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Abstract

We describe a composite construction from group rings where the groups have or-
ders 16 and 8. This construction is then applied to find the extremal binary self-dual
codes with parameters [32,16,8] or [32,16,6]. We also extend this composite con-
struction by expanding the search field which enables us to find more extremal binary
self-dual codes with the above parameters and with different orders of automorphism
groups. These codes are then lifted to Fo + ulFy, to obtain extremal binary images of
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codes of length 64. Finally, we use the extension method and neighbor construction
to obtain new extremal binary self-dual codes of length 68. As a result, we obtain 28
new codes of length 68 which were not known in the literature before.

Key Words: Group rings; self-dual codes; codes over rings.

1 Introduction

In this work, we combine different and well known techniques to find new extremal self-
dual codes with parameters [68,34,12]. We start by considering the generator matrix of
the form (I,|o(v)) where o(v) is the image of a unitary unit in a group ring under a map
that sends group ring elements to matrices. We then extend the method described in [4],
where the authors apply the map o(v) to different groups of orders 8 and 4 to get different
block-matrices which they then combine together to form new matrices which can be used
to search extremal binary self-dual codes. In our approach, we look at groups of orders 16
and 8. We describe a composite construction in the same way as in [4], which we then use
over [Fy to find extremal self-dual binary codes with parameters [32, 16, 8] and [32, 16, 6]. We
next lift these codes over Fy + ulFy, to obtain the extremal binary images of self dual codes
of length 64. We finally apply the extension and neighbors methods to find new extremal
binary self-dual codes of length 68.

The rest of the work is organized as follows. In Section [2| we give preliminary definitions
and results on group rings, self-dual codes and the alphabets which we use. In Section [3] we
give the new composite construction which we then use to define the generator matrix which
can be applied to find extremal binary self-dual codes. We also extend the generator matrix
by extending the search field to enable us to find even more extremal self-dual binary codes
with different orders of automorphism groups. In Section [, we tabulate all the results from
applying the generator matrices from the previous section to Fy + ulF5. In Section [5], we find
new extremal binary self-dual codes of length 68 by applying the extension and neighbors

methods to the codes found in Section Ml

2 Preliminaries

2.1 Self-Dual Codes, the Ring [y + ulF; and Group Rings

We begin by recalling the standard definitions from coding theory. A code C' of length n over
a Frobenius ring R is a subset of R". If the code is a submodule of R" then we say that the
code is linear. Elements of the code C are called codewords of C'. Let x = (z1,x2,...,%,)

and y = (y1,¥2,...,Yn) be two elements of R™. The duality is understood in terms of the



Euclidean inner product, namely:

X ¥)e =)z
The dual C+ of the code C' is defined as
Ct={xcR"|(x,y)p=0forallycC}.

We say that C' is self-orthogonal if C' C C* and is self-dual if C' = C*.

An upper bound on the minimum Hamming distance of a binary self-dual code was given
n [I1]. Specifically, let d;(n) and d;r(n) be the minimum distance of a Type I and Type II
binary code of length n, respectively. Then

dir(n) < 4L%J 44
and
dr(n) < Algz) +4 if n#22 (mod 24)
4l55] +6 if n=22 (mod 24).

Self-dual codes meeting these bounds are called extremal. Throughout the text, we
obtain extremal binary codes of different lengths. Self-dual codes which are the best possible
for a given set of parameters is said to be optimal. Extremal codes are necessarily optimal

but optimal codes are not necessarily extremal.

2.2 The ring [y + ulFy

In this section, we recall some theory on self-dual codes over Fy + ulFy. We refer to [2] where
Type II, Type IV, self-dual codes and cyclic codes over Fy 4+ ulFy have been studied.
The ring Fy +ulF, is a ring of characteristic 2 with 4 elements with the restriction u? = 0.
It is defined as
Fy + uFy = {a +bu | a,b € Fy,u* = 0},

Y

and it is easily seen that Fy + ulfy = Fy[z]/(2?). A linear code C of length n over the ring
Fy + ulFy is an Fy + ulFy-submodule of (Fy + ulFy)™. The elements of Fy + ulFy are 0,1, u, 1 +u
and their Lee weights are defined as 0,1, 2, 1 respectively. The Hamming (dy) and Lee (dr)
distance between n tuples is then defined as the sum of the Hamming and Lee weights of the
difference of the components of these tuples respectively. The smallest positive Hamming
and Lee distance of a code C' is denoted by dy(C') and d(C) respectively.

A Gray map ¢ is defined as

(]5 : (]FQ + U]FQ) — F%n,

o(@+ bu) = (b,a+b),
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where @,b € F}. The map is a distance preserving isometry from ((Fy + ulF2)", dL) to
(F2" dyr), where d7, and dg denote the Lee and Hamming distance in (Fy + ulFy)™ and F2"
respectively. This means that if C'is a linear code over Fy+ulFy with parameters [n, 2%, d] (2"
is the number of the codewords), then ¢(C) is a binary linear code of parameters [2n, k, d].
The following theorem is a natural result of the Gray map.

Theorem 2.1. If C is a self-dual code over Fo + ulFy of length n, then ¢(C') is a self-dual
binary code of length 2n.

We can also define a natural projection from Fy + ulFy to Fy as follows:
,LL:]FQ""UFQ —)Fg,

p(a + bu) = a.

If D = u(C) for some linear code C' over Fy + uFy, we say that D is a projection of C' into
Fy, and that C' is a lift of D into Fy 4 ulFy. It is clear that the projection of a self-orthogonal
code is self-orthogonal, but the projection of a self-dual code need not be self-dual. We finish
this section with two well known results.

Theorem 2.2. Suppose that C' is a self-dual code over Fy 4+ ulFy of length 2n, generated by
the matriz [I,|A], where I,, is the n x n identity matriz. Then u(C) is a self-dual binary
code of length 2n.

Theorem 2.3. Suppose C' is a linear code over Fo+ulFy and that C" = p(C'), is its projection
to Fy. With d and d' representing the minimum Lee and Hamming distances of C' and C’
respectively, we have that d < 2d'.

2.3 Group Rings

To understand the composite construction which we define later in this work, we recall some
basic definitions and theory on group rings and the map that sends group ring elements to
matrices.

In our construction, we use circulant and block circulant matrices, both having the

following form:

(0751 Qo Q3 ... (7%

(67 ap Qo ... Op_q
circ(ay,ag, ... ) = | Qo1 Qp 1 .. Qpog |

9 a3 Q04 ... (03]



where a; € R,

A Ay Az ... A,

A, A Ay ... A
circ(Ay, Ag, ..., A)) = | Anr An A o0 Ano |

AZ A3 A4 e A1

where each A; is a k X k matrix over R, respectively. The transpose of a matrix A, denoted
by A", is defined as A]; = Aj;.

While group rings can be given for infinite rings and infinite groups, we are only concerned
with group rings where both the ring and the group are finite. Let G be a finite group of
order n, then the group ring RG consists of > | o,;g;, a; € R, g; € G.

Addition in the group ring is done by coordinate addition, namely

n

Z o;g; + Zﬁzgz = Z(Oéz + B:)9g:. (1)
=1 i=1

=1

The product of two elements in a group ring is given by

(Z oa%) (Z 53‘9]‘) = Zaiﬁjgigj. (2)

It follows that the coefficient of g; in the product is > P a;B;.

The following construction of a matrix was first given for codes over fields by Hurley
in [9]. It was extended to Frobenius rings in [6]. Let R be a finite commutative Frobenius
ring and let G = {g1, 62, ..., g,} be a group of order n and let v = """ o, € RG. Define
the matrix o(v) € My(R) to be o(v) = (a1, ) where 4,j € {1,...,n}. We note that the
elements g; ', 95 %,...,g;" are the elements of the group G in a some given order. We will

now describe o(v) for the following group rings RG where G € {Cs and Dys}.
(i) Let G=(z |2 =1) 2 Cs. Ifo =3, Zjl':o Qiyaj 12277 € RCs, then

o(v) = ( : ﬁ) Q

where A = circ(ay, ag, as,aq), B = circ(as, ag, aq, ag), B' = circ(as, as, ag, a7) and
Q; € R.

(i) Let G = (x,y | 2®=y? = 1,2v = 27!) X Dys. If v = 21'7:0 Z;zo Q11i48;2Y € RDjg,

then
A B
U(U) - (BT AT> (4)

where A = CiTC(Oél, A2, (g, Qiy, A5, Qg Al @8), B = CiTC(Qg, a0, O11, 012, (13, (14, (5, alﬁ)
and o; € R.



3 Composite constructions from Group Rings where

the orders of the groups are 16 and 8

In this section, we define the 4 x 4 block matrix by combining the block matrices defined in
the previous section. We do this by following the two steps:

(1) take the 2 x 2 block matrices defined in (),

(2) take the first row of each matrix in and apply to each the construction defined in ({3)).

Namely,
Al Bl A2 BQ
A B B A B, A
A I L 5)
Bt A As Bs Ay By
B As B, A
where A; = circ(ay, ag, a3, a4), By = circ(as, ag, ar, ag), B] = circ(as, as, ag, az), Ay =

CiTC(Oé9, @10, 011, 0412)7 By, = Ci?"C(Oél& (14, A5, 0416), Bé = CiTC(CY16> a3, A4, 0415)7

Ag = CiT’C(O&g, 16, A5, 0514), Bg = CiTC(Oélg, q9, (X1, 0610), Bé = CirC(Ole’ 13, (19, an), A4 =
circ(ay, ag, ar, ag), By = circ(as, ag, as, as) and Bj = circ(ag, as, ay, ag). We now use the
matrix in to define the following result.

Theorem 3.1. The matrix

Ay By Ay By
I B A Bl A
G — 16 1 1 2 2 7 (6)
Ag Bg A4 B4
B, A; B A4
where Ay = circ(aq, ag, as, ay), By = circ(as, ag, ar, ag), By = circ(as, as, ag, a7), Ay =

C’i’l"C(O[g, 10, 11, 0412), B2 = CiTC(alg, 14,015, 0416), Bé = circ(ozm, 13, 014, (1/15),

As = CiTC(Oé97041670415,0414),B3 = Circ<0413704127041170410)73§, = Ci?“C(CY1070413,0412,0411),A4 =
circ(ay, ag, ar, ag), By = circ(as, oy, ag, o) and By = circ(as, as, ay, as), is the generator
matriz of a self-dual code over R, if and only if the following equations hold in R:

A3+ AL+ B2+ Bl = —14, (7)
A1B] + A1By + AyBy + Ay By = 0, (8)
B+ BP 4+ A2+ A2 = — 1, (9)
AjAg+ AyAy + BiBs + BB, = 0, (10)
A1By + AyB) + AsBy + AyBy = 0, (11)



A3Bi + A4B§ + A1Bs + AyB, = 0,
By B} + ByB, + A1 Az + Ay Ay = 0,
A2+ A2+ B2+ B} = 14,
A3B} + A3Bs + AyB) + AyBy = 0,
BE +BE + A3+ A5 = —14.

12

(12)
(13)
(14)
(15)
(16)

16

Proof. The code generated will be self-dual if and only if GGT is the zero matrix over R.

Let
Al B1 AQ BQ

By Ay By Ay
Ag Bg A4 B4 ’
B, As B A4

then we have to show that X X7 = —I45. Now,

Ay B, A, By Ay B, As B}
B/ A, B} A, Bi A BiAs || X1 Xo
A3 By A4 By Ay By Ay By | | X3 Xu|’
B, A; B} Ay By, Ay By Ay

XXT =

where

A? + A% + B? + B? AB! + A1 By + AyB)) + Ay By |

X, =
' | AUB) 4+ AyBy + AyBy + AyB,y B? + B + AT+ Aj

_A1A3 + AsAy+ B1Bs + BoBy A1By+ AyBy + AsBy + A4B2_

X, —
* 7 |A3B] + A,B, + A\B; + AyBy BB+ BLB, + A As + A Ay

[AyAs + Ay Ay + BiBy + BoBy A3BlL + AyB) + A By + Ay By ]
A1By + AyBYy + A3By + AyBy BBy + ByB) + A1 Az + Ay Ay

X3 =

X, =

A%+ A%+ B2 + B A3B} + A3Bs + AyB) + A4B4_

A3B} + A3Bs + AyB) + A4By B2 + B + A2 + A2

This will equal to —I15 only if A? + A2 + B2 + B3 = —I,, A\B, + A\By + AsBy + AyBy =
O, B?—FB&Q—'—A%—FA% - —[4, A1A3+A2A4—|—BlBg+BgB4 = O, AlBé—i-AQBZ/L—'—AgBl +A4Bg ==

—14, AgBé + A3B3 + A4B£1 + A4B4 =0 and BéQ + Bf + A% + A2 = —]4.

U



3.1 Expanding the search field

Here, we expand the search field in the generator matrix defined in Theorem by replac-
ing the elements <a17 Qg, (i3, Oy, Oi5, g, A7, Oég) Wlth (0417, Qy, 019, Oigg, (a1, (22, (X23, 0624) Where
a; € R, respectively, in one of the sub-matrices and keeping the structure of the generator

matrix the same. Namely, the generator matrix in @ becomes:

A1 B1 AQ B2 Al Bl AQ BQ

Lo | BiAr ByAy | | Lo |BiAi By )
A3 By Ay By Ay By Ay By |’
B, Ay B, A B, As Bl Ay

Here, A4 — A4/, B4 — B4/ and BZI — Bg/ so that A4/ = CiTC(a17,QQ470623,0622), B4/ =

circ(aar, agg, aug, ag) and B, = circ(ous, aor, oo, i1g). We can now state following result:

Theorem 3.2. The matrix

A1 By A2 By
I B A B, A
a— 16 141 2 42 ’ (18)
Ag Bg A4/ B4/
B, As B Ay
where Ay = circ(ag, ag, as, ay), By = circ(as, ag, ar, ag), By = circ(as, as, ag, a7), Ay =

) . , .
C”"C(Oég, 10, O11, 0412), By = CZTC(OzlS, a4, A5, 0416), B; = CW’C(CY16, a3, A4, CY15)7
L . P .
Az = CZTC(OK9,016>OZ15>0414),B3 = CZ?“C(CY1370412,0411,0410),33 = CW“C(Oélo,0413,0412,CY11)>A4/ =
) —) I .
circ(air, Qag, Q3, ), By = circ(aoy, oo, g, a1g) and By, = circ(ons, o, oo, 1g), is the

generator matrix of a self-dual code over R, if and only if the following equations hold in R:

A3+ AL+ B2+ B = —14, (19)
A1B) + A1By + AyB) + Ay By = 0, (20)
B+ BP 4+ A3+ A2 = —14, (21)
A1As + AsAy + B1Bs + BaBy =0, (22)
A1By + A3B), + A3By + Ay By = 0, (23)
A3By + Ay By + A1Bs + AyBy = 0, (24)
BiB; + ByB), + A1 As + AyAy = 0, (25)
Ai+ A} + B + By = — 1, (26)
A3Bj + A3Bs + Ay By + Ay By = 0, (27)
B + By + A3+ A} = —14. (28)



Proof. The code generated will be self-dual if and only if GG? is the zero matrix over R.
Let

Al Bl AQ BQ
| BiA BiA |
Ag 83 A4/ B4/

B, Ay B Ay
then we have to show that X X7 = —I 4. Now,

A B, Ay, By, | [ A B A; B,

XXT L Bi A1 Bé AQ Bl Al Bg Ag o X1 X2
| A3 By A, B, Ay By Ay By | | X3 Xy’
By Ay B, A, By Ay By Ay
where
X — Al + A3+ B} + B3 A1B} + A1 By + A3 By + A3 By
"7 |AB) 4+ AiBy + A3Bly + AyB, B? + B2 + A2 + A2 ’
v (A Ay + AyAy + BBy + BoBy A\B,+ AsBly + A3By + Ay Bs)
* | AsBl + AuBy + A\Bs + AyBy BiBy+ ByBjy + AiAs + AsAw |
v (A\As + AyAy + BBy + BoBy AsBl + AyBL + A By + AsBy|
° 7 |AiB, + AyB), + A3By + AyB, B,Bl+ BLB, + A1 As + Ay Ay |
Y. — A3+ Al + Bi + B} AsBL + AsBs + Ay B), + Ay By
' | A3By + AsBs + Ay Bl + Ay By B2+ BP 4 A2 + A2,

This will equal to —I6 only if A2 + A2 + B? + B2 = —I,, A1 B} + A1 By + AyB) + Ay By =
0, BR+BR+ A3+ A3 = — 1y, Ay A3+ As Ay +B1 B3+ By By = 0, Ay By Ay Bl + A3 B1+ Ay By =
0, A3B)+AyBy+ A1 B3+ AsBy = 0, BB, + ByBl, + A1 A3+ Ay Ay = 0, A2+ A% + B2+ B2 =
—1I,, A3By + A3Bs + Ay B!y + Ay By = 0 and B + B2 + A2+ A%, = —1I,. O

The above result is an extension of Theorem [3.1] the structure of the generator matrix
in is the same as in @ with the difference of an expanded search field. We note that
if R = Fy then there are 2! = 65536 calculations when using the generator matrix @ and
224 = 16777216 calculations when using the generator matrix . In other words, we give
the generator matrix in Theorem more ‘freedom’ by not letting the submatrices: Ay, By
and B be only dependant on the submatrices: Ay, By and Bj. If the matrix in @ produces
a self-dual code, we can expect the matrix to produce the same code and this will be
when the submatrices: Ay, By and B, of are equal to the submatrices: Ay, By and B}

of @



4 Extremal Self-Dual Codes of Length 64 from Lifts

In this section, we apply Theorems [3.1] and over Fy to search for binary codes with
parameters [38, 16, 8] and [32, 16, 6]. We then take the Gray images of the codes over Fy+ulFy
to obtain extremal self-dual codes with parameters [64, 32, 12]. Examples of such approach
can be found in [10].

There are two possibilities for the weight enumerators of extremal singly-even [64, 32, 12],

codes ([I]):
Wear = 1+ (1312 + 168)y"* + (22016 — 648)y** + ..., 14 < B < 284,

Weao = 14 (1312 + 168)y™ + (23040 — 648)y™ + ..., 0 < B < 277.

With the most updated information, the existence of codes is known for g = 14, 18, 22, 25, 29, 32, 35,
36,39, 44, 46, 53,59, 60, 64 and 74 in Wy; and for 8 = 0,1,2,4,5,6,8,9,10,12, 13,14, 16, . .., 25, 28,
99, 30,32, 33,34, 36, 37, 38, 40, 41, 42, 44, 45, 48, 50, 51, 52, 56, 58, 64, 72, 80, 88, 96, 104, 108, 112, 114,
118,120 and 184 in Wys.

We now apply Theorem to search for binary codes with parameters [38,16, 8] and
(32,16, 6]. The results are summarised below.

Table 1: Codes of length 32 via Theorem

Code Ay B, Ay B, |Aut(C)| Type
Ci (0,0,0,0) (0,0,1,1) (0,0,1,1) (0,1,1,1) 25-.3%.5-7 [32,16,8];s
Cy  (0,0,0,1) (0,0,1,1) (1,0,0,1) (1,1,1,1) 25.32  [32,16,8];
Cs  (0,0,0,1) (0,1,0,1) (0,0,1,1) (0,0,1,1) 25-3-5-31 [32,16,8];s
. (0,0,1,1) (0,0,1,1) (0,1,0,1) (0,1,1,1) 95 32,16, 6],

We now lift all four codes and summarise the results in a table. We include codes of
length 64 with different values of beta and different orders of automorphism groups. If a
code with the same parameters (the same value of beta and the same order of automorphism
groups) appears, it means that they were used to produce different and new codes of length

68 in the later section of the paper.
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Table 2: Extremal self-dual codes of length 64 obtained from lifts of C, Cs, C5 and C}

Code Ay By Ay By |Aut(C)|  Weao
L G (u,0,0,u) (w,u, 1,u+ 1) (u,u,1,1) (u, 1,1, u+1) 2° B =16
L, (u, u,u,0) (u,u, 1,u+ 1) (u,0,1,u+1) (u, 1,1, u+1) 26 B =16
L, Ci (0,0,0,a) 0,0,L,at1) (0, Lutl) (oL,1utl) o7 =16
I, G (0,0, u,u) (0,0,1,u+1) (u,u,1,1) (u, 1,1, u+1) 2° B =32
I, O (0,0,0,u) (0,u,1,1) (0,u, 1,u+ 1) 0,1,1,u+1) 2° B =48
Iy (u,u,0,1) (v,u,u+Liu+1) (Luu,u+1) (L, L,u+1lu+t1) 2° 5=16
I, Cy (u,u,0,1) (u,u,1,1) (1,0,0,u+1) (L, l,u+1l,u+1) 2° B =32
I, G5 (0,0,u1) (0,1,0,1) (4,0,1,1) (,0,u +1,1) 2 5=0
Iy Cs3  (0,u,u,1) (0,1,0,1) (0,0,1,1) 0,u,u+1,u+1) 2° B =16
Ly s (u,u,0,1) (u,1,u,1) (0,0,1,u+1) (0,u,u+1,1) 2° B =32
L, Oy (u,u,1,1) (w,u, 1,u+ 1) (u,1,0,u + 1) (u,u+1,1,1) 2° B=0
I, C, (u,u,1,1) (u,0,1,1) (0,1, u,u+1) (0,u+1,1,1) 2° B=0
Ly C, (0,0,1,1) (0,u,1,1) (0,1, u,u+ 1) (0,u+1,1,1) 25 B=0
Ls Ci  (0,0,1,1) 0,0, L,ut1) (@L0ut1) (wutl11) % 3—=0
Iis C, (u,0,1,1) (u,u,1,1) (u,1,u,1) (u,u+1,u+1,1) 2° 5=16
Ls Cy (0,u,1l,u+1) (0,0,1,u+1) (u,1,u,1) (u, Lu,u+1) 2° 5 =32
L; Cy (u,0,1,u+1) (u,0,1,1) (u,1,0,u+1) (u,1,1,u+1) 2° B =48

Now we search for binary self-dual codes with parameters [32, 16, 8] and [32, 16, 6], by

applying the generator matrix defined in , in other words, we apply Theorem with

an extended search field. We were able to find the same codes as in Table 1 as expected, plus

some other ones with different automorphism groups. These are listed in the table below.

We use a slightly different table display to the tables before, to enable us to fit the results.

Table 3: Codes of length 32 via Theorem

Cs Ce Cr Cy Cy Cio Cn
A (0,0,0,1)  (0,0,0,1) (0,0,0,1) (0,0,0,1) (0,0,0,1) (0,0,0,1) (0,0,0,1)
By (0,0,1,1)  (0,0,1,1) (0,0,1,1) (0,0,1,1) (0,0,1,1) (0,0,1,1) (0,1,0,1)
Ay (0,0,1,1)  (0,1,0,1) (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,1,0,1) (0,0,1,1)
By (0,1,0,1)  (0,0,1,1) (0,0,1,1) (0,0,1,1) (0,0,1,1) (0,0,1,1) (0,0,1,1)
Ay (1,0,0,1) (1,0,0,1) (0,1,1,0) (1,0,0,1) (1,0,0,1) (1,0,0,1) (0,1,0,1)
By (0,1,0,0) (1,0,1,1) (1,0,1,1) (0,1,0,0) (1,0,1,1) (1,0,1,1) (1,0,1,1)

|Aut(C)| 2°-32.5 212.3.7 26 29.3%.5 211 212.3.7 24
Type  [32,16,8];; [32,16,6]; [32,16,6]; [32,16,6]; [32,16,6]; [32,16,6]; [32,16,6];

We now take the Gray images of the above codes over Fy + ulFy to obtain extremal self-

dual codes with parameters [64,32,12]. The only codes that have actually worked in that

case were: (7, Cy and C1g. The results are summarised in the tables below.
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Table 4: Extremal self-dual codes of length 64 obtained from lifts of C7

Ig I I I3 Iy
Ay (u,u,0,1) (u,0,0,1) (u,u,0,1) (u,u,0,1) (u,0,0,1)
By (u,0,1,u+1) (0,u,l,u+1) (0,u,1,u+1) (u,u,1,1) (u,0,1,u+1)
Ay (u,0,u,0) (u, w,u,u) (u, w,u,u) (u,u,0,0) (0,u,0,u)
B, (u,0,1,1) (u,u, 1,u+1) (u,u, 1,u+1) (u,u, L, u+1) (0,0,1,u+1)
Ay 0,1, u+1,u) (u,1,u+1,0) (u,1,u+1,0) (u,1,1,u) (0,1, u+1,u)
By (u+1,u,1,1) (1,0,u+1,1) (1,0,u+1,u+1) (u+1,u,1,1) (u+1,u,1,1)
[ Aut(O))] ot 26 2 o1 25
Type B=0 5=0 B—4 53—=16 5 =136

Table 5: Extremal self-dual codes of length 64 obtained from lifts of Cy

I Iz Io7 Ios
Ay (u,u,0,1) (u,u,0,1) (u,0,0,1) (u,0,0,1)
B (u,u,1,1) (u,0,1,u+1) (u,0,1,u+ 1) (0,u,L,u+1)
A, (0, u, u,u) (u,0,u,u) (u, u,u,0) (0,0,0,u)
By (0,0,1,u+1) (u,0,1,1) (u,u, 1,u+ 1) (0,u,1,1)
Ay (1,u,u,1) (1,0,u,u+1) (u+1,u,0,1) (u+1,0,u,1)
By (u+1,0,1,u+1) (u+1,0,1,u+1) (Lu,u+1l,u+1) (u+1,0,1,1)
| Aut (C')] 24 24 2° 24
Type 5=12 5 =20 5 =20 5 =32

Table 6: Extremal self-dual codes of length 64 obtained from lifts of C1g

Iz I3
Ay (u,0,0,1) (u,u,0,1)
B (u,0,1,u+ 1) (u,0,1,u+ 1)
A (u,1,0,1) (u,1,0,1)

B, (u,u,u+1,1) (u,u, 1,u+1)
Ay (1,0,u,u+ 1) (u+1,u,0,1)
By (u+1,0,1,1) (u+1,0,1,u+1)
|Aut (C)| 24 24
Type £ =16 £ =36
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5 New Extremal Binary Self-Dual Codes of Length 68

via Extensions and Neighbors

In the sequel, let R be a commutative Frobenius ring with identity. Here, we define a well
known extension method ([8]) which we then apply to the codes of length 64 tabulated in
the previous section, to search for new extremal binary self dual codes with parameters
(68,34, 12]5. The weight enumerator of a self-dual [68, 34, 12]5 code is in one of the following
forms ([11]):

Wesa = 1+ (442 + 48)y™ + (10864 — 88)y™* + .. .,

Weso = 14 (442 + 48)y™ + (14960 — 88 — 2567)y** + ... |

where 3 and v are parameters and 0 < < 0. The existence of the codes in Wi 2 is known
for the following parameters (see [3], 12]):
v=0, B=0,7,11,14,17,21,22,28,33,35,42, ..., 158, 161, 165,
175,187,189, 203, 209, 221, 231, 255, 303 or
B € {2m|m = 17, 20,102,110, 119, 136, 165 or 80 < m < 99}:
v=1, 8 =49,51,53,55,57,...,160 or B € {2m|m = 22,...,29,81,...,99};
v=2, =265,69,71,73,75,77,79,81,141,159,161, 163, 166, 167, 168,169, 171, 173, 206, 208
or € {2m|29 <m < 68,70 <m <100} or 5 € {2m + 1|41 <m < 69,71 < m < 77};
v=3, B {2m+ 1jm =43,44,47,...,77,79,80,81, 83,87, 88, 96} or
B € {2mlm = 40,...,92,94,95,97,98, 101, 102};
~ =4, B =103,105,107,109, 113,115,117, 119,121, 129, 139, 141, 143, 145, 149, 157,
159,161,175,191 or
B € {2m|m = 43,45,47,48,49, 51,52, 54, 55,56, 58, 60, ..., 90,92,93,97,98,100};
v =5 with 8 € {m|m = 113,116, ..., 182, 187, 189, 191, 193}
v =6 with g € {2m|m = 69,77,78,79,81, 83}
v =7 with g € {Tm|m = 14,...,39,42}.
Theorem 5.1. ([8]) Let C be a self-dual code of length n over R and G = (r;) be a k X n
generator matriz for C', where r; is the i-th row of G, 1 < i < k. Let ¢ be a unit in R such
that ¢ = —1 and X be a vector in S™ with (X, X) = —1. Let y; = (r;, X) for 1 <i < k.

The following matriz

10\X

B cyr |

Y CYr | Tk

generates a self-dual code D over R of length n + 2.

Theorem is applied to the ¢p, .r,-images of the codes in tables 2, 4, 5 and 6. The
results are tabulated in table 7, where 1 4+ u in Fy + ulFy is denoted as 3.
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Table 7: New codes of length 68 from Theorem

Ces,i  Code (717,218, . . ., T32) c v Bin Wep
Ces 1 I3 (3,1,0,u,3,0,0,0,3,u,1,u,3,3,0,1,3, 1, u,u,u,3,0,0,3,u,1,1,1,3,0,1) 1 O 36
Ces2 Iy (u,1,0,0,0,4,0,u,1,0,0,3,1,u,0,3,3,1,0,u,3,u,u,1,0,3,1,3,3,1,1,0) 1 1 30
Ces.3 I (3,0,0,3,1,1,%,3,1,3,u,0,u4,3,1,1,3,0,3,0,0,0,0,1,0,1,3,3,3,0,u,u) 3 1 40
Cos.a L, (3,1,3,1,3,u,u,1,u,0,1,4,0,0,3,1,0,u,0,u,3,0,u,1,u,1,3,0,u4,1,0,1) 3 1 42
Cess Iig (v, 1,0,3,0,0,0,3,1,0,0,0,0,1,3,3,1,3,1,3,3,3,1,0,u,1,4,3,3,3,0,3) 1 1 47
Ces.6 I 0,1,1,u,1,1,u,u,1,1,1,4,0,1,1,3,%,3,3,1,3,3,1,1,1,1,0,3,0,3,3,3) 1 2 63
Ces,z Iy (3,3,1,0,3,1,0,3,3,3, u,u,0,u,u, u, 3,u,1,0,1,4,0,3,3,1,3,3,3,0,1,1) 1 3 76
Ces s Iis (1,1,1,u,1,u,u,0,1,3,0,1,w,1,3,u,3,1,1,1,3,4«,3,0,3,1,%,0,1,0,3,0) 3 4 88
Ces,9 Ls  (3,3,1,u,1,u,u,u,1,1,u,1,0,1,1,0,1,3,1,1,1,0,1,%,3,1,0,u,3,u,3,0) 3 4 90
Cesao i (1,3,1,0,1,u,0,4,3,1,0,3,u,3,1,0,3,1,1,1,3,0,1,0,3,3,0,%,1,0,3,0) 1 4 106
Ces1 Tis (1,3,3,u,3,u,u,0,1,1,0,1,0,3,1,0,3,1,3,1,3,0,3,0,1,3,0,%,1,0,1,0) 1 4 118
Cespz  1is (1,1,1,u,1,0,u,u,1,1,4,1,0,3,1,0,1,3,3,1,3,u,1,u,1,1,0,0,1,u,3,0) 3 6 118

Two self-dual binary codes of length 2k are said to be neighbors if their intersection has
dimension k — 1. Let « € Fy — C then D = <<:lc>L NnC, x> is a neighbor of C'. We consider
the standard form of C to reduce the search field considerably from 2% to 234, Without
loss of generality the first 34 entries of = are set to be 0, the rest of the vectors are listed in
Table [§ As neighbors of the codes in Table [7] we obtain seventeen new codes including the
ones with rare parameter v = 6 in Weg 2, which are listed in Table[§} All the codes have an
automorphism group of order 2.
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Table 8: New codes of length 68 with as neighbors

N68,i C68,i (5535, X365+ 9368) Y B
N68,1 Cos,9 (1100000000111110111000101010001101) 3 91
./V’6872 Cess (1011110010111011101101010100010101) 4 95
J\/};g,g Cos.9 (1000011000100110011010100011010111) 4 97
N68,4 Ces.9 (1111110110001100010000111001100110) 4 99
N68,5 Cos s (0011001100110001110010001010100111) 4 101
N6876 Ces.9 (1110011111010100100110110101001101) 4 111
/\/68,7 Ces.9 (1110111100010001100011100001000101) 4 123
Ngg,g Cos,12 (1000111011110000111110110011101001) 5 107
Nag,g Cos,12 (1100111100101111011010011010011001) 5 115
/\/’68,10 Cos,12 (0111100000111100000110101111101001) 6 125
Nﬁs,n Ces.12 (0001101001110101111111110000010010) 6 126
Nﬁs,lz Cos.12 (0111011011011001101101100100011110) 6 127
./\/'68,13 Cos,12 (1011100011110111010000111111011101) 6 128
N68,14 Cos,12 (0110111001111101001111011001011110) 6 129
/\/68,15 Cos,12 (0010111001000011110110111100010101) 6 130
/\/68,16 Cos,12 (0101011101110010100011011111100101) 6 131
/\/’68,17 Cos,12 (0110010001001111001111010010001111) 6 132

6 Conclusion

In this work, we extended the methods used in [4], to produce a composite construction
from group rings, where the orders of the groups are 16 and 8. The composite construction
has been amended by expanding the search field. Both, the composite construction and its
amended version, together with Fy + ulFo-lifts, extension and neighbor methods are used
to search for extremal binary self-dual codes of length 68. In particular, we construct the

following unknown Wy o codes:

(y=0, 8={36}),

(v =1, B8 ={30,40,42,47}),

(v=2, B={63}),

(v=3, B={76,91}),

(v =4, B ={88,95,97,99,101,106, 111,118, 123}),

(v =5, B ={107,115}),

(v =6, B ={118,125,126,127,128,129, 130, 131, 132}).

The binary generator matrices of the codes are available online at [5].
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A suggestion for further work would be to consider group rings, where the orders of the
groups are higher than 16. This would lead to more composite constructions. Although,
this would also lead to expanding the search field which would require a huge number of

calculations.
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