputo
fractional derivative and Riemann-Liouville fractional integral are approximated using Lubich’s

The covariance operator Q of the stochastic fractional Wiener process satisfies

convolution quadrature formulas, while the noise is discretized via the Euler method. For the spatial
derivative, we use the spectral Galerkin method. The approximate solution of the fully discrete
scheme is represented as a convolution between a piecewise constant function and the inverse
Laplace transform of a resolvent-related function. By using this convolution-based representation
and applying the Burkholder-Davis—-Gundy inequality for fractional Gaussian noise, we derive the
optimal convergence rates for the proposed fully discrete scheme. Numerical experiments confirm
that the computed results are consistent with the theoretical findings.

Keywords: stochastic semilinear subdiffusion; fractional Gaussian noise; Caputo fractional derivative;
spectral Galerkin method

MSC: 656M12; 65M06; 65M70; 35510

1. Introduction

Consider the following semilinear stochastic subdiffusion problem driven by inte-
grated fractional Gaussian noise, with 0 < a <1, 0 <y <1,

dWH (1)

C
oD T

u(t) + Au(t) = F(u(t)) + 8D, for0<t<T, withu(0)=0, (1)
where A : D(A) — H = Ly(D) with D(A) = H(D) N H?(D) is a linear elliptic operator
and D Cc R, d =1,2,3 is some regular domain with smooth boundary. Here, F is a smooth
dWH (1) .
g~ A zero-mean, H-valued Gaussian
. Here §Dfu(t)
and 8D, "u(t) denote the Caputo fractional derivative and Riemann-Liouville integral,
respectively [1-3].
Let {/\], ej };‘;1

assume that WH (t) takes the following Fourier series form

271/26]18]

real-valued function specified in Section 2 and
noise defined in a complete filtered probability space (), F, P, { Ft}+>0)

be the eigenvalues and eigenfunctions of the elliptic operator A. We
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where ‘B]H(t) is one dimensional fractional Brownian motion with Hurst parameter H € (0,1)

[2]. Let Q : H — H be the covariance operator of the Gaussian process W (t) such that
Qe; = 7jej where Q is a self-adjoint, non-negative, linear bounded operator on H.

We assume that A satisfies the following resolvent estimate, with 6 € (77/2, 1), see
Lubich et al. [4], Thomée [5],

(zI4+A)7Y| <Clz|7! forzeXg={z#0: |argz| <6}, 2)
which implies that, with 0 < & < 1, see Yan et al. [6],
|(z*+A)7Y| < Clz|™ forzeZg={z#0: |argz| < 6}. 3)

Many application problems can be effectively described using (1) including thermal
diffusion in media with fractional geometry [7], in highly heterogeneous aquifers [8], under-
ground environmental challenges [9], and the study of random walks [10], among others.
To provide further clarity, we can consider between phenomena with short-term memory
characterized by H in the range (0, ) and those with long-term memory characterized
by H in the range (3, 1). From the viewpoint of mathematics, the Hurst index reflects the
Holder property of fractional Brownian motion’s trajectory.

Let us consider the following physical problem which can be modeled by (1), [11,12].
Let the functions u(t, x), E(t, x), and F(t, x) represent the body temperature, energy, and
flux density, respectively. Then, for constants 77 and a with ,a > 0, we have

\ml

( x) = —div F(t,x),

x) = nu(t, x),
x) = —aVu(t, x).

[ o

(t
F(t,
The above equations lead to the classical heat equation:

ou
Wg(t/ x) = alu.

However, in reality, the propagation speed is generally finite due to interruptions in heat

flow caused by the material’s response. If the material has thermal memory, we often use
the following model to characterize it:

E(t,x) = ult,x) + /Otn(t — $)u(s, x) ds,

with the constant B and kernel 7(t). To account for external random effects, we express the
energy term as

E(t,x) = /Ot ki (= s)u(s, x) ds + /Ot ka(t — 8) (b(u(s, x)) + WH(s, x)) ds, @)

where kq(t) = T(1—a) 1% ky(t) = —T(y+1)"'#7,and WH(t,x) := dw;(t) is a centered

Gaussian noise that is white in time and fractional in space. Differentiating (4), we obtain

divF = ml_aaat 't(t—s)—“u(s,x) ds — mlﬂ;t/Ot(t—s)v(b(u(s,x))+v‘vH(s,x))ds

= SDfu(t, x) at/ / ,x)) + WH(s,x)) dsdt
= §Dfu(t,x) — th (b(u(t,x)) +WH(t,x))/

which provides a physical explanation for the fractional derivative and fractional integral
with respect to t in (1).
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The investigation into the existence, uniqueness, and regularity of time-fractional
Stochastic Partial Differential Equations (SPDEs) has been a subject of extensive research.
Chen et al. [11] successfully demonstrated both the existence and uniqueness of a stochastic
time-fractional PDE in both its divergence and non-divergence forms. Anh et al. [13] ex-
plored the weak-sense solution of a time-fractional SPDE that exhibits fractional spatial and
temporal characteristics. Mijena and Nane [14] investigated the existence and uniqueness
of a continuous random field solution to a space-time-fractional SPDE. In a subsequent
study [15], they analyzed the weak intermittency in the solution and the propagation of
intermittency fronts. Liu et al. [16] studied the existence and uniqueness of solutions to
time-fractional SPDEs with a more general quasi-linear elliptic operator. Chen [17] con-
ducted a comprehensive analysis of moments, Holder continuity, and intermittency in the
solution for one-dimensional nonlinear stochastic time-fractional diffusion, see also [18,19].
Shukla et al. [20] considered the approximate controllability of Hilfer fractional stochastic
evolution inclusions of order 1 < g < 2.

Recent advances have also been made in the field of numerical analysis for time-
fractional SPDEs. Jin et al. [21] proposed numerical methods for stochastic linear time-
fractional partial differential equations driven by integrated noise. Gunzburger, Li, and
Wang [1,22] studied time discretization and finite element methods for approximating
stochastic linear integrated-differential equations driven by space-time white noises.
Wu et al. [23] considered the L1 scheme for approximating the linear stochastic subd-
iffusion problems driven by integrated space-time white noises. Cao et al. [24] considered
the spatial semidiscretization of solving stochastic linear evolution equations driven by
fractional noise, with the Hurst index H € (0,1). Deng et al. [25] investigated the existence,
uniqueness, and spatial semidiscrete schemes for semilinear stochastic wave equations
driven by fractional noise, with the Hurst index H € (%, 1). For numerical methods related
to stochastic parabolic partial differential equations, refer to Wang et al. [26], Dai et al. [27],
Liu [28], Yan [29], Kruse [30], Jentzen and Kloeden [31], Chen et al. [32], and the refer-
ences therein. For recent numerical methods in deterministic time-fractional differential
equations, see [33,34] and the references therein.

Nie and Deng [2] recently proposed a unified framework for the numerical analysis of
stochastic semilinear fractional diffusion equations with « € (0,1) and H € (0,1),

dWH (t)

duu(t) + D} Au(t) = F(u(t)) + ==,

for0<t<T, withu(0)=0, (5
where they introduced a novel Burkholder-Davis-Gundy inequality for fractional Gaussian
noise. They used the spectral Galerkin method and the convolution quadrature formula to
discretize the Laplacian and Riemann-Liouville fractional derivatives, respectively, and
provided error estimates for the proposed numerical methods.

In this paper, we adopt a similar approach to that in [2] to conduct a numerical analysis
of (1). However, Equation (1) includes a more general nonlinear term F(u) compared to
that used in [2]. We approximate the Caputo time-fractional derivative and the Riemann-—
Liouville fractional integral using the first-order Lubich convolution quadrature formula,
while discretizing the fractional noise via the Euler method. For spatial discretization, we
use the spectral Galerkin method. Our fully discrete scheme is formulated by expressing
the approximate solution as a convolution between a piecewise constant function and
the inverse Laplace transform of a function associated with the resolvent. We obtain
both the temporal and spatial regularity of the solutions. Optimal error estimates in the
LP(Q),H), p > 2 norm are obtained via the Laplace transform method, showing precisely
how the parameters « € (0,1), v € [0,1], and H € (0, 1) influence the convergence orders.
Numerical results are also provided to confirm that the computed outcomes are consistent
with the theoretical findings.

The paper is organized as follows. In Section 2, we present some preliminaries and
assumptions. In Section 3, we consider the spatial and temporal regularities of the solution
in (1). In Section 4, we apply the spectral Galerkin method for spatial discretization. The
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time discretization of (1) is studied in Section 5. Finally, in Section 6, we provide some
numerical simulations to validate the theoretically predicted convergence order discussed
in Section 5. Throughout this paper, we use ¢, C to denote positive constants independent
of the functions and parameters concerned, but not necessarily the same at different
occurrences.

2. Preliminaries and Main Assumptions
Let H¥, s € R be the Sobolev space defined by

H® = D(A%) = {v e H: |A0|? = ZAsvgo] < o0},

with norm 0|2 = ||A2]]2 = Y21 Ai(o, 9j)?.
Let £ = H S(Qi( ), H) be the Hilbert-Schmidt operators space from Q% (H) to H

equipped with the following inner product and norm

> 1 1 - 1
< Ty, T, >=) (T1Q2¢;, 2Q%¢)), ||T||2£g =Y ITQ2¢||* < co.
j=1 j=1

We will provide some main assumptions on nonlinear term F(u), fractional noise term

AWH (1)
at

, which will be used throughout this paper.

Assumption 1. For the nonlinear term F, we assume that there exist 1 <v < 2,1 <ny <2
such that

[F)| < C(1+[ul]), ueH, (6)

IF'(u)o]] < Cllofl, u,v€H, 7)

IF'(w)ollg— < CAA+ [[ullgp)lollg-y, uweH,0e H*,0<p<v<2, ®)

||F"(”)(Ulr02)\|ﬂw < Cllvi|l||v2l|, 1,02 € H. ©9)
dWH (1)

Assumption 2. The space-time fractional Gaussian noise —z~— takes the following Fourier
series form
awr(t) 12, apji(t)

j=1

where ﬁf (t) is one dimensional fractional Brownian motion with Hurst parameter H € (0, 1).
Moreover, we assume

- . H v—1
APl g <00, p € [O,mm{l,;+1+7}). (11)

Lemma 1 ([24,35]). For H € (0,1/2) and g1(t),g2(t) € H ([0 T]), we have

E |:/0Tgl(r) dﬁH(T’) /Ong(r) dﬁH(T’)] 1 _ ZH / / gl 7"1 g|117’i)1)/2(|g;(21’}11) g2(72>) dl’l er/

where B (t) denotes the one-dimensional fractional Brownian motion with the Hurst parameter H.

Lemma 2 ([36,37]). For H € (1/2,1) and g1(t),g2(t) € L?([0, T]), there holds

B[ [ s dpn) [ sanap 0] = -1 [ [ aat0gatain - 2 in

where B (t) denotes the one-dimensional fractional Brownian motion with the Hurst parameter H.
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Lemma 3 ([2]). Foru € H%(a,b) witha,b € R,0 <s < %, suppv C (a,b), there exist positive
c1,Co such that
c1ll a D3 < Jolus ((ap)) < c2ll RDSI-

Here H® denote the fractional Sobolev space with s € (0,1).

Lemma 4 ([2]). Forv € L>(R), u € (0,1/2) and suppv C (c,d) with c,d € R, we have
[ [ ote@ie o agay < c [(Epsto(s) s
1-2H
Lemma 5. For g € L2([0,T]), 8D; 2 ¢ € L?([0, T]) and H € (0,1), we have

T _
E( g(r)dﬁH<r>) < 8D g2 oy (12)

ty 2 120
E( /t g(tz—r>dﬁH<r>) < CIoDs 7 8llZ2(j0,p—0)- (13)

1

Proof. We only prove (12) here. The proof of (13) is similar.
Case 1. When H = %, the It6 isometry may show

ty 2 ty—t 1-2H
B( [ st -nap") = [7 s dr = 150 gl 1y
1

Case 2. When H € (0,1/2), let g(t2 — s) be the zero extension of ¢(t, — s) on [t1, £7]
such that supp §(t» —s) C [t1, t2]. By Lemma 1, the definition of the semi-norm in H?, and
the fact H® coincides with H?, it holds

2 _ 2
E(/tt g(tz_r)dﬁH(r)> ; (1-2H) // = |r:1—rzlg2(t§H 72)) drydry

1
r))*
—2H) // |7’1 r2|2 2H dry dry

< Cla(r _ <C _ .
< CJ3( )|H%(R) < Clg(r )|H[%([Olt2_t1])

Further by Lemma 3, we get
" H ) < ol Bl |2
E(/t gt —r)dp (7’)) < CllgDs gHLZ([O,tZ,tl])-
1

Case 3. When H € (1/2,1), by Lemmas 2 and 4, we have

B[ gt - nagtn))

? f2 rh2 2H-2
= HEH-1) [ [“glt =gtz = ra)lr = o dridry
1 1

ty—1t tr—t1
< C/ / g(r1)g(ra)|r1 — r2|*~2drydry
2~h R =28 ., Ry 22
<c [T gl = 15D gl )

O

12H
Lemma 6. Let 8Dg 2 y(s) € L3, then we have

H / r) dWH (r

| < [ 150 vz, (14)
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t—s
| [Co(t - naw'() <c/ 18D, % p(r)|12g dr (15)
S
Further we have, for p > 2,
1
t 1-2H 2 2
H/ (r)dWH (r) <cC / Rp, 2 ()| dr , (16)
LP (Q,H) 0 £9
LP(O,R)
t t—s 1-2H 2 :
[ wle=nawtin <cl|( [ |sp e ar (17)
s LP(Q,H) 0 L3
LP(Q,R)
Proof. See the Appendix A. O
3. Temporal and Spatial Regularities in the Solution of (1)
Denote G(t) = F(u(t)) and f(t) = dw (t> , then (1) can be written as
SDfu(t) + Au(t) = G(t) + BD;7f(t), for0<t<T, withu(0)=0.  (18)
Taking the Laplace transform of (18), we have
“i(z) + Ad(z) = G(z) +z 7 f(2),
which implies that
0(z) = (2" + A) 16 (z) +z277(Z" + A) " (2).
By the inverse Laplace transform, we have
t t
u(t) = / E(t — s)F(u(s)) ds +/ E(t—s)dWH(s), (19)
0 0

where
E(t) = 1 / A2+ A)dz, E(t) = 1 / Az + A) 27 dz
27i Jr ’ 27ti Jr ’
and, with 9(z) being the Laplace transform of v(t),
Ez)=(z"+A)"Y, E@) =@E+4)"27.

HereI' = {z: |arg(z)| =0, 6 € (1t/2, ), Y(z) increases from — cotooo}.

According to the resolvent estimate (3) and interpolation theory, we have, for r € [0,1],

IATEz)|| = | A7(2* + A) M| < Clz|*0Y,
|AE()]| = | A7(z + A) 1277 < Clz|* D

(20)
(21)

Combining (20) and (21), we can easily get, with0 <p—-g <2, 0<p,g<2and!=0,1,

DIE(t)o], < CE e o,

BLE(t)0], < Ctefzt tet 1)
Remark 1. The solution operators E(t), E(t) also satisfy the following properties:

E(t) = t* 1Eyu(—t*A), E(t) = "7 E uiq (—tA),

(22)
(23)
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and, with E(t) = E, 1(—t*A),

E'(t) = —AE(t), E'(t) =t 2Euiq-1(—t"A).
Here Ey p(z), z € Cwitha € (0,1), B > 0 denote the Mittag—Leffler functions.

The existence and uniqueness of the mild solution of (1) in C([0, T], LP(Q}, H)) with
p > 2 can be considered by using the Banach contraction mapping theorem similar to [38].
To save space, we omit the proof here. Now we turn to the spatial and temporal regularities
in the solution of (1).

Theorem 1. Let u(t) be the solution of (1). Suppose that Assumptions 1 and 2 hold. Let p € [0,1)
and o € (0,1), € [0,1]. Then we have, with p > 2,

[lu(t) HLP(Q,HV) <C,

where 0 < ¢ < min{2(1 — p), % _
Proof. Simple calculations give

< =I+1I

LP(Q,HC)

_|_

()l -

/OE(t—s)F(u(s))ds /OE"(t—s)dWH(s)

As for I, the estimate (22) with I = 0, Assumption condition (6) lead to

1<C [ (=9 D0 a6l d < C+C [ (=9 0D ul) | azns,

where we require o < 2.
When o = 2, by (22) with | = 0, the Assumption (7), and Remark 1, we have

1<

[ ARG = 5)(Fu(s)) ~ FGu(t) ds

/ AE(t — s)F(u(t) ds

LP(Q,H) LP(Q,H)

< C/t(t — ) Hju(s) — u(t)||rrmy ds + H/O EL(t —s)F(u(t)ds

LP(Q,H)
< c/ (t—s) 1t —s)°ds + [|E0) — E() I F(u(t) |l o (o m) (24)

where ¢ > 0 is determined by the temporal regularity in Theorem 2.
As for II, by (21), we have, noting that 0 < ¢/2 4 p < 1, thatis ¢ < 2(1 — p) which
implies p < 1wheno > 0,

112
t 1-2H . 2 t 1-2H _ B
IP<cC </0 I9Ds > A72E(s) 17 ds) < Cp/O | D5 AT2PE(s) 3 ) ds] A0 |2
LP(Q,R)
2 t
< Cp/ (/ ‘eZSHZ 2 a(c/24+p—1) 'yd|z) ds < Cp/ SZHlex(a/2+p71)+2'nyds <C, (25)
0

where we need 2H — a[o +2(p —1)] + 27 — 2 > 0 to preserve the boundedness of I, which
2H 2y-2 H -1
leadstoor < 2% —2p4+2+“L=andp < ¢ +1+ 1=,
For 0 < 0 < 2, we have

1ut) | o) < c+c/ )" u(5) | e s,
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which implies that, by Gronwall lemma,
()l Ly, ey < C.
For o = 2, we have, by (24) and (25),
[l o,p0) < €+ Cllu®)lILra,m) < €.
Together these estimates complete the proof of Theorem 1. [

Theorem 2. Let u(t) be the mild solution of (1). Suppose that Assumptions 1 and 2 are fulfilled.
Let0 <t <tp <T,a€(0,1),y€0,1],e€(0,1),p € [0,1). Then we have, with p > 2,

lu(t2) = u(tr) | piam) < Clt2—t)P,
where0 < B =min{a, H —a(p—1)+y—1—¢} <1

Proof. We first divide ||u(t2) — u(t1)||1r(q 5 into four parts

[u(t2) —u(ty) | Lr(omm)

t
H/ E(ts —s) — E(ty — ))F(u(s)) ds + ‘ / "Bty — s)F(u(s)) ds
LP(Q,H) 31 LP(Q,H)
b ta
H/ (E(ty —s) — E(t; —s)) dWH(s) —l—‘/ E(ty —s) dWH(s)
LP(Q,H) 31 LP(Q,H)
=I+I1I+I1I+1V.
Using (22) with I = 1, and the Assumption (6) and Theorem 1, one yields
h f2 a 2
{(t ) dEF(u(s)) ds <C 7 [ =0 AE @O s s
1 LP(Q,H)
< c/ (t—t)% Vdt < C(ta — 1)~ (26)
fy
Similarly we get
)
IT< C/t (t2 = 5)* H[F(u(s)llr o m ds < Clta — h)". (27)
1

As for ITI, applying the inequality (16), the resolvent estimate (21), and the fact ||e*" — 1|| <
Ctz|*,a=H—-a(p—1)+vy—1—€ € (0,1) onT, we obtain

102

(/Otl I §D:’§H (E(ty —s) —E(t; — S))Hzcg ds) 3

< Cp [N IBDE AP (E(ty —5) — E(ty — 5)|Poguy ds A1
=5, ots 25 17 5))llm) 48 9

ot
<G
JO

<Cp tz—tl

112<C

LP(QR)

2
/ (=) (p2lla=t) _ 1)AP€(Z)Z# dz ds
r L(H)

2
</ o Crs u+1 2H 4 u(p—1)—y dr> ds

—a+H-a(p—1)+7-3) ds

< Cp(ta —t1)*

\\

<Cpty —h)* < C p(ty — ty)2H20(p=1)+27-2-2¢ 28)
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Here we choose a = H — a(p — 1) + — 1 — € to preserve [ A-atH=a(p-1)+7-3) g5 < oo,
Similar to the estimate of 11, by (17) and resolvent estimate (21), we get, noting that

1-2H —2H
the Laplace transform of XD; ? o(t) satisfies gD 2 o(z) = 279 0(z) for sufficiently

smooth v(t),

) th—t R 122H » %2 fh—t 1-2H - 5 —on2
w2 <c| ([T 1n. E<s>|£gds) <G [ 18D ARG s s 4 2y
LP(Q,R)
2 —
<Cp / o </ 6| |z| 2" Hd|zl> ds < Cp / 2T aH-2u(p-1)+21-3 g
0
<C ( 1)2H—2a(p—l)+27—2' (29)

By combining the above estimates (26)-(29), the proof is complete. [

Remark 2. When H = %,oc =1p=0,vy=0,weget p = % which is consistent with the well
known results for the stochastic heat equation with trace class noise.

4. Spatial Discretization

In this section, we shall use the spectral Galerkin method to discretize the spatial
variable of Equation (1). Let Hy = span{ey, e, - - - ,en} be a finite dimensional subspace,
and define the projection operatorPy : H — Hy by

N
Pyu = Z(u,e]-)ej, Yu € H.
j=1

Define Ay : Hy — Hy by Ay = APy which generates a family of resolvent operators
{En(t)},{En(t)} in Hy. Obviously, we have

En(t)Py = E(t)Py, EN(t)Py = E(t)Py,

and
[A™(I=Pn)|| = sup A° =A",, s> 0. (30)
k>N+1
The spectral Galerkin semeidiscrete scheme of (1) can be written as: find un(t) € Hy
such that

dWH (t)

§Dfun(t) + Anun(t) = PyF(un(t)) + PN XD, 7 TR

with un(0) = 0. (31)

Taking Laplace transform and inverse Laplace transform gives
t t
un(t) = [ En(t=)PyF(un(s)) ds+ [ En(t—s)PydWii(s), (32)
0 0

where Ex(t) = 5= [re?(z* + An)"Vdz , En(t) = 5= Jret(z* + AN)"'z77 dz. These
operators have the snmlar smoothing properties as E(t), E(t ) Similar to the proofs of
Theorems 1 and 2, one can get the same spatial and temporal regularities of uy;.

Now we turn to the error estimates of the spatial discretization.

Theorem 3. Let u(t), un(t) be the solutions of (1) and (31), respectively. We assume that
Assumptions 1 and 2 with p € [0,1) are fulfilled. Let « € (0,1) , v € [0,1],0 < § <
min{l—p, 2 —p+1+ 77_1}, we have withd =1,2,3 and p > 2

lue(t) = un (8) (o) < Cp(N+1)77.
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Proof. By (19) and (32), we have

Ju(t) — un(t) || Lo (o,m)

ot
< || [ B = 5P ds = [ B 5)PyEGun () ds
Jo LP(Q,H)
t
+ E(t—s)dWH(s) — | E(t—s)PydWH(s
| et - [CEu—amante)|
t_ £
< | Et=9)F@s) - Fun()lds|  + || [(E(t=s)(1= Pn)F(un(s)) ds
0 LP(Q,H) 0 LP (O, H)
t ~
| fee-ou-ryawie)|  —prnth @)
0 LP(Q,H)
The regularity of E(t) (22) with I = 0, and the Assumption (7) on F give
t t
Ji < /0 IE(t = 8) [l ey [l (s) — un(s) |l p (o) ds < C/o (= )" "Mu(s) — un(s)llpr(om) ds. (34)
By the regularity of E(t) (22) with I = 0, the Assumption condition (6) on F, and (30),
we have

a

fz</ |AZE(t —3)|lcm ”A_%(I_PN)HE(H)||F(”N(5))HLP(Q,H)ds

U'

<c/ (t—s) -5 1gsp % (35)
Applying the inequality (17) and (30), and the resolvent estimate (21), with 0 < § <

min{1 —p, 2 —p+ 1+ 21} we obtain

’ LR os 2 —p2
B<C [18D7 AEs)(1— PP ds] A0

(7

N = ¢
<Cp [IEDT AP EES) ) 1145 (1= Py 5

t _
SCP)LNil/O (/rezszlzm “p+5-1)= 7d|z|>

< CAYS /tsz[“ “lorE D gs < CoA, (36)
= “PONH N+1

From (34)—(36), we derive, noting )\j > ]%, j>11[22],

[u(t) = un(®)llrm < Cpryiy < Cp(N+1)74,
which complete the proof of Theorem 3. [

5. Time Discretization

Let0 =1ty < t; < fp <--- <ty = T be a partition of [0, T| and T the time step size.
At t = t,, we consider the following approximations:

SDfu(ty) =1 Zw u(t,_;) +0(7),
i=0

and
D Tu(ty) f‘ﬂZw t,_i) +O(1),
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n o __
MN—

1

27i

e

T
2711

27i

1

where wi('x), wi(fw,i =1,2,... are generated by (1 —§)%, (1 — &)~ 7, respectively, that is,

-0t = Yo, 1-97 =Y w7,
i=0 i=0
see Jin et al. [21].
H
For the noise term f(t) = dwdt(t) , We approximate it at t = t,, using the Euler method

as follows:

dWH(t,)  WH(t,) — WH(t,)
~ :f , n=
dt T

M, with f0=o.

Let u}; denote the fully approximate solution of u(t,), we define the following fully
discretization scheme

Ty w,(f‘_)iu}\, + Anufy = PNF'+ 17 ) wﬁl:?)PNf’. (37)
i=0 i=0
Taking the discrete Laplace transform in both sides of (37), we have

E (2“’” zuN> ¢+ i(AN”ﬁf)‘f" = i PyF'E" 4+ 17 Z (Zw PNf)C"
n=1 n=1

n=1

Denote the discrete Laplace transform of {w,(f( 0 {wn 7)}11 o LUl b oo AF Yoo,

{f" ¥z by
@) = 3w, @@ = 3wl e
n=0 n=0
0=y ue", FO=L P, f@=1L

respectively. We then have

(T*@ (&) + An)iin(€) = PNE(E) + 7@ (&) Puf(E),

which implies

in(E) = (T7@ (&) + An) IPNF(E) + (T7%@™ (&) + An) 1@ (&) Pu f ().

By using the inverse discrete Laplace transform, we get, with b € (0,1),§ = e =7,

Jo, & (@)

/IC\:b é’—(n-i-l)((r—ﬂt@(“)(é’) £ AN)TIPYE(E) + (10@ (&) + Ay) @ (g)pr(g)) e

‘@@ (e77) + An) T PE(e ) 4 (T4 @@ (e7T) + An) T @ ) (67 Py fe 7)) dz,

wherel'r = {z: z€T, [3z| < X}
1 gZT

Denote z; = where z: is a suitable approximation of z € I';, we then have

%) (e77") = 2%, o) (e* ") =z;",
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which implies

T

n
ul; = —
N 2

[ e+ AN T BEE) + (@ An) Tz B e ) Az 68)

We will show that u}; can be expressed as the convolution of the piecewise constant
function F(t), f(t). To obtain this, we first introduce the following piecewise constant
function f(t), E(t),t > 0, defined by, with f(0) = F(0) =0,

_ i, te(ti,t], i=12,...,M,
f(t): f (] 1 ]] ] (39)
0, t>T=ty,
and -
] Y ZF be (b, =12,
E(t) = F(uy ) F,te(t],l,t]],] 1,2,..., M, (40)
0, t>T=ty.

Similar to the proof of Lemma 2.1 in Wu et al. [23], we may show that u}; in (38) can be
written as

= [ Eeltn = )PuEG)ds [ Bulta — )P F(s) ds,

where
Eot) = ﬁ / e A, 41)
and 1
Belt) = 5 /r ) =iz 42)
Denote
0, t=0,
IWH() =< fl,te(tiyt], j=12,...,M,
0, t>T=tp.
Then we have
uly = /Otn E¢(t, —s)PyF(s)ds + /Otn Er(t, —s)Pnyo- W (s) ds. (43)

Next, we introduce several lemmas that will be used in the error estimation of the
fully discretized scheme.

Lemma 7 ([1]). Let z; = @for Vz € Iy, then we have
2l ~ fzl, [z =z < CrlzP, |2t — 28] < Crlzft,

where |z| ~ |z¢| means that Vz € T, |z| and |z| are equivalent on T~.

1—e 2T
T

Lemma38. Leftz; = for z € I'y, we obtain

ZT
et —1

Iz* +A)7! = (5 + A) 7 I < Crlzl'*,

and, with0 < p <1,

zT
et — 1

HAP[z*'Y(zﬂé + A)*l _ Z;V(Zi + A)fl ]H < CT‘Z|oc(pfl)7'y+l‘
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Proof. Here, we only prove the latter. By using the resolvent estimate (2), the differential
mean value theorem, and Lemma 7, we obtain:

zZT
eZT _ 1]”

<[AP(zTY =z ) (2 + A) T+ APz T[(2 + A) T = (2p + A) )

IAP[z77 (2" + A) T =2 (2 + A) T

_ _ zT
40T (2 + A) T - )
<CP*P V]2 — 227 + Cllzr AP (2 + A) N2 + 4) (2 — 28]

_ — zT
+ D (1 - 2|

<Clz|*P V2|77 Nz — ze| + Clz* D |2 77 (25 + 4) 7 (2 — 2)|

_ _ zT
+ Clz[*e Dz 7)1 - ez_ll
<Crz|0 D=1 22 4 Clz D=z ¥ 2]z — 2o
+ Ctlz|*P=D)=7|z| < Crlz|*le- D=7+, (44)

which completes the proof of the required inequality. [

We now turn to show the error estimate of fully discretization approximation.

Theorem 4. Let u(t), uy; be defined in (19) and (43), respectively. Let 0 < & < 1. Then we get,
withp > 2,

[u(tn) — ufllLrom < C(N + 1)77 + CtP,

where 0 < p=min{a, H+a(1—p)+7y—1—-¢},0<§ <min{1—p,%—p+1+7771}
withp € [0,1).

Proof. First, we have
o) = ey < ) = un (b)) + () = oo (45
By subtracting (43) from (32), we have
tn _ tn ~
v (t) = el =1 [ Bty = 9)PxFGun(s)) ds + [ E(ty = 5) Py aW (s)

tn _ - tn ~
—/0 ET(tn—s)PNF(s)ds—/O Er(ts — 5) Py WH (s) ds || 1o o0

tn _ _
g‘ / (E(ty — ) — Ex(tn —s))PnF(un(s)) ds
0 LP(Q,H)
ty _ _
|| [ Eeltn )P [F(un () = F(s)] s
0 LP (Q,H)
tn - H
¥ / (E(ty —s) — Ex(ty — 5)) Py dWH (5)
0 LP (Q,H)
th th
n / ET(tn—s)PNdWH(s)—/ Ee(tn — s)PyacWH (s) ds
0 J0 LP(Q,H)

=I+IT+II+1V.

For I, employing Assumption condition (6), the regularity of uy;, resolvent estimate
(20) and the first inequality in Lemma 8, we have

tn 1 .z(tn—s) o -1 1 Z(th—S) (& -1 2T
/o (Zm'/re (z* + A) dz—E/r e (z5+ A) eZT—le PnF(un(s))ds

T

=

LP(Q,H)



Mathematics 2024, 12, 3579 14 of 27

tn
<c [ [ et @+ AT - @A)

tl/l
/
0

tn ty
SCT//|ez(t“_s)||z|1_"‘d|z|ds+C// 12(n=9) 2] % ||| ds

tn tn
<CT/ / —er(tn—s)1— “drds—i—C/ / r(tn=s)p—ater—€ gy dg

T tn
gCr/ r %dr+Ct*~ E/ / e r~fdrds < Ct".
0

| dz

“|[PNF(un($)) | r(,m) ds
L£(H)

- IPNE(un ()|l r(o,m) ds

—1

/ g?(tn=s) (z8 4+ A)ldz
T/T; r

As for 1, we first divide it into three parts by using the following Taylor expansion

F(un(s)) = F(un(ti—1)) + F (un(ti—1)) (un(s) — un(ti=1)) + Rpi—1(s).

Thus we obtain

I = i/j E+(tn — s)Py[F(un(s)) — F(ué\jl)] ds
=17 LP(Q,H)
3 [ Eeltn — s)PulFlun(s)) — Flun (1)) ds
! LP (O, H)

C i /t‘ti Ec(ty —s)Py[F(un(ti1)) — F(uiy ") ds
o1/t

LP(Q,H)

<C i/tti Ec(ty —s)PnF (un(ti-1))(un(s) —un(ti—1))ds
i=17ti-1

LP(QH)

noorti _
cly /t Eo(ty — 5)PRi_1(s)ds
=1 ti-1

LP(Q,H)

tn — )Py [F(un(tiz1)) — F(ui )] ds

LP(Q,H)
=1L+ 1, + I3,

where

Rpi-1(s) = /01 F'(un(tiz1) + Alun(s) — un(tiz1))) (un(s) — un(tiz1), un(s) — un(ti=1))(1 — A)dA.

As for 111, noting that
un(s) = /OSE(S—5)PNF(uN(5))d5+/OSE"(s—5)PNdWH((5),
and
un(ti-) = /OtF1 E(ti 1 —0)PnF(un (6 d5+/ ti_1 — 8)PndWH(6),
we get
I g||i=fl/tf”1 E.(t, —s)PNF’(uN(ti_l))[/OSE(s — 5)PNF(un(8))dd

tir _
—‘/0 E(tl;l *5)PNP(uN(5))d§] dSHLP(QH)
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+] Z/ E(ty —s)PNF (un(ti 1))[/051:?(575)PNdWH(5)

tl*l ~
_/0 E(ti,l—5)PNdWH(5)]dSHLp(QH)

<UL [ Bt 9PVF entti) [ B )~ Bt — O)IPwF(un(5) do sl

+ || Z/ Ec(ty —s)PnF' (un(ti- 1))/ E(s_5)PNP(MN(5))d5d5||LP(Q,H)

tiq

UL [ Brten = PP (e [ B 8) = E(ta = 91PN (0) 5]

n ti s
+ Zl/tl ET(tn—s)PNF’(uN(ti_l))/ E(s — 8)Py dWH () ds|]

tiq

=1l + Il + 113 + [114.

Applying the assumptions (8), (6) on F, and Hoélder inequality [[uv||p(q) < [lull72» Q)
[lo]] 12r(q), and the spatial regularity of uy, one can obtain

n t; ~ b1 _ _
< ) /, [A"72Ec(ty = )L e | AP F (v (ti-1)) [ TE( = 6) = E(ti1 = 8) P F(1n (6)) dol| () s

"o
Z/t w =)D flun (1) 20 i) ||/ / E'(6 — 8)PNE(un(8)) A0 d|| 2y - ds
i=1
u ti AV i—1 _
SCZ;/t 1-4)n 1/0 /t (@-op 249)|F(1ny(8)) | 2 0 50) 40 s
i= i
nooe
< CZ/ o Y(s —t;_1)%ds < CT~.
i=1ti-

By simple calculation, we have

L s _
My<Cy. /t (tn —S)‘HH/t E(s — 8)PF(un (8))ds]| gy 45

i—1

n ti S
<c Z/ (tn —s)'H/ (s — 8)* ' dsds < Ct*.
i=1"ti-1

tiq

To estimate I1;3, we proceed similarly to the estimate of II;;. By using the Holder
inequality, we obtain:

n t; Y i1 -
I3 <C Z/ (tn — )72 Py F (un (ti-1)) /o (E(s = 0) = E(ti—1— 6))Pn AW (8) | 1y v ds

n ti _UNa_ i—1 oo~ ~
<C /t (ty —s)172)0 1”/0 A (E(S_é)_E(tifl_5))PNdWH(5)”L2V(Q,H) ds

i=1""r-1

- [ -1 [ R A4 (E - !
<G Y [ (ta—9)17 (/O |8D, 7 A5 (E(s = 8) — E(ti1 — 8))Py |3gd0) " ds

i=17t-1

n tj VY, i—1 K ~ 1 _
<G Y [ (ta=s) I [T BDT AP E(E(s — 8) — Etia — 8) gde)* s A7 | .

i=1""r-1
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Scp/ ||/ 1115 zst, 1)_1) AP 2(Z +A) Z,de”zﬁ(H)dJ

t _
< Cp(s_tz—l) /0 1 (‘/r z§|z|tx -1)— Y+a+1 22H d|z|)2d(5

ti _
< Cpls— ti_l)za/o 1 S2la(l—p+5)+y—a—1-13H] 45 < CPT2H+2a(lfp+%)+2’y7272£’ (46)

where we divide I' = T, Ugs1 = {z :arg(z) = 6, 61 < [z < oo} U{z: 2] =

571el?,—0 < ¢ < 0} and choose 0 < a = H+a(l—p+5)+7—1—¢ < 1dueto

2a(1—p+5)+y—a—1-128) > —1, whichimpliesa < H+a(l—p+5) +9—1.
Case 2: For p < %, we arrive, similarly to Case 1,

ti 1-2H - -
| IEDS AR (B = 0) = E(ti = 0)) [2do
<C / H/ i1 =0) (g(s—tin1) _ 1) = (z*+ A)! vdZHZC(H)d(g

< Cp(s_tifl)ZH/O pla(l—pt ) ty—a-1-231] 55 C, 722222 (a7

1-2H ~ —2H
As for I114, similar to the estimate of 115, note that (I){DJ 2 APE(S) = Zim Jr %77
z4(P~1)=7 4z, we obtain

tha =1 5 [ Eeltn = 9PuP ani) [ K1 O = 0P a0 sl

I

<CY [ IEts — PN i) [ i, OFs — PN W)
n t V)1

<Oy [M (=B [ A g OFG 0PN AW (0) s
i=1
n tl _ —2H 1/2

<Gy [ ([ D A B0 d0) s A0
i=1 = 1 i—1

<c i/ )lel(/s_t’;l s 2a(p—1-5) =+ 1741 dé)l/zds
i=1 st

t
< CPT—a(P—1—7)+7+H—1 / ”(tn _el < Cthx(1+%—p)+7+H—1_
0

As for 11, applying assumption (9) and Theorem 2 , we give
S - _1
L < CZ/, IAZ Ec(ty — ) A2 PuRp; 1(5) | oo ds

n t;
<CY [t =)D RE 1 (9) o oy s

i=17ti-1

<CY [ (=) () — i t-1)
1 i—1
<ct <crh (48)

Now we estimate II3. Applying Assumption condition (7), we have
n t; _ -
I3<C Z / 1 Ex(tn — )Pl oo | F(un (tiz1)) — F(uy ) oo 95

oot .
<C Z/t (b — )" Mun(ti1) — g op oo ds
i=17"%-1
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n .
<Ct" Z lun(ti—1) — “3\71||LP(O,H)' )
i=1

For 111, we can split it as

th _
112 = H/o (E(tn — ) — Ex(tn — )Py dWH () B o
tn R 1722H - - 5
<Gy [T 15D (Bls) — Ee(s)) Py 2gds

tn _
<Gy [T 15D AP(EGS) — Eels)) ) ds AP 2
=4y 0s T L(H) £9

= Cp/ | T (" A A) Tz g s
tn 1-2H _ 1 _ -1 zT 2
+c,,/0 I /rfezsz AP (2 4 A) T =z (A A) Tz g ds
= IIL + IIL. (50)

For I11;, we have

tn 0 -~
1L < C, / ( / ety F o) by 1102 gy
0 1/t

2b fn ——
<Gyt 2/ (/ eertyt
o Jo

tn
< CpTZbZ / (RHF27-20(p~1)~3-2by gy < CpTsz _ CPT2H+2a(lfp)+2'nyfe‘ (51)
0

H —y+a(o—1)+b dr)? dt

Here we choose 0 < b, = 2821 9 4 a(1—p) — 1 —§ with e € (0,1) such that
fooo e_crt717§H77+“(p71)+h2 dr < oo and fotn RH=1+27=20(p=1)-2-by o
For I11;, by Cauchy-Schwarz inequality and Lemma 8, there holds

12H 9
ngcp/o / 1dlz)) / ez T+ A) T = A) T g dlz)
w1
< Cr? /t (/ /Tldr)(/l/T e Crtyl—2H, 2-20(1-0) -2y dr)dt
0o Jo 0
"tn gt
< Cr/t (/ o g Crty3—2H-20(1-p)-27 dr) dt. (52)
o “Jo

On one hand, we have
1/t
I < Cpt / P2 2H-20(1-p) =273, < Cp2H-2+20(1-p)+27
< A <

where we require 2H — 2 4 2a(1 — p) + 2y < 1 to preserve the boundedness of I11,.
On the other hand, we have

tn
11 < Cpr / 2H-4+20(1-p)+27 g4 < (.
0
Meanwhile, we need 2H — 2 + 2a(1 — p) + 2y > 1to preserve the boundedness of I11],.

Finally, we turn to estimate IV. Denote G(r) = 1 f #1 E+(7) d7. By the inequality (17)
and variable substitution, we have

~ tn ~
V3= || [ Eelta =) Py dWH(s) —/O Ee(tn — )9 WH (5) Py ds 12, o1

i+l £ i1 E 1 rtin _
y Z/ w — )Py dWH (s) Z/ =P [ aw @)l o

i
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n—l ot tivr o

“IE [ Eelta =)= [ Eelta = )d9)aWH (5) 2 o
i=0 "% i
n=l ety R

<G Y | i

i+1
<CpE/+ 16D

~ 1 ftive o _
APLE(r) — 2 [ B dr) P g drl Ay

TJt

Y AP[EL(r) - Ge ()] 13 dr-

Due to Lemmas Al and A2 in Appendix A, one can split [ V2 into three parts.

) n=1 rot; 4 R 122H N )
V2 <C, Z/t 18D, = AP[Ec(r) — Gr ()]s dr
i—0 “ti
n i+1 A 1-2H
< Zr AP 4 2 d
<Cp IZ/t HZm /r/rTe Ge(z)z z||% ) A7
- i+1 1 2 o 1-2H 5
+Cp ; /t ”ﬁ/r ¢ AP [Er(z) — Cel2)]e 7 dzlf g dr
g —2H
+C [ 1D AE) — Gl
=IV; + 1V, + 1V;3.
Here we split [0, ] into [0, #1] and [#1, t,] to guarantee rcos 0 + (1 —a — v+ ap)T < 0.
Note that 0 < p < min{1, 2 +1+ 1} then one has tcos0 + (1 —a — vy +ap)T <
tcos +1 < 0 for t > t. Thus by Lemmas A2 and A3 in Appendix A, we have the

following cases:
If1-a(l—p)—7 >0,

i+1 s 1-2H
v, <G, 2 / 5 /r o AC (e E dal y

<C i/’“ (/ e |z| P D=7 (lma—vap) zI7) 1 122 112))2 g

<Cp / " ( /100e(tcowu-a—wamr)\z\#?H”(P‘”‘Wdr)2df

51
tn _

< Cp/ (/Oo p—crtytF alp=1)—y dr)zdt
o s

tn oo — € €
<G [T eertr oS ) ay
f 1

T

2H20(1—p)+27—1 I
< Cprt a(1-p)+2y~ +€/ (/ e~ radr)”dt
yo o Jo
tn
< CPT2H+2a(lfp)+2'yfl+e/ f—e=2 g
< CPT2H+ZDL(17P)+2’)/72. (53)

If1—a(l—p)—y <0, then

i+1 A 1-2H
vy <G Z/ ”27‘[1 /F/FT e APG(z)z 2 dz||2L(H) dt

tn ) 1
< CPTZa(l—p)+27—2+2H—25/ (/1 |€Zt||Z|_7_€ d|Z|)2 dt
ty T
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tn
< CPTZa(lfp)+2772+2H72s /t el gy < CPT2a(17P)+2772+2H725. (54)
1

As for IV,, by Lemma 8, the Assumption condition 2, and 0 < p < min{1, % +1+ 77_1},
there holds

n—1 t —
W< ¥ [ [ ez 4 )7 g T @ ) e gt
i=1 7/t T B

n=l ctig 1t 1 -~ ozt B B B
=G L Ll [T AP 4 )T - 2+ A) a2z s
1= 1

eZT

[
< CPT/ /T p—Crty—20(1=p)+2(1=7)+1-2H 4, 3
t Jo

tn
< CPT/t 2e(1-p)+27+2H—4 4y (55)
1

If —1 < 20(1 — p) + 27 +2H — 3 < 0, then
IV, < Cprti“(l_p)+27+2H_3 < CPT2H+2a(1—p)+2'y—2‘
If0 <2a(1—p)+2y+2H -3 <1, wehave
1V, < Cthia(l—p)+27+2H—3 <Cpr.

For IV3, we first have the following estimate, with t € [0, 1],

A°[EC(E) = Gty = 14°TEe() — L [ Ee(Paf e

1 rh .-
= 14712 [T (Ee(t) = Ex(D)al e
t _
<o [ [ et - et A 4 A) T2 dzal]
< CT”/ |ezt||z|a(p—1)—7+a d|Z| < CTata(l—p)-i-'y—a—ll (56)
I'

where we have used |1 — e2(F-D| < C1%|z|%, a € (0,1).
If H= 1, notethat0 < H+a(1—p) +7 —1 < 1, by choosing a = 1, we have

t - t

Vs < Cp [ IAPIE(E) = Gel)] gyt < €22 [ AA0-002r4 gy
JO Jo

< Cp2e(1=p)+27=1 _ op2a(1—p)+27+2H-2, (57)

If H € (},1), by choosing0 <a=H+a(l—p)+7—1—€ <1, wehave
v <Gy [ 18D A1) - 6ol
<Cp [ ([t =) AP Erls) — Gel8)) ] 5)
<Cr /Ot1 (/Ot(t—s)Lffls“U*P)ﬂ*ﬂ*l ds)? dt
< CPTZ” /Otl P21 (1) +y—a—1] g4

S CPT2H+2(X(1—‘0)+2’)/—2‘ (58)
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If H € (0,1), by choosing 0 < a = H+a(1 —p) +7—1—¢€ < 1, we have
51 1-2H -
s <Cp [ 15D, 7 APIEc(t) = Gelt)3 s
tl 2H-1 ~ i _ a2
<Gy [ (5 [ =9 T 1A (Eels) — Grl6) | gy ds )’
t 2H-1 L (q1_ L 2
< Cpt? /0 (dt/(t—s) P N O
< CPTZﬂ /tl[(tzH 1y a(1—p)+vy— a) ] dt
0
<y /tl P22 +a(1-p)+7—a—1] 44
0

Finally combining the above estimates, and employing Theorem 3 we have

[ (tn) — upllrm)
< Cp(N41)77 4 Cpt® 4 Cpr€ 4 Cprtitellop)tr-lze | ¢ H+a(l=p)+7-1 4 Cf

+Ct" ZH ti 1) —MN HLPQH)d

where 0 < B = min{w, H + a(1 — p) + v — 1 — €}. By discrete Gronwall inequality, one has
lia(tn) = uhllipozm < CN+1)77 + C,

where 0 < f=min{a, H+a(1—p) +y—-1—-€} <1
The proof of Theorem 4 is complete. []

6. Numerical Experiments

In this section, we provide numerical results for the following time-fractional semilin-
ear stochastic partial differential Equation (SPDE), where « € (0,1) and 7y € [0,1].

H

SDfu(t) + Au(t) = sin(u(t)) + gD;WdWT(t), for0 <t <T, withu(0)=0, (60)

Assume that the covariance operator Q of the H-valued fractional Wiener process
WH (t) has eigenvalues given by 7, = k™ for k = 1,2,..., where m < 0. Two cases are of
particular interest in applications:

Case 1. When m = 0, WH(t) is referred to as white noise since tr(Q) = Y5> ; 1« =
Y K = oo

Case 2. When m < —1, WH(t) is known as trace-class noise, as tr(Q) = Y32, 1x =
Yoo K" < oo

Under the assumption that HA’PHEO = [|[A7PQY?||HS < oo, it follows that p is

approximately (’"H) , where d = 1,2,3 denotes the dimension of the space variable [2].

This result is derlved from the following observation, noting Ay ~ K2/d

e}
-p1/2)2 2/dy—2, 4
IA7PQY 2|35 = Z/\k’Y _2 (K ) =20pm = Yk~ d T < oo,
k=1 k=1
ifp > (mH) . Based on this, we observe that in the trace-class case, when m = —1, we have
p~0.In contrast, in the white noise case, when m = 0, we have p ~ d /4.

By Theorem 4, the convergence rate in time is given by:

([u(tn) — unNHLP(QIH) < Ccth,
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where 0 < p =min{a, H+a(l—p)+vy—1—¢€}.

In the numerical simulations presented below, we experimentally determine the
convergence rates for the following two cases:

Case 1. When m = 0, W (t) corresponds to white noise. In this case, we have
p =~ 1/4 in the one-dimensional case. Therefore, the theoretical convergence rate is
O(Tmin(zx,H—l—%a-&-'y—l))'

Case 2. Whenm < —1, WH (t) corresponds to trace-class noise. Here, we have p ~ 0,
leading to a theoretical convergence rate of O(t™in(&H+a+7-1)),

Let At represent the time step size for the partition 0 = t; < t, < --- < tpr = T, where
T is the final time. We demonstrate the numerical simulations using a one-dimensional
example on the unit interval D = (0,1). In our computations, we set N = 4, 8,16, 32,64 and
the time step size At = T/N. All expected values are computed using M = 60 trajectories.
We focus solely on examining the temporal convergence rates.

The final time is set to T = 0.1. The reference solution is computed using a much
finer temporal mesh with N = 512. The numerical results for various combinations of
the Hurst parameter H, the fractional orders « and 1, as well as for both trace-class noise
(m = —1) and white noise (m = 0), are provided in Tables 1-4. All numerical simulations
were conducted using MATLAB R2018a (version 9.4).

In Tables 1-4, the numbers in parentheses in the “rate” column indicate the theoretical
rates predicted by Theorem 4. The experimentally determined convergence rates in time
are in good agreement with the theoretical predictions, fully confirming the error analysis,
despite the relatively small number of trajectories used to compute the expectations. The
convergence improves consistently as the fractional orders « and 7 and H increase, reflect-
ing enhanced temporal regularity of the solution. The running times are provided in the
final columns in Tables 1-4.

In Table 1, we set ¥ = 0 and H = 0.5. For m = 0 (the white noise case), the theoretical
convergence order is O(Tmin(“'HJr%“*'V_l)) = O(Tmi“(“'%“_O'S)). For m = —1 (the trace-class
noise case), the theoretical convergence rate becomes O (t™n (@ H+a+7-1)) — O(72-05) In
both cases, we observe that the experimentally determined convergence orders exceed the
theoretical expectations.

In Table 2, we set v = 0 and H = 0.8. For m = 0 (the white noise case), the theoretical
convergence order is O(Tmi“(""HJr%‘)‘JF'Y_l)) = O(Tmm(ﬂ‘%“_o'z)). For m = —1 (the trace-class
noise case), the theoretical convergence rate is O (™" (@ H+a+7-1)) — O(72-02)  Again, the
observed experimental orders are higher than the theoretical values.

In Table 3, we set v = 1 and H = 0.5. For m = 0 (the white noise case), the theoretical
convergence order is O(tmin(®HF3at7-1)) — O(¢min(®3a+05)) For sy = —1 (the trace-
class noise case), the theoretical convergence rate is O(T™n(®H+a+7-1)y — O(7%), The
experimentally determined orders, once more, surpass the theoretical predictions.

In Table 4, we set ¥ = 1 and H = 0.8. For m = 0 (the white noise case), the theoretical
convergence order is O(rmin(@H+3a+7-1)) = O(7min(®,3e+08)) Form = —1 (the trace-class
noise case), the theoretical convergence rate is O(T™n(@H+a+r=1)y — O(1%), As observed
in the previous cases, the experimental convergence rates exceed the theoretical predictions.
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Table 1. The L?(Q); H)-error at t = 0.1 withy = 0and H = 0.5.

m o\N 4 8 16 32 64 Rate CPU Time

0 0.3 445 %1070 436 x10°0 423x10°0 422x10° 352x10°9 0.08(-0.27) 165 s
0.5 204%x1079 193x107% 181 x10% 175x10°% 137x107% 0.11(-0.12) 165 s
0.7 836 x 1071 741 x107! 645x107! 573x1071 423x10°! 0.15(0.02) 165 s
0.9 335x 1071 281 x1071 226 x107! 187 x10°! 134 x10°!  0.20(0.17) 165 s

-1 0.3 425 %1070 415x107% 4.05x 1079 4.04x107% 335x107% 0.08(—0.20) 165 s
0.5 179 x 1070 165 x 1079 157 x1070 153x107° 1.16 x10~9  0.11 (0.00) 165 s
0.7 613 x 1071 489 x 1071 4.03 x 107! 368 x 107! 248 x 10°!  0.30 (0.20) 165 s
0.9 192 x 1071 129 x 1071 782x1072 598 x1072 356 x 102  0.50 (0.40) 165 s

Table 2. The L?(Q); H)-error at t = 0.1 withy = 0and H = 0.8.

m a\N 4 8 16 32 64 Rate CPU Time

0 0.3 275 x 1071 257 x 1071 246 x 1071 225 x 107! 1.67 x 107! 0.10 (0.02) 169 s
0.5 159 x 1071 135 x 1071 118 x 107! 991 x1072 673 x 1072 0.25(0.17) 169 s
0.7 863 x 1072 647 x 1072 471 x1072 340x 1072 211x1072 0.45(0.33) 169 s
0.9 449 x 1072 3.03x107%2 188 x 1072 122x1072 716x10"%  0.60(0.48) 169 s

-1 0.3 263 %1071 245x107! 236x107! 217 x1071 1.60 x 107!  0.17(0.10) 169 s
0.5 144 x 1071 118 x 1071 1.04 x 1071 8.85x 1072 584 x 1072  0.32(0.30) 169 s
0.7 724 x 1072 481 x1072 317x1072 225x107%2 129 x 1072  0.62(0.50) 169 s
0.9 333x 1072 191x1072 898x 1073 484x103 242x10"3  0.90(0.70) 169 s

Table 3. The L?(Q); H)-error at t = 0.1 with y = 1 and H = 0.5.

m a\N 4 8 16 32 64 Rate CPU Time

0 0.3 268 %1073  180x103 126x103 116x1073 7.20x10~* 0.40 (0.30) 165 s
0.5 573 x 1073 2362x1073 220x107% 1.89x1073 1.06 x 1073 0.60 (0.50) 165 s
0.7 815x 1073 487 x107% 236x107% 1.72x1073 899 x 10* 0.74 (0.70) 165 s
0.9 874 x 1073 508x103 219x107% 134x1073 714x10°* 0.92 (0.90) 165 s

-1 0.3 267 %1073 1.79x10% 125x107% 116x1073 718 x10~* 0.47 (0.30) 165 s
0.5 569 x 1073 356 x 1073 215x107% 186x1073 1.04x 103 0.61 (0.50) 165 s
0.7 803x103 471x10% 218x10% 162x10"3 845x10°¢ 0.80 (0.60) 165 s
0.9 851 x 1073 484 x1073 198x10° 122x10°3 651x10°* 0.92 (0.80) 165's

Table 4. The L?(Q); H)-error at t = 0.1 with y = 1 and H = 0.8.

m a\N 4 8 16 32 64 Rate CPU Time

0 0.3 412 x107% 234x107%* 119x107% 7.66x107° 410 x10">  0.80(0.30) 169 s
0.5 927 x 107% 523 x107% 247 x107* 140x10~% 691 x10°>  0.93(0.50) 169 s
0.7 148 x 1073 819 x107* 355x107% 179 x10~*% 857 x107°  1.02(0.70) 169 s
0.9 1.85x 1073 1.00x 1073 435x107% 211 x107% 991 x10°  1.05(0.90) 169 s

-1 0.3 411x107% 233x107* 119x107% 764x107° 409 x10~> 0.83(0.30) 169 s
0.5 924 x107* 519 x107* 244 x107% 138x107* 6.83x107° 0.93(0.50) 169 s
0.7 147 x 1073 808 x 107% 346 x107% 174 x10~* 833 x10~° 1.03(0.70) 169 s
0.9 1.83 x 1073 9.82x107% 423x107* 205x10"* 9.65x 107>  1.06(0.90) 169 s

7. Conclusions

In this work, we developed a fully discrete scheme to approximate the stochastic time-
fractional diffusion problem driven by integrated fractional noise with a Hurst parameter
H € (0,1). The Caputo time-fractional derivative and fractional integral were approxi-
mated using a first-order convolution quadrature formula, while the fractional noise was
approximated using the Euler method. For spatial discretization, we used the spectral
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Galerkin method. By applying the convolution-based expression of the approximate solu-
tion, we obtained the error estimates for the proposed fully discrete scheme. In future work,
we aim to extend these techniques to develop numerical approximations for nonlinear
stochastic subdiffusion problems driven by multiplicative integrated fractional noise.
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Appendix A

In this Appendix, we provide the proof of Lemma 6 and introduce several lemmas
that are essential for proving the main theorems presented in this paper.

Proof of Lemma 6. We will prove the first equality; the others can be demonstrated in a
similar manner. Note that

H/ 5) dWH (s f/ 72 dpl (s)|2 = 1<

2
Y- [ st} e (e).0 )

j=1
=:il<f;1 [ (w90 a8 ))
=1 \j=1"
—kgl(]; ; ata1) ey ) ), 1 [ (s 2 00) d >>.

Thus we have, using the orthogonality of basis functions,

\ —EZl (Zl [ a0, 00 asf s 2 / 1 e, e dpf (s ))
J
=B L L8[ 60 a0 887)- [ (5171 e g7 )

Since the fractional Brownian motions ﬁ]H (t) and BH(t) are independent and the cross
terms for j # | have mean zero and vanish, we arrive at

B[ st awts >2—E:i1]2(/0t<g<> 2 00489))
= X 1( ) et ey )
By Lemma 2.5, we get
2

0 —2H
<CY Y IED % (8(s)v) e 0| 0,

H / s) dWH (s
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Dﬁﬂ@ulﬂym>

00 .t
—cy [ L
=170 k=1

s t 1-2H
:CZAH&%Zﬂs“%W%

—c [0 g1
which completes the proof of the first equality. [

Lemma A1. Let E¢(t) and E;(t) be defined in (41) and (42), respectively, then we have

120 1 ZT

—2H
= — -2 A
2m,/ez (zx+4)" eZT—le’

~ 1 1-2H _ 1zt
KD, 7 EL(b) :Tm,/ne”z Tz (24 A) leZT_ldz.

1-2H _
Proof. We only prove XD, 2 E.(t). Note that
E.@) = / S EL (Dt
0
© 1 - zZT
— —Ctr_ - Zt, —Y (& -1
/0 e [2711' /rre zr (28 + A) eZT_ldz}dt

1 o _ zT
—(—2)t V(o -1
- /T[/O e dt)z: "(z5 + A) dz

:Zm r et —1
1 1 _ zT

=— T2+ A)! dz.
27t Jr, C—zZT (zx +4) T 107

Then by Cauchy integral formula, one obtain

1-2H _ 1 el 1 1 _ 1 zT
RD, 7 E(t) = —./re Ctp [—./ Zzﬂ(z$+A) 1en_1d7~]d§

27i 2711 ¢ —
1 1 ebtE st N 4 zT

= i .z e dﬂZT (et A) e
1 LI —y -1_ 2T

:ﬁ/rfzz e 1)

The proof of the first equality is complete. O

Lemma A2. Let

Galt) = 0, t=0
T LS E(P)E, tE (b tia), j=0,1,..,n—1.

Denote z, = 1=¢

Gel(z) =z 'zr V(% + A) !
Proof. Extending the definition of G (t) to any t > 0 (still denote G.(t)) by

0, t—O
G.(t) = 1]’“ 7)dr, t € (ti, tipq), j=0,1,...,n—1,
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which is possible since E+(t) is defined for any ¢ > 0.
By Laplace transform, we may have, with t > 0,

1=20 1 " 1-2H A
R
oD, 2 GT(t) = 5 i./rEZtZ 2 GT(z)dz,

and
A Y B =t 1 iy
Ge(2) —/0 e G (t)dt = 1;)/& e (T /tf E(7)dr) dt
© tiv1 . — e 2T
— (2& /t E-(7) d?](EZT)Z> 1=e ™ Ze : (A)

Denote G; = % fé”l E.(7)dF, we have, by definition of E+(F),

1 i+1 ,, N 1 b1 1 = _ T _
N s
B o 1 2T _L/ eflivt —e?ti gzt
= 5 /T /1 drlz;” A dE= T (zr+A) " dz
= ot Jo G A) e (A2)
Further, we have, with0 < b < 1,
.— L/ l+1 chz T / ezt,-[i G,(efzr)i] dz = L/ ezti[i TG‘(e*Zt")]dz
"o2mi Jig= b T 2mi = 2mi Jr, tET '

Thus, by applying the above analysis, we obtain

ad 1
Y Gile ™) = =z (25 + A) 7!
i=0 T
Hence,
ad i l—e7 " 1 _ 41—e7%7
= (; Gie Zt')iz = ;ZT’Y(Zi +A) T

*ZT

Note that z; = —C = , wWe obtain

A 1 _
Ge(z) = Ezi T(z% 4 A)7L
L]

Lemma A3. Let 0 < s < 1, we have

Clz|2(=s)=7el-a=r+as)lzlt = 7 e T/T;, 1 —a(1—s) —q >0,
|A%G(2)|| = § Cr-slatr= 1|z\ L z€T/Ty, 1—a(l—s)—7 <0, (A3)
Clz|*=D=, zeTly.

Proof. When z € I';, the desired estimate can be obtained by Lemma 7, resolvent estimate
and Lemma A2. That is

|A°Ge ()]l = ||z 22 YA (25 + A) 7 < ClzfeD
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As for z € I'/T'¢, simple calculation gives

1— e 2T |1 _ ef|z\'rcos(97i\z|rsin9| e—lzlTcost _ 1
|2 = | | = >
T T T
Since |z| > —Z—5, one can choose a suitable § € (7, 77), such that |z¢| > % > %

Let T be small enough to satisfy (“1)% > A. Obviously

|1 _ ¢~ |zlTcos0—icos(|z|Tsind) |

R(zc) = = >0,

which shows (z% + A)_1 exists, for z € %y. Thus
Ge(2)] < J2] 7 Hae |zl Tz |* < Cla| Mz [T

—zT k-1 . .
According to the fact z; = 1=¢— < |z| Y32, (ZT,L < |z|el*™, the desired result is reached.

More precisely, if 1 — a(1 —s) — ¢ > 0, we obtain

NG (z)] < |z|~40=)=7p(=a(l=s)=7+DlzlT > c /T,
If 1 —a(1—s)—v <0, we obtain
A G (2)] < CT*I=90F77 12|71, z € T/T.

The proof is complete. [
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