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Huang and Shen [Math. Comput. 92 (2023) 2685-2713] proposed a semi-implicit tamed scheme
for the numerical approximation of stochastic Allen-Cahn equations driven by multiplicative
trace-class noise. They showed that the scheme is unconditionally stable on finite time intervals
and can be efficiently implemented. In this paper, we investigate the long-time stability of this
tamed scheme for stochastic Allen-Cahn equations driven by additive white noise. We also ad-
dress the strong convergence analysis of the associated fully discrete scheme within the Galerkin
finite element framework. The main contributions of this work are as follows: (i) by constructing
a suitable Lyapunov functional, we establish the unconditional long-time stability of the tamed
method; (ii) we rigorously derive the strong convergence rates of the fully discrete scheme ob-
tained by coupling the tamed approach with the finite element method. Numerical experiments

Finite element method

S are provided to validate the theoretical analysis and demonstrate the effectiveness of the proposed
trong convergence

scheme.

1. Introduction

In the past decade, tamed methods have been widely applied for the numerical approximation of stochastic partial differential
equations (SPDEs) with non-globally Lipschitz nonlinearities; see, e.g., [1-6] and the references therein. By incorporating “tamed
factors” into these non-globally Lipschitz nonlinear terms, such methods effectively suppress numerical instabilities caused by su-
perlinear growth. As a result, tamed methods exhibit remarkable potential in constructing stable and efficient numerical scheme for
simulating complex stochastic systems. Among these applications, the numerical treatment of the stochastic Allen-Cahn equations
(SACEs) using tamed schemes is especially appealing, see, e.g., [7-11] and references therein.

As a representative stochastic phase-field model with a non-globally Lipschitz drift, the SACE is widely used to simulate irregular
phase transition phenomena. According to the type of driving noise, SACEs can be broadly classified into two categories: those
driven by colored noise and those driven by white noise. In general, white noise is rougher than colored noise [12], which leads
to significantly lower spatial regularity of the solution in the white-noise setting. Consequently, the numerical analysis of SACEs
driven by white noise is considerably more challenging than that of their colored-noise counterparts [9]. Recent numerical studies
on tamed methods for SACEs have primarily focused on the colored-noise setting, see, e.g., [5,7,10,11,13] and references therein,
where different tamed methods have been employed to analyze the numerical behavior of the solution. In contrast, only a few works,

* Corresponding author.
E-mail addresses: qixiao@jhun.edu.cn (X. Qi), y.yan@chester.ac.uk (Y. Yan).

https://doi.org/10.1016/j.apnum.2026.01.017

Received 11 September 2025; Received in revised form 26 November 2025; Accepted 26 January 2026

Available online 27 January 2026

0168-9274/© 2026 The Authors. Published by Elsevier B.V. on behalf of IMACS. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/apnum
https://www.elsevier.com/locate/apnum
https://orcid.org/0009-0000-6453-1773

$\&$


\begin {equation}\label {for12} \begin {array}{lll} \mathrm {d} u(t)=&\!\!\!\!\!\!\!\!\big (-A u(t)+F(u(t))\big ) \mathrm {d}t+\mathrm {d}W(t),\ t>0,\\ u(0)=&\!\!\!\!\!\!\!\!\!u_0, \end {array}\end {equation}


$-A:=\Delta $


$u(t)$


$F(u):=u-u^3$


$W(t)$


$\mathcal {O}\big (\Delta t^{\frac {\gamma }{2}} + h^{\gamma }\big )$


$h$


$\Delta t$


$\gamma \in [\frac {1}{3},\frac {1}{2})$


$D$


$C(D)$


$p\ge 1$


$L^{2p}(D)$


$H:=L^2(D)$


$(\cdot ,\cdot )$


$s\in \mathbb {R}$


$\dot {H}^s$


$A$


\begin {equation}\|v\|_{\dot {H}^s}:=\|A^{\frac {s}{2}}v\|_{H},\ \ \forall v\in \dot {H}^s,\end {equation}


$\mathcal {D}(A)=H_0^1(D)\cap H^2(D)$


$\dot {H}^0=H$


$\dot {H}^1=H_0^1(D)$


$\dot {H}^2=\mathcal {D}(A)$


$\mathcal {L}(H)$


$H$


$H$


$C_b(H)$


$H$


$(\Omega ,\mathcal F, \{\mathcal F_t\}_{t\ge 0},\mathbb {P})$


$\{\mathcal {F}_t\}_{t\ge 0}$


$L^{2p}(\Omega ,H)$


$p\ge 1$


$H$


$2p$


\begin {equation}\label {L2Omega} \| v\|_{{L^{2p}(\Omega ,H)}}:=\big (\mathbb {E}[\| v \|_{{H}}^{2p}]\big )^{\frac {1}{2p}}<\infty ,\ \ \forall v\in L^{2p}(\Omega ,H).\end {equation}


$\mathbb {E}[\cdot ]$


$\mathbb {P}$


$D=(0,1)$


$\phi _j\in H:j\in \mathbb {N_+}$


$A$


$\{q_j, j\in \mathbb {N_+}\}$


$\{\phi _j=\sqrt {2}\sin (j\pi x), x\in D\}_{j\in \mathbb {N_+}}$


$\{q_j=j^2\pi ^2\}_{j\in \mathbb {N_+}}$


$W(t)$


$\mathcal {F}_t$


\begin {equation}\label {spacetimewhite} W(t)=\sum _{j=1}^{\infty }\phi _j\beta _j(t),\end {equation}


$\{\beta _j(t)\}_{j\in \mathbb {N_+}}$


$\mathcal {F}_t$


$Q$


$Q = I$


$\dot {H}^{s}$


$s<-\frac {1}{2}$


$c$


\begin {equation}\label {for17} u(t)=S(t)u_0+\int _{0}^{t}S(t-\tau )F(u(\tau ))d\tau +\int _{0}^{t} S(t-\tau ) dW(\tau ),\end {equation}


$S(t):=e^{-tA}$


$A$


$S(t)$


$0\leq \alpha \leq 1$


$c$


\begin {equation}\label {negalpha} \| A^{-\alpha }(I-S(t))\|_{{\L (H)}}\leq ct^{\alpha },\ \forall t\ge 0.\end {equation}


$\alpha \ge 0$


$c$


\begin {equation}\label {posalpha} \| A^{\alpha }S(t)\|_{{\L (H)}}\leq c t^{-\alpha },\ \forall t>0.\end {equation}


$F(\cdot )$


$A$


$F(\cdot ):L^6(D)\to H$


\begin {equation}\label {lipofF} \big (v_1-v_2,F(v_1)-F(v_2)\big ) \leq \| v_1-v_2\|^2_{{H}},\ \ \forall v_1,v_2\in L^6(D).\end {equation}


$\gamma $


\begin {equation}\label {regularity1} \big \|A^{\frac {\gamma -1}{2}}\big \|_{\L _0^2}<\infty , \ \ \frac {1}{3}\leq \gamma <\frac {1}{2},\end {equation}


$\|\cdot \|_{\L _0^2}$


$\psi \in \L _0^2$


$\|\psi \|_{\L _0^2}:=\big (\sum _{j=1}^{\infty }\|\psi \phi _j\|^2_{H}\big )^\frac {1}{2}$


$\gamma < 1/2$


$\|A^{\frac {\gamma -1}{2}}\|_{\L _0^2}<\infty $


$\gamma <\frac {1}{2}$


\begin {equation*}\|A^{\frac {\gamma -1}{2}}\|_{\L _0^2}=\big (\sum _{j=1}^{\infty }\|A^{\frac {\gamma -1}{2}}\phi _j\|^2_{H}\big )^\frac {1}{2}=\big (\sum _{j=1}^{\infty }q_j^{\gamma -1}\big )^{\frac {1}{2}}\leq c\big (\sum _{j=1}^{\infty }j^{2(\gamma -1)}\big )^{\frac {1}{2}}<\infty .\end {equation*}


$\gamma \ge \frac {1}{3}$


$p_0\in \mathbb {N}$


$u_0\in L^{p_0}(\Omega ,\dot {H}^1)$


$\mathcal {F}_0$


$T>0$


$u(t): [0,T]\times \Omega \to C(D)$


$p\ge 1$


$c>0$


$T$


$p$


\begin {align}\sup \limits _{0\leq t\leq T}\| u(t)\|_{{L^{2p}(\Omega ,C(D))}}&\leq c(1+\| u_0\|_{{L^{2p}(\Omega ,C(D))}}), \label {reg1}\\ \sup _{0\leq t\leq T}\|u(t)\|_{L^{2p}(\Omega ,\dot {H}^{\gamma })}&\leq c(1+\|u_0\|_{L^{2p}(\Omega ,\dot {H}^{\gamma })}),\ \ \gamma \in [\frac {1}{3},\frac {1}{2}),\label {reg2}\\ \Vert u(\tau _2)-u(\tau _1)\Vert _{{L^{2p}(\Omega ,H)}}&\leq c(\tau _2-\tau _1)^{\frac {\gamma }{2}},\ \ \forall \ 0\leq \tau _1\leq \tau _2\leq T,\ \gamma \in [\frac {1}{3},\frac {1}{2}) \label {timeregular}.\end {align}


$t\in [0,T]$


$F(u)=u-u^3$


$\dot {H}^{\frac {1}{3}}\hookrightarrow L^6(D)$


$p\ge 1$


$T>0$


\begin {equation}\label {Fbound} \begin {array}{lll} \sup _{0\leq t\leq T}\|F(u(t))\|_{L^{2p}(\Omega ,H)}&\le c\big (\sup _{0\leq t\leq T}\|u(t)\|_{L^{2p}(\Omega ,H)}+\sup _{0\leq t\leq T}\|u(t)\|^3_{L^{6p}(\Omega ,L^6(D))}\big )\\ &\leq c(\sup _{0\leq t\leq T}\|u(t)\|_{L^{2p}(\Omega ,\dot {H}^\gamma )}+\sup _{0\leq t\leq T}\|u(t)\|^3_{L^{6p}(\Omega ,\dot {H}^\gamma )})<\infty . \end {array}\end {equation}


$\Dt \in (0,1)$


$t_n:=n\Dt $


$n\in \mathbb {N_+}$


\begin {equation}\label {tamedfactor} {r(\cdot ):=\frac {1}{1+\Dt \|F(\cdot )\|^2_{H}}.}\end {equation}


$H$


$F(\cdot )$


$\mathcal {F}_{t_n}$


$\{u^n\}_{n\in \mathbb {N_+}}$


\begin {equation}\label {timediscrete} \begin {array}{lll} (I+\Dt A)u^{n+1}=&u^n+r(u^n)F(u^{n})\Dt +\Delta W^n,\ \ n\in \mathbb {N_+},\\ u^0:=&u_0, \end {array}\end {equation}


$\Delta W^n:=W(t_{n+1})-W(t_n)$


$u_0\in L^{2p}(\Omega ,\dot {H}^1)$


$p\ge 1$


$\{u^n\}_{n\in \mathbb {N_+}}$


$c$


$\Dt $


\begin {equation}\label {unconditional} \|u^n\|^2_{L^2(\Omega ,H)}\leq ce^{-\frac {\pi ^2-2}{1+2\pi ^2}t_n}\|u_0\|^2_{L^2(\Omega ,\dot {H}^1)}+c,\ \ n\in \mathbb {N}_+.\end {equation}


$S_{\Dt }:=(I+\Dt A)^{-1}$


\begin {equation}\label {timediscrete2} u^n=S_{\Dt }^nu_0+\sum _{k=0}^{n-1}S^{n-k}_{\Dt }r(u^k)F(u^k)\Dt +\sum _{k=0}^{n-1}S^{n-k}_{\Dt }\Delta W^k,\ \ n\in \mathbb {N}_+.\end {equation}


$\widetilde {W}^n:=\sum _{k=0}^{n-1}S^{n-k}_{\Dt }\Delta W^k$


$\widetilde {W}^0=0$


$q_j=\pi ^2 j^2$


$p\ge 1$


$\delta \in [0,1/2)$


\begin {equation}\label {stoconvolution} \begin {array}{lll} \mathbb {E}&\big [\|\widetilde {W}^n\|^{2p}_{\dot {H}^\delta }\big ]=\mathbb {E}\big [\big \|\sum _{k=0}^{n-1}A^{\frac {\delta }{2}}S_{\Delta t}^{n-k}\Delta W^k\big \|^{2p}_{H}\big ]\leq c\Big (\sum _{k=0}^{n-1}\big \|A^{\frac {\delta }{2}}S_{\Delta t}^{n-k}\Delta W^k\big \|^{2}_{L^{2p}(\Omega ,H)}\Big )^{p}\\ &\leq c\Dt ^{p}\Big (\sum _{k=0}^{n-1}\Big \|\sum _{j=1}^{\infty }\big \|A^\frac {\delta }{2}S_{\Dt }^{n-k}\phi _j\big \|^2_{H}\Big \|_{L^p(\Omega )}\Big )^p\leq c\Dt ^p \Big (\sum _{k=0}^{n-1}\sum _{j=1}^{\infty }\big (q_j^{\frac {\delta }{2}}(1+\Dt q_j)^{-(n-k)}\big )^2\Big )^p\\ &\leq c\Dt ^{p}\Big (\sum _{j=1}^{\infty }q_j^{\delta }\sum _{k=0}^{n-1}(1+\Dt q_j)^{-2(n-k)}\Big )^{p}\leq c\big (\sum _{j=1}^{\infty }q_j^{\delta -1}\big )^p\leq c,\ \ \delta \in [0,1/2), \end {array}\end {equation}


$\sum _{k=0}^{n-1}(1+\Dt q_j)^{-2(n-k)}=\sum _{k=1}^{n}(\frac {1}{1+\Dt q_j})^{2k}\leq \frac {1}{\Dt q_j(1+\Dt q_j)}\leq \frac {1}{\Dt q_j}.$


$X^n:=u^n-\widetilde {W}^n$


$X^0=u_0$


\begin {equation*}X^n=S_{\Delta t}^n u_0+\sum _{k=0}^{n-1}S_{\Dt }^{n-k}r(u^k)F(u^k)\Dt ,\end {equation*}


$X^n$


\begin {equation*}(I+\Dt A)X^n=X^{n-1}+ r(u^{n-1})F(u^{n-1})\Dt ,\ \ n\in \mathbb {N}_+.\end {equation*}


$L^2(D)$


$X^n$


$2a(a-b)=a^2-b^2+(a-b)^2$


$a,b\in \mathbb {R}$


\begin {equation}\label {stader1} \begin {array}{lll} \|X^n\|^2_{H}-\|X^{n-1}\|^2_{H}+\|X^n-X^{n-1}\|^2_{H}+2\Dt \|\nabla X^n\|^2_{H}=\theta _1+\theta _2+\theta _3, \end {array}\end {equation}


\begin {equation*}\begin {array}{lll} \theta _1&:=2 r(u^{n-1})\Dt \big (F(u^{n-1}),X^n-X^{n-1}\big ),\\ \theta _2&:=2r(u^{n-1})\Dt \big (F(u^{n-1})-F(\widetilde {W}^{n-1}),X^{n-1}\big ),\\ \theta _3&:=2r(u^{n-1})\Dt \big (F(\widetilde {W}^{n-1}),X^{n-1}\big ). \end {array}\end {equation*}


$\theta _1$


$\theta _2$


$\theta _3$


$r(\cdot )\leq 1$


$r(u^{n-1})\|F(u^{n-1})\|^2_{H}\Dt \leq 1$


\begin {equation*}\theta _1\leq \Dt ^2 r(u^{n-1})\|F(u^{n-1})\|^2_{H}+r(u^{n-1})\|X^n-X^{n-1}\|^2_{H}\leq \Dt +\|X^n-X^{n-1}\|^2_{H}.\end {equation*}


$\theta _2$


$r(\cdot )\leq 1$


\begin {equation*}\theta _2\leq 2\Dt \|X^{n-1}\|^2_{H}.\end {equation*}


$\theta _3$


$r(\cdot )\leq 1$


$L^1(D)\hookrightarrow \dot {H}^{-1}$


$\dot {H}^{-1}$


$\dot {H}^1$


$F(v)=v-v^3$


$v\in \mathbb {R}$


\begin {equation*}\begin {array}{lll} &\theta _3\leq 2\Dt \|A^{\frac {1}{2}}X^{n-1}\|_{H}\|A^{-\frac {1}{2}}F(\widetilde {W}^{n-1})\|_{H}\leq \Dt \|\nabla X^{n-1}\|^2_{H}+c\Dt \|F(\widetilde {W}^{n-1})\|^2_{\dot {H}^{-1}}\\ &\leq \Dt \|\nabla X^{n-1}\|^2_{H}+ c\Dt \|F(\widetilde {W}^{n-1})\|^2_{L^1(D)}\leq \Dt \|\nabla X^{n-1}\|^2_{H}+ c\Dt \big (\|\widetilde {W}^{n-1}\|^2_{H}+\|\widetilde {W}^{n-1}\|^6_{L^6(D)}\big ). \end {array}\end {equation*}


$\theta _i, \ i=1,2,3,$


\begin {equation}\label {stafor1} \begin {array}{lll} \|X^n\|^2_{H}+2\Dt \|\nabla X^n\|^2_{H}&\leq \|X^{n-1}\|_{H}^2+\Dt +2\Dt \|X^{n-1}\|^2_{H}+\Dt \|\nabla X^{n-1}\|^2_{H}\\ &\quad +c\Dt \big (\|\widetilde {W}^{n-1}\|^2_{H}+\|\widetilde {W}^{n-1}\|^6_{L^6(D)}\big ). \end {array}\end {equation}


\begin {equation*}c_0:=\frac {2\pi ^2\Dt +1}{1+(2+\pi ^2)\Dt }>1.\end {equation*}


$\|\nabla v\|^2_{H}\ge \pi ^2\|v\|^2_{H},\ \forall v\in \dot {H}^1$


\begin {equation*}\big (c_0(1+2\Dt )-1\big )\|X^n\|^2_{H}=(2-c_0)\pi ^2\Dt \|X^n\|^2_{H}\leq (2-c_0)\Dt \|\nabla X^n\|^2_{H},\end {equation*}


\begin {equation}\label {stafor2} c_0\big ((1+2\Dt )\|X^n\|^2_{H}+\Dt \|\nabla X^n\|^2_{H}\big )\leq \|X^n\|^2_{H}+2\Dt \|\nabla X^n\|^2_{H}.\end {equation}


$\dot {H}^{\frac {1}{3}}\hookrightarrow L^6(D)$


\begin {equation*}\begin {array}{lll} c_0\big ((1+2\Dt )\|X^n\|^2_{H}+\Dt \|\nabla X^n\|^2_{H}\big )&\leq \big ((1+2\Dt )\|X^{n-1}\|^2_{H}+\Dt \|\nabla X^{n-1}\|^2_{H}\big )+\Delta t\\&+c\Dt \big (\|\widetilde {W}^{n-1}\|^2_{H}+\|\widetilde {W}^{n-1}\|^6_{\dot {H}^{\frac {1}{3}}}\big ). \end {array}\end {equation*}


\begin {equation}\label {stafor3} \begin {array}{lll} (1+2\Dt )\|X^n\|^2_{L^2(\Omega ,H)}+\Dt \|\nabla X^n\|^2_{L^2(\Omega ,H)}&\leq \frac {1}{c_0}\Big ((1+2\Dt )\|X^{n-1}\|^2_{L^2(\Omega ,H)}\\&\quad +\Dt \|\nabla X^{n-1}\|^2_{L^2(\Omega ,H)}\big )+c\Dt , \end {array}\end {equation}


$\frac {1}{c_0}<1$


$c_0>1$


\begin {equation}\label {stafor4} \begin {array}{lll} (1+2\Dt )\|X^n\|^2_{L^2(\Omega ,H)}+\Dt \|\nabla X^n\|^2_{L^2(\Omega ,H)}&\leq \frac {1}{c_0^n}\Big ((1+2\Dt )\|X^0\|^2_{L^2(\Omega ,H)}\\&\quad +\Dt \|\nabla X^{0}\|^2_{L^2(\Omega ,H)}\Big )+c\Dt \sum _{k=0}^{n-1}(\frac {1}{c_0})^k. \end {array}\end {equation}


$c_0 := \frac {2\pi ^2\Dt + 1}{1 + (2 + \pi ^2)\Dt }$


$t_n=n\Dt $


$(n\in \mathbb {N_+},\ \Dt \in (0,1))$


$(\frac {1}{c_0})^n=\big (1-\frac {(\pi ^2-2)\Dt }{2\pi ^2\Dt +1})^n\leq e^{-\frac {n\Dt (\pi ^2-2)}{1+2\pi ^2\Dt }}$


$\sum _{k=0}^{n-1}(\frac {1}{c_0})^k\leq \frac {c_0}{c_0-1}$


\begin {equation*}\begin {array}{lll} \|X^n\|^2_{L^2(\Omega ,H)}&\leq e^{-\frac {n\Dt (\pi ^2-2)}{1+2\pi ^2\Dt }}(1+2\Dt )\|X^0\|^2_{L^2(\Omega ,\dot {H}^1)}+c\frac {2\pi ^2\Dt +1}{\pi ^2-2}\\ &\leq ce^{-\frac {\pi ^2-2}{1+2\pi ^2}t_n}\|X^0\|^2_{L^2(\Omega ,\dot {H}^1)}+c,\ \ n\in \mathbb {N}_+. \end {array}\end {equation*}


$X^n:=u^n-\widetilde {W}^n$


$X^0=u_0$


\begin {equation*}\big \|u^n\big \|^2_{L^2(\Omega ,H)}\leq ce^{\big (-\frac {\pi ^2-2}{1+2\pi ^2}t_n\big )}\big \|u_0\big \|^2_{L^2(\Omega ,\dot {H}^1)}+c,\ \ n\in \mathbb {N}_+,\end {equation*}


$c$


$\Dt $


$X^n$


$u^n$


\begin {equation}\label {Lyapnov} V(X^n)\leq \frac {1}{c_0} V(X^{n-1})+c\Dt ,\ \ n\in \mathbb {N}_{+},\end {equation}


$c_0>1$


$V(X^n):=(1+2\Dt )\|X^n\|^2_{L^2(\Omega ,H)}+\Dt \|\nabla X^n\|^2_{L^2(\Omega ,H)}$


$V(X^n)$


$u^n$


$\Dt $


$\{u^n\}_{n\in \mathbb {N+}}$


$\Dt $


$[0,T]$


$T>0$


$\Delta t:=T/N$


$N$


$\mathcal {T}_h$


$D=(0,1)$


\begin {equation*}V_h:=\lbrace v \in C(\bar {D}),\ v=0 \ \mbox {on} \ \partial D, \ v|_{K}\in \mathbb {P}_1(K)\ \mbox {for all} \ K\in \mathcal {T}_h \rbrace ,\end {equation*}


$\mathbb {P}_1(K)$


$K$


$\mathcal {P}_h$


$H$


$V_h$


$A_h : V_h \to V_h$


\begin {equation*}(A_hw,v):=(\nabla w,\nabla v),\ \ \forall w,v\in V_h.\end {equation*}


$\mathcal {F}_{t_{n+1}}$


$V_h$


$u^{n+1}_{h}$


$n=0,\ldots ,N-1$


\begin {equation}\label {fulldis0} \begin {array}{lll} (I+\Dt A_h)u_h^{n+1}=&u_h^n+r(u^n_h)\mathcal {P}_hF(u_h^{n})\Dt +\mathcal {P}_h\Delta W^n,\\ u_h^0:=&\mathcal {P}_hu_0, \end {array}\end {equation}


$r(u_h^n):=\frac {1}{1+\|F(u_h^{n+1})\|^2_{H}}$


$u_h^{n}$


$u(t_n)$


$t_n=n\Dt $


$\|u(t_n)-u_h^n\|_{L^2(\Omega ,H)}$


$n=1,\dots ,N$


$\mathscr {U}_h^n$


\begin {equation}\label {auxori} \begin {array}{lll} \mathscr {U}_h^{n+1}-\mathscr {U}_h^{n}+\Delta t A_h\mathscr {U}_h^{n+1}=&r(u_h^n)\mathcal {P}_hF(u(t_n))\Dt +\mathcal {P}_h\Delta W^n,\ \ n=0,\dots ,N-1,\\ \mathscr {U}_h^0=&\mathcal {P}_hu_0. \end {array}\end {equation}


$S_{h,\Delta t}:=(I+\Delta tA_h)^{-1}$


$\mathscr {U}_h^n$


\begin {equation}\label {auxiliary} \begin {array}{lll} \mathscr {U}^n_{h}&=S_{h,\Delta t}^{n}\mathcal {P}_{h}u_0+\sum _{k=0}^{n-1}r(u_h^k)S_{h,\Dt }^{n-k}\mathcal {P}_{h}F(u(t_k))\Dt +\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S_{h,\Delta t}^{n-k}\mathcal {P}_{h}dW(\tau ),\ n=1\dots , N,\\ \mathscr {U}_h^0&=\mathcal {P}_hu_0. \end {array}\end {equation}


\begin {equation}\label {errordecomp} \|u(t_n)-u^n_{h}\|_{L^2(\Omega ,H)}\le \|u(t_n)-\mathscr {U}^n_{h}\|_{L^2(\Omega ,H)}+ \|\mathscr {U}^n_{h}-{u}^n_{h}\|_{L^2(\Omega ,H)}=:\mathcal {E}_1+\mathcal {E}_2.\end {equation}


$\mathcal {E}_1$


$\mathcal {E}_2$


$\bullet $


$A$


$A_h$


$S_{h,\Dt }$


\begin {align}&\|A^{-\frac {\delta _0}{2}}v\|_{H}\leq c\|v\|_{L^1(D)},\ \forall \delta _0\in (\frac {3}{2},2),\ v\in L^1(D);\label {L1bound}\\ &\|A^{-\frac {1}{2}}v\|_{H}\leq c\|v\|_{L^{\frac {6}{5}}(D)},\ v\in L^{\frac {6}{5}}(D);\label {L65bound}\\ &c_1\|A_h^{\frac {\alpha }{2}}\mathcal {P}_h v\|_{H}\leq \|A^{\frac {\alpha }{2}}v\|_{H}\leq c_2\|A_h^{\frac {\alpha }{2}}\mathcal {P}_h v\|_{H},\ v\in \dot {H}^{\alpha }, \ \alpha \in [-1,1],\ {c_1,c_2>0}; \label {equinorm}\\ &\big \|\big (S(t_m)-S_{h,\Dt }^m\mathcal {P}_{h}\big ) v\big \|_{{H}} \leq c(h^{\mu }+\Dt ^{\frac {\mu }{2}})t_m^{-\frac {\mu -\nu }{2}}\|A^{\frac {\nu }{2}}v\|_{H},\ 0\le \nu \le \mu \le 2,\ v\in \dot {H}^{\nu },\ m\in \{1,\dots ,N\};\label {opeadd}\\ &\|A_h^{\frac {\alpha }{2}}S^{m}_{h,\Dt }\mathcal {P}_h v\|_{H}\leq c t_m^{-\frac {\alpha }{2}}\|v\|_{H},\ \alpha \in [0,1], \ m\in \{1,\dots , N\},\ v\in H;\label {p1}\\ &\Dt \sum _{k=1}^{m}\|A_h^\frac {1}{2}S_{h,\Dt }^k\mathcal {P}_h v\|_{H}^2\leq c\|v\|^2_{H},\ \ m\in \{1,\dots ,N\},\ v\in H.\label {p2}\end {align}


$\bullet $


$u_0\in L^{2p}(\Omega ,\dot {H}^1)$


$\mathcal {F}_0$


$\mathscr {U}_h^n$


\begin {equation}\label {auxiestimate} \|\mathscr {U}_h^n\|_{L^{2p}(\Omega , L^6(D))}\leq c, \ \ p\ge 1,\ \ n=1,\dots ,N.\end {equation}


$\dot {H}^{\frac {1}{3}}\hookrightarrow L^6(D)$


\begin {equation}\label {convolutionestimate} \begin {array}{lll} \big \|\sum _{k=0}^{n-1}S_{h,\Dt }^{n-k}\mathcal {P}_h\Delta W^k\big \|_{L^{2p}(\Omega ,L^6(D))}&\leq c\big \|\sum _{k=0}^{n-1}S_{h,\Dt }^{n-k}\mathcal {P}_h\Delta W^k\big \|_{L^{2p}(\Omega ,\dot {H}^{\frac {1}{3}})}\leq c\Big (\Dt \sum _{k=0}^{n-1}\big \|A_h^{\frac {1}{6}}S_{h,\Dt }^{n-k}\mathcal {P}_h\big \|^2_{\L _0^2}\Big )^\frac {1}{2}\\ &\leq c\|A^{-\frac {1}{3}}\|_{\L _0^2}\leq c. \end {array}\end {equation}


$r(u_h^n)\leq 1$


$\dot {H}^1\hookrightarrow \dot {H}^{\frac {1}{3}}\hookrightarrow L^6(D)$


\begin {equation*}\begin {array}{lll} \|\mathscr {U}_h^n\|_{L^{2p}(\Omega ,L^6(D))}&\leq c\|S_{h,\Dt }^n\mathcal {P}_h u_0\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1}{3}})}+c\Dt \sum _{k=0}^{n-1}\big \|S_{h,\Dt }^{n-k}\mathcal {P}_hF(u(t_k))\big \|_{L^{2p}(\Omega ,\dot {H}^{\frac {1}{3}})}\\&\qquad +\big \|\sum _{k=0}^{n-1}S_{h,\Dt }^{n-k}\mathcal {P}_h\Delta W^k\big \|_{L^{2p}(\Omega ,L^6(D))}\\ &\leq c\|u_0\|_{L^{2p}(\Omega ,\dot {H}^1)}+c\sup _{0\leq t\leq T}\|F(u(t))\|_{L^{2p}(\Omega ,H)}\Dt \sum _{k=0}^{n-1}\big \|A^{\frac {1}{6}}S_{h,\Dt }^{n-k}\mathcal {P}_h\big \|_{\L (H)}+c\\ &\leq c+c\sup _{0\leq t\leq T}\|F(u(t))\|_{L^{2p}(\Omega ,H)}\Dt \sum _{k=0}^{n-1}t_{n-k}^{-\frac {1}{6}}\leq c. \end {array}\end {equation*}


$\mathcal {E}_1$


$\protect \mathcal  {E}_1$


$u(t_n)$


$\mathscr {U}_h^n$


$n=1,\dots , N$


$u_0\in L^{2p}(\Omega ,\dot {H}^1)$


$p\ge 1$


$h$


$\Dt $


$\Dt =\mathcal {O}(h^2)$


$c>0$


$h$


$\Dt $


\begin {equation}\label {Error1bound} \big \|u(t_n)-\mathscr {U}_h^n\big \|_{{L^{2p}(\Omega ,H)}}\leq c(\Dt ^{\frac {\gamma }{2}}+h^{\gamma }), \ \ \ n=1,\dots ,N,\end {equation}


$\gamma \in [\frac {1}{3},\frac {1}{2})$


\begin {equation}\label {term1erde} \|u(t_n)-\mathscr {U}^n_{h}\|_{L^{2p}(\Omega ,H)}\leq e_1+e_2+e_3,\end {equation}


$e_1$


$e_2$


$e_3$


\begin {equation*}\begin {array}{lll} &e_1:=\|S(t_n)u_0-S_{h,\Delta t}^n\mathcal {P}_{h}u_0\|_{L^{2p}(\Omega ,H)},\notag \\ &e_2:=\Big \|\sum _{k=0}^{n-1}\Big (\int _{t_k}^{t_{k+1}}S(t_n-\tau )F(u(\tau ))d\tau -r(u_h^k)S_{h,\Delta t}^{n-k}\mathcal {P}_{h}{F(u(t_{k}))}\Dt \Big )\Big \|_{L^{2p}(\Omega ,H)},\notag \\ &e_3:=\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\big (S(t_n-\tau )-S_{h,\Delta t}^{n-k}\mathcal {P}_{h}\big )dW(\tau )\Big \|_{L^{2p}(\Omega ,H)}.\notag \end {array}\end {equation*}


$e_1$


$e_2$


$e_3$


$\mu =\nu =1$


\begin {equation}\label {e1result} e_1=\big \|\big (S(t_n)-S_{h,\Dt }^n\mathcal {P}_{h}\big )u_0\big \|_{L^{2p}(\Omega ,H)}\leq c(h+\Dt ^\frac {1}{2})\|A^{\frac {1}{2}}u_0\|_{L^{2p}(\Omega ,H)}\leq c(h+\Dt ^\frac {1}{2}).\end {equation}


$e_2$


$e_2$


\begin {equation}\label {E2bound} e_2\le e_{2,1}+e_{2,2},\end {equation}


\begin {equation*}\begin {array}{lll} &e_{2,1}:=\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\big (S(t_n-\tau )-S_{h,\Delta t}^{n-k}\mathcal {P}_{h}\big )r(u_h^k)F(u(t_{k})) d\tau \Big \|_{L^{2p}(\Omega ,H)},\notag \\ &e_{2,2}:=\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S(t_n-\tau )\big (F(u(\tau ))-r(u_h^k)F(u(t_{k}))\big )d\tau \Big \|_{L^{2p}(\Omega ,H)}.\notag \end {array}\end {equation*}


$e_{2,1}$


$\mu =2$


$\nu =0$


$\|S(\cdot )\|_{\L (H)}\le 1$


\begin {equation}\label {midine} \begin {array}{lll} &\|S(t_n-t_k)-S^{n-k}_{h,\Dt }\mathcal {P}_h\|_{\L (H)}\le c \frac {\Dt +h^2}{t_n-t_k},\ \ \| S(t_n-\tau )-S(t_n-t_{n-1})\|_{{\mathcal {L}({H})}} \le c,\\ & \| S(t_n-\tau )-S(t_n-t_k)\|_{{\mathcal {L}({H})}} \leq \| AS(t_n-\tau )\|_{{\mathcal {L}({H})}}\| A^{-1}(I-S(\tau -t_k))\|_{{\mathcal {L}({H})}}\\ &\qquad \qquad \qquad \qquad \qquad \qquad \qquad \leq c\frac {\tau -t_k}{t_n-\tau }\leq c\frac {\Dt }{t_n-t_{k+1}}, \ \ \tau \in [t_k, t_{k+1}),\ \ k=0,\dots ,n-2. \end {array}\end {equation}


$r(u_h^k)\leq 1$


$n\leq \frac {T}{\Dt }$


\begin {equation*}\begin {array}{lll} e_{2,1}&\leq c\Big (\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\mathbb {E}\big [\big \|S(t_n-\tau )-S(t_n-t_k)\big \|^{2p}_{\L (H)}\big \|F(u(t_{k}))\big \|^{2p}_{H}\big ]^{\frac {1}{2p}}d\tau \\ &\qquad +\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\mathbb {E}\big [\big \|S(t_n-t_k)-S_{h,\Delta t}^{n-k}\mathcal {P}_{h}\big \|^{2p}_{\L (H)}\big \|F(u(t_{k}))\big \|^{2p}_{H}\big ]^{\frac {1}{2p}}d\tau \Big )\\&\leq c\sup _{0\leq t\leq T}\|F(u(t))\|_{L^{2p}(\Omega ,H)}\Big (\Dt +\sum _{k=0}^{n-2}\int _{t_k}^{t_{k+1}}\frac {\Dt }{t_n-t_{k+1}}d\tau +\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\frac {\Dt +h^2}{t_n-t_k}d\tau \Big )\\ &\leq c\Big (\Dt +\Dt \sum _{k=1}^{n}\frac {1}{k}+(\Dt +h^2)\sum _{k=0}^{n-1}\frac {1}{n-k}\Big ) \leq c\big (\Dt +\Dt \ln (\Dt ^{-1})+(\Dt +h^2)\ln (\Dt ^{-1})\big ). \end {array}\end {equation*}


$\Dt =\mathcal {O}(h^2)$


$\Dt ^{-\varepsilon _0}$


$\ln (\Dt ^{-1})$


$\varepsilon _0>0$


\begin {equation}\label {e21bound} { e_{2,1}\leq c(\Dt ^{1-\varepsilon _0}+h^2\Dt ^{-\varepsilon _0})\leq c(\Dt ^{1-\varepsilon _0}+h^{2-2\varepsilon _0}).}\end {equation}


$e_{2,2}$


\begin {equation*}1-r(u_h^k)=\frac {\Dt \|F(u_h^k)\|_H^2}{1+\Dt \|F(u_h^k)\|^2_H}\leq \Dt \|F(u_h^k)\|^2_{H}.\end {equation*}


$\|F(u_h^k)\|_{H}\leq c(\|u_h^k\|_H+\|u_h^k\|^3_{L^6(D)})\leq c(\|u_h^k\|_H+\|u_h^k\|^3_{\dot {H}^1})<\infty $


$u_h^k\in V_h\subset \dot {H}^1$


$\dot {H}^1\hookrightarrow L^6(D)$


$\|F(u_h^k)\|_{L^{2p}(\Omega ,H)}\leq c (\|u_h^k\|_{L^{2p}(\Omega ,H)}+\|u_h^k\|^3_{L^{6p}(\Omega ,L^6(D))}) \leq c(\|u_h^k\|_{L^{2p}(\Omega ,H)}+\|u_h^k\|^3_{L^{6p}(\Omega ,\dot {H}^1)})<\infty $


$k=0,\dots , N$


\begin {equation}\label {E22} \begin {array}{lll} e_{2,2}&\leq \Big \| \sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S(t_n-\tau )(F(u(\tau ))-F(u(t_{k})))d\tau \Big \|_{L^{2p}(\Omega ,H)}+\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}} \big (1-r(u_h^k)\big )S(t_n-\tau ) F(u(t_k))d\tau \Big \|_{L^{2p}(\Omega ,H)}\\&\leq \Big \| \sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S(t_n-\tau )(F(u(\tau ))-F(u(t_{k})))d\tau \Big \|_{L^{2p}(\Omega ,H)} +c\Dt \Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}} S(t_n-\tau ) F(u(t_k))d\tau \Big \|_{L^{4p}(\Omega ,H)}\\&\qquad \times \sup _{k=0,\dots ,n-1}\|F(u_h^k)\|^2_{L^{8p}(\Omega ,L^2(D))}\\& \leq c\| \sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S(t_n-\tau )(F(u(\tau ))-F(u(t_{k})))d\tau \Big \|_{L^{2p}(\Omega ,H)} +c\Dt \Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}} S(t_n-\tau ) F(u(t_k))d\tau \Big \|_{L^{4p}(\Omega ,H)}. \end {array}\end {equation}


$\tau \in [t_k,t_{k+1})$


\begin {equation*}u(\tau )-u(t_k)=(S(\tau -t_{k})-I)u(t_k)+\int _{t_k}^{\tau }S(\tau -r)F(u(r))dr+\int _{t_k}^{\tau }S(\tau -r)dW(r),\end {equation*}


$\big (F(u(t_k))-F(u(\tau ))\big )$


\begin {equation}\label {Fdifference} \begin {array}{lll} F(u(t_k))&-F(u(\tau ))=F'(u(\tau ))\big (u(t_k)-u(\tau )\big )+R_F(u(\tau ),u(t_k))=-F'(u(\tau ))(S(\tau -t_{k})-I)u(t_k)\\& -F'(u(\tau ))\int _{t_k}^{\tau }S(\tau -r)F(u(r))dr-F'(u(\tau ))\int _{t_k}^{\tau }S(\tau -r)dW(r)+\mathcal {R}_F(u(\tau ),u(t_k)), \end {array}\end {equation}


\begin {equation*}\mathcal {R}_F(u(\tau ),u(t_k)):=\int _{0}^{1}F''\big (u(\tau )+\eta (u(t_k)-u(\tau ))\big )(u(t_k)-u(\tau ))^2(1-\eta )d\eta .\end {equation*}


\begin {equation*}e_{2,2}\leq c(\mathcal {I}_1+\mathcal {I}_2+\mathcal {I}_3+\mathcal {I}_4+\mathcal {I}_5),\end {equation*}


\begin {align}&\mathcal {I}_1:=\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\Big \|S(t_n-\tau )F'(u(\tau ))(S(\tau -t_k)-I)u(t_k)\Big \|_{L^{2p}(\Omega ,H)}d\tau ,\notag \\ &\mathcal {I}_2:=\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\Big \|S(t_n-\tau )F'(u(\tau ))\int _{t_k}^{\tau }S(\tau -r)F(u(r))dr\Big \|_{L^{2p}(\Omega ,H)}d\tau ,\notag \\ &\mathcal {I}_3:=\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S(t_n-\tau )F'(u(\tau ))\int _{t_k}^{\tau }S(\tau -r)dW(r)d\tau \Big \|_{L^{2p}(\Omega ,H)},\notag \\ &\mathcal {I}_4:=\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}S(t_n-\tau )\mathcal {R}_F(u(\tau ),u(t_{k}))d\tau \Big \|_{L^{2p}(\Omega ,H)},\notag \\ &{\mathcal {I}_5:=\Dt \sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\Big \|S(t_n-\tau )F(u(t_k))\Big \|_{L^{4p}(\Omega ,H)}d\tau \notag .}\end {align}


$\mathcal {I}_1$


$\mathcal {I}_5$


$\mathcal {I}_1$


\begin {equation*}\begin {array}{lll} \mathcal {I}_1&\leq c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\big \|A^{\frac {\delta _0}{2}}S(t_n-\tau )\big \|_{\L (H)}\big \|A^{-\frac {\delta _0}{2}}F'(u(\tau ))(S(\tau -t_{k})-I)u(t_k)\big \|_{L^{2p}(\Omega ,H)}d\tau \\ &\leq c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}(t_n-\tau )^{-\frac {\delta _0}{2}} \big \|F'(u(\tau ))(S(\tau -t_k)-I)u(t_k)\big \|_{L^{2p}(\Omega ,L^1(D))}d\tau ,\ \ \forall \ \delta _0\in (\frac {3}{2},2). \end {array}\end {equation*}


$F(v)=v-v^3$


$v\in \mathbb {R}$


$\dot {H}^{\frac {1}{3}}\hookrightarrow L^6(D)\hookrightarrow L^4(D)$


$\tau \in (t_k,t_{k+1})$


\begin {equation*}\begin {array}{lll} \big \|F'(u(\tau ))(S(\tau &-t_k)-I)u(t_k)\big \|_{L^{2p}(\Omega ,L^1(D))} \leq c (1+\|u(\tau )\|^2_{L^{8p}(\Omega ,L^4(D))}) \|(S(\tau -t_k)-I)u(t_k)\|_{L^{4p}(\Omega ,H)}\\& \leq c (1+\|u(\tau )\|^2_{L^{8p}(\Omega ,L^4(D))})\mathbb {E}\big [\big \|A^{-\frac {\gamma }{2}}(S(\tau -t_{k})-I)\big \|^{4p}_{\L (H)}\big \|A^{\frac {\gamma }{2}}u(t_k)\big \|^{4p}_{H}\big ]^\frac {1}{4p}\\ & \leq c \Dt ^{\frac {\gamma }{2}}\big (1+\sup _{0\leq t\leq T}\|u(t)\|^2_{L^{8p}(\Omega ,L^4(D))}\big )\sup _{0\leq t\leq T}\|u(t)\|_{L^{4p}(\Omega ,\dot {H}^{\gamma })}\leq c\Dt ^{\frac {\gamma }{2}},\ \ \gamma \in [\frac {1}{3},\frac {1}{2}). \end {array}\end {equation*}


$\delta _0\in (\frac {3}{2},2)$


\begin {equation*}\begin {array}{lll} \mathcal {I}_1\leq c\Dt ^{\frac {\gamma }{2}}\int _{0}^{t_n}(t_n-\tau )^{-\frac {\delta _0}{2}}d\tau \leq c\Dt ^{\frac {\gamma }{2}}, \ \ \gamma \in [\frac {1}{3},\frac {1}{2}). \end {array}\end {equation*}


$\mathcal {I}_2$


$\|S(\cdot )\|_{\L (H)}\leq 1$


$\dot {H}^{\frac {1}{3}}\hookrightarrow L^4(D)$


$\delta \in (\frac {3}{2},2)$


\begin {equation*}\begin {array}{lll} \mathcal {I}_2&\leq c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\int _{t_k}^{\tau }\big \|A^{\frac {\delta _0}{2}}S(t_n-\tau )\big \|_{\L (H)}\big \|A^{-\frac {\delta _0}{2}}F'(u(\tau ))S(\tau -r)F(u(r))\big \|_{L^{2p}(\Omega ,H)}drd\tau \\ &\leq c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\int _{t_k}^{\tau }(t_n-\tau )^{-\frac {\delta _0}{2}}\big \|F'(u(\tau ))S(\tau -r)F(u(r))\big \|_{L^{2p}(\Omega ,L^1(D))}drd\tau \\ &\leq c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\int _{t_k}^{\tau }(t_n-\tau )^{-\frac {\delta _0}{2}}(1+\|u(\tau )\|^2_{L^{8p}(\Omega ,L^4(D))})\big \|F(u(r))\big \|_{L^{4p}(\Omega ,H)}drd\tau \\ & \leq c\Dt (1+\sup _{0\leq t\leq T}\|u(t)\|^2_{L^{8p}(\Omega ,\dot {H}^{\frac {1}{3}})})\sup _{0\leq t\leq T}\|F(u(t))\|_{L^{4p}(\Omega ,H)} \int _{0}^{t_n}(t_n-\tau )^{-\frac {\delta _0}{2}}d\tau \leq c\Dt . \end {array}\end {equation*}


$\mathcal {I}_3$


$\chi _{[a,b)}(\cdot )$


$[a,b)$


$a,b\in \mathbb {R}$


\begin {equation}\begin {array}{lll} \mathcal {I}_3& =\Big \|\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\int _{t_k}^{t_{k+1}}\chi _{[t_k,\tau )}(r)S(t_n-\tau )F'(u(\tau ))S(\tau -r)d\tau dW(r)\Big \|_{L^{2p}(\Omega ,H)}\\ &\leq c\Big (\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\big \|\int _{t_k}^{t_{k+1}}S(t_n-\tau )F'(u(\tau ))S(\tau -r)d\tau \big \|^2_{L^{2p}(\Omega ,{\L _0^2})}dr\Big )^{\frac {1}{2}}\\ &\leq c\Delta t^{\frac {1}{2}}\Big (\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\int _{t_k}^{t_{k+1}}\big \|S(t_n-\tau )F'(u(\tau ))S(\tau -r)\big \|^2_{L^{2p}(\Omega ,\L _0^2)}d\tau dr\Big )^{\frac {1}{2}}. \end {array} \label {Xeqn23-45}\end {equation}


$\|S(\cdot )\|_{\L (H)}\leq c$


$\dot {H}^\frac {1}{3}\hookrightarrow L^4(D)$


$\varepsilon _0>0$


\begin {equation*}\begin {array}{lll} &\big \|S(t_n-\tau )F'(u(\tau ))S(\tau -r)\big \|^2_{L^{2p}(\Omega ,\L _0^2)}\le c \|F'(u(\tau ))\|^2_{L^{2p}(\Omega ,L^4(D))}\Big (\sum _{j=1}^{\infty }\|S(\tau -r)\phi _j\|^2_{L^4(D)}\Big )\\& \le c \|F'(u(\tau ))\|^{2}_{L^{2p}(\Omega ,L^4(D))}\Big (\sum _{j=1}^{\infty }\big \|S(\tau -r)\phi _j\big \|^2_{\dot {H}^{\frac {1}{3}}}\Big )\leq c \|F'(u(\tau ))\|^2_{L^{2p}(\Omega ,L^4(D))}\big \|A^{\frac {1}{2}-\varepsilon _0}S(\tau -r)\big \|^2_{\L (H)}\big \|A^{-\frac {1}{3}+\varepsilon _0}\big \|^2_{\L _0^2}\\& \leq c\big (1+\sup _{0\leq t\leq T}\big \|u(t)\big \|^4_{L^{4p}(\Omega ,C(D))}\big )(\tau -r)^{-1+2\varepsilon _0}\leq c(\tau -r)^{-1+2\varepsilon _0}. \end {array}\end {equation*}


$\mathcal {I}_3$


\begin {equation*}\mathcal {I}_3 \leq c\Delta t^{\frac {1}{2}}\Big (\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\int _{t_k}^{t_{k+1}}(\tau -r)^{-1+2\varepsilon _0}d\tau dr\Big )^{\frac {1}{2}} \leq c\Dt ^{\frac {1}{2}}\big (\sum _{k=0}^{n-1}\Dt ^{1+2\varepsilon _0}\big )^{\frac {1}{2}}\leq c\Dt ^{\frac {1}{2}+\varepsilon _0}.\end {equation*}


$\mathcal {I}_4$


$\alpha =\frac {\delta _0}{2}$


$\delta _0\in (\frac {3}{2},2)$


\begin {equation*}\begin {array}{lll} \mathcal {I}_4&\le c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}(t_n-\tau )^{-\frac {\delta _0}{2}}\big \|A^{-\frac {\delta _0}{2}}\mathcal {R}_F(u(\tau ),u(t_k))\big \|_{L^{2p}(\Omega ,H)}d\tau \\ & \le c\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}(t_n-\tau )^{-\frac {\delta _0}{2}}\|\mathcal {R}_F(u(\tau ),u(t_{k}))\big \|_{L^{2p}(\Omega ,L^1(D))}d\tau \\& \le c \sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}(t_n-\tau )^{-\frac {\delta _0}{2}}\int _{0}^{1}\Big (\Big \|\big ((1-\eta )\|u(\tau )\|_{C(D)}+\eta \|u(t_{k})\|_{C(D)}\big )\|u(\tau )-u(t_k)\|^2_{H}\Big \|_{L^{2p}(\Omega )}\Big ) d\eta d\tau \\& \le c \sup _{0\leq t\leq T}\|u(t)\|_{L^{4p}(\Omega ,C(D))}\sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}(t_n-\tau )^{-\frac {\delta _0}{2}}\|u(\tau )-u(t_k)\|^2_{L^{8p}(\Omega ,H)}d\tau \\&\leq c \Dt ^\gamma \int _{0}^{t_{n}}(t_n-\tau )^{-\frac {\delta _0}{2}}d\tau \leq c\Dt ^\gamma . \end {array}\end {equation*}


$\mathcal {I}_5$


$\|S(\cdot )\|_{\L (H)}\leq 1$


\begin {equation*}{\mathcal {I}_5=\Dt \sum _{k=0}^{n-1}\int _{t_k}^{t_{k+1}}\big \|S(t_n-\tau )F(u(t_k))\big \|_{L^{4p}(\Omega ,H)}d\tau \leq c\sup _{0\leq t\leq T}\|F(u(t))\|_{L^{4p}(\Omega ,H)}\Dt \leq c\Dt .}\end {equation*}


$\mathcal {I}_1$


$\mathcal {I}_5$


\begin {equation}\label {e22bound} e_{2,2}\leq c\Dt ^{\frac {\gamma }{2}}.\end {equation}


\begin {equation}\label {e2result} e_2\leq c(\Dt ^{\frac {\gamma }{2}}+h^{2-2\varepsilon _0}),\ \gamma \in [\frac {1}{3},\frac {1}{2}),\end {equation}


$\varepsilon _0>0$


$e_3$


$e_3$


\begin {equation*}\begin {array}{lll} e_3\leq c(h^\gamma +\Dt ^{\frac {\gamma }{2}})\|A^{\frac {\gamma -1}{2}}\|_{\L _0^2}. \end {array}\end {equation*}


\begin {equation}\label {e3result} e_3\leq c(h^\gamma +\Dt ^{\frac {\gamma }{2}}).\end {equation}


$\mathcal {E}_2$


$\protect \mathcal  {E}_2$


$u_h^n$


$\mathscr {U}_h^n$


$c$


$h$


$\Dt $


\begin {equation*}\label {lemma5.4re} \|\mathscr {U}_h^n-u_h^n\|_{{L^2(\Omega ,H)}}\leq c(\Delta t^{\frac {\gamma }{2}}+h^{\gamma }), \ \ n=1,\dots ,N.\end {equation*}


$\theta _h^n:=\mathscr {U}_h^n-u_h^n$


$\theta _h^0=0$


$\theta _h^n\in V_h$


\begin {equation*}\begin {array}{lll} \theta _h^{n+1}-\theta _h^n=-\Dt A_h \theta _h^{n+1}+r(u_h^n)\mathcal {P}_h\big (F(u(t_n))-F(u_h^n)\big )\Dt . \end {array}\end {equation*}


$H$


$\theta _h^{n+1}$


\begin {equation}\label {formula1} \begin {array}{lll} (\theta _h^{n+1}-\theta _h^n,\theta _h^{n+1})+\Dt \big \|\nabla \theta _h^{n+1}\big \|^2_{{H}}&=r(u_h^n)\Dt \Big (\big (F(u(t_{n}))-F(\mathscr {U}^{n}_h),\theta ^{n+1}_h\big )+\big (F(\mathscr {U}^{n}_h)-F({{u}}^{n}_h),\theta ^{n}_h\big )\\&\quad +\big (F(\mathscr {U}^{n}_h)-F({{u}}^{n}_h),\theta ^{n+1}_h-\theta ^{n}_h\big )\Big ). \end {array}\end {equation}


$r(u_h^n)\leq 1$


$\|F(v)\|^2_{H}\leq c(\|v\|^2_{H}+\|v\|^6_{L^6(D)}), \forall v\in L^6(D)$


\begin {equation}\label {formula2} \begin {array}{lll} &r(u_h^n)\Dt \Big (\big (F(u(t_{n}))-F(\mathscr {U}^{n}_h),\theta ^{n+1}_h\big )+\big (F(\mathscr {U}^{n}_h)-F({{u}}^{n}_h),\theta ^{n}_h\big )+\big (F(\mathscr {U}^{n}_h)-F({{u}}^{n}_h),\theta ^{n+1}_h-\theta ^{n}_h\big )\Big )\\&\leq c\Dt \|A^{-\frac {1}{2}}(F(u(t_{n}))-F(\mathscr {U}_h^{n}))\|_{H}\|\nabla \theta _h^{n+1}\|_{H}+\Dt \|\theta ^n_h\|^2_{H}+\Dt ^2\|F(\mathscr {U}^n_h)-F(u_h^n)\|_{H}^2\\&\quad +\frac {1}{4}\|\theta ^{n+1}_h-\theta ^n_h\|^2_{H}\\&\leq c\Dt \|F(u(t_{n}))-F(\mathscr {U}_h^{n})\|^2_{L^{\frac {6}{5}}(D)}+\Dt \|\nabla \theta _h^{n+1}\|^2_{H}+\Dt \|\theta ^n_h\|^2_{H}\\&\quad +c\Dt ^2\Big (\|\mathscr {U}_h^n\|^2_{H}+\|\mathscr {U}_h^n\|^6_{L^6(D)}+\|{u}_h^n\|^2_{H}+\|{u}_h^n\|^6_{L^6(D)}\Big )+\frac {1}{2}\big \|\theta ^{n+1}_h-\theta ^n_h\big \|^2_{H}. \end {array}\end {equation}


\begin {equation}\label {Holder} \big \|F(u(t_{n}))-F(\mathscr {U}_h^{n})\big \|^2_{L^{\frac {6}{5}}(D)}\leq c\big \|u(t_n)-\mathscr {U}_h^n\big \|^2_{H}\big (1+\|u(t_n)\|^4_{L^6(D)}+\|\mathscr {U}_h^n\|_{L^6(D)}^4\big ).\end {equation}


$a(a-b)=\frac {1}{2}(a^2-b^2)+\frac {1}{2}(a-b)^2$


$a, b\in \mathbb {R}$


\begin {equation*}\begin {array}{lll} \frac {1}{2}\mathbb {E}&\big [\big \|\theta ^{n+1}_h\big \|^2_{H}-\|\theta ^{n}_h\|^2_{H}\big ]\leq c\big (1+\mathbb {E}[\|u(t_{n})\|^8_{L^6(D)}]+\mathbb {E}[\|\mathscr {U}_h^{n}\|^8_{L^6(D)}]\big )^\frac {1}{2}\big \|u(t_n)-\mathscr {U}_h^{n}\big \|_{L^4(\Omega ,H)}^2+\Dt \mathbb {E}[\|\theta ^n_h\|^2_{H}]\\&+c\Dt ^2\mathbb {E}\big [\|\mathscr {U}_h^n\|^2_{H}+\|\mathscr {U}_h^n\|^6_{L^6(D)}+\|{u}_h^n\|^2_{H}+\|{u}_h^n\|^6_{L^6(D)}\big ]. \end {array}\end {equation*}


$\dot {H}^{\frac {1}{3}}\hookrightarrow L^6(D)$


\begin {equation*}\frac {1}{2}\big \|\theta ^{n+1}_h\big \|^2_{L^2(\Omega ,H)}\leq \big ( \frac {1}{2}+\Dt \big )\big \|\theta _h^n\big \|^2_{L^2(\Omega ,H)}+ c(\Dt ^{\frac {\gamma }{2}}+h^{\gamma })^2.\end {equation*}


$\rho (\Dt ):=1+2\Dt $


\begin {equation*}\big \|\theta ^{n+1}_h\big \|^2_{L^2(\Omega ,H)}\leq \rho (\Dt )\big \|\theta _h^n\big \|^2_{L^2(\Omega ,H)}+ c(\Dt ^{\frac {\gamma }{2}}+h^{\gamma })^2.\end {equation*}


\begin {equation*}\begin {array}{lll} \big \|\theta ^n_h\big \|^2_{L^2(\Omega ,H)}&\leq \rho (\Dt )^n\big \|\theta _h^0\big \|^2_{L^2(\Omega ,H)}+c(\Dt ^{\frac {\gamma }{2}}+h^{\gamma })^2\sum _{k=0}^{n-1}\rho (\Dt )^k. \end {array}\end {equation*}


$\rho (\Dt ):=1+\frac {2T}{N}$


\begin {equation*}\lim \limits _{N\to \infty }\rho (\Dt )^n=\lim \limits _{N\to \infty }(1+\frac {2T}{N})^n\leq \mbox {e}^{2T},\ \ \forall n\leq N.\end {equation*}


$\sum _{k=0}^{n-1}\rho (\Dt )^k\leq c$


$\theta _h^0=0$


\begin {equation*}\begin {array}{lll} \|\theta ^n_h\|&^2_{L^2(\Omega ,H)} \leq c(\Dt ^{\frac {\gamma }{2}}+h^{\gamma })^2. \end {array}\end {equation*}


$u(t)$


$u_h^n$


$c$


$\Dt $


$h$


$\gamma \in [\frac {1}{3}, \frac {1}{2})$


\begin {equation*}\label {conclusion} \big \| u(t_n)-u^n_{h}\big \|_{{L^2(\Omega ,H)}}\leq c\big (\Delta t^{\frac {\gamma }{2}}+h^{\gamma }\big ), \ \ n=1,\dots ,N.\end {equation*}


\begin {equation*}\big \| u(t_n)-u^n_{h}\big \|_{{L^2(\Omega ,H)}}\leq c\big (\Delta t^{\frac {\gamma }{2}}+h^{\gamma }\big ),\ n=1,\dots ,N.\end {equation*}


\begin {equation}\label {ACeq1D} \begin {array}{lll} du(x,t)&=\big (\partial _{xx} u+\frac {(u-u^3)}{\varepsilon ^2}\big )dt+\sigma dW(x,t),\ 0<{t}\leq T,\ x\in (0,1),\\ u(0,t)&=u(1,t)=0,\quad 0\leq t\leq T, \\ u(x,0)&=u_0(x),\ x\in [0,1], \end {array}\end {equation}


$\varepsilon $


$\sigma $


$W(x,t)$


\begin {equation}\label {fulldis1} \begin {array}{lll} (I+\Dt A_h)u_h^{n+1}=&u_h^n+{\mathcal {P}_h}F(u_h^{n})+\mathcal {P}_h\Delta W^n,\\ u_h^0=&\mathcal {P}_hu_0. \end {array}\end {equation}


$h=1/64$


$T=1$


$\varepsilon =0.01$


$\sigma =0.5$


$\|u_h^n\|_{L^2(D)}$


$\|u_h^n\|_{L^2(D)}$


$t=3.08\times 10^{-3}$


$\Dt \geq 2.2\times 10^{-4}$


$\Dt =0.01$


$f \in C_b(H)$


\begin {equation}\label {ergolimit} \lim \limits _{n\to \infty }\frac {1}{n}\sum _{k=0}^{n}\mathbb {E}[f(u^k)]\end {equation}


$u_0(x)$


$u^k$


$k$


$t=1000$


$t=200$


$\mathbb {E}[f(u^k)]$


$\Dt =0.1$


\begin {equation*}\lim \limits _{n\to \infty }\frac {1}{n}\sum _{k=0}^{n}\mathbb {E}[f(u^k)]\approx \frac {1}{5,000,000}\sum _{k=1}^{10,000}\sum _{j=1}^{500}f(u^k_{j}),\end {equation*}


$u^k_{j}$


$j$


$u^k$


$E_n:=\frac {1}{n}\sum _{k=0}^{n}\mathbb {E}[f(u^k)]$


$h=1/128$


$\varepsilon =0.01$


$\sigma =0.1$


$\{E_n\}_{n=1}^{t/{\Dt }}$


$E_n:=\frac {1}{n}\sum _{k=0}^{n}\mathbb {E}[f(u^k)]$


$f(\cdot )=e^{-\|\cdot \|^2_{H}}$


$f(\cdot )=\|\cdot \|^2_{H}$


$f(\cdot )=e^{-\|\cdot \|^2_{H}}$


$f(\cdot )=\|\cdot \|^2_{H}$


$n$


$E_n$


$T=1$


$\varepsilon =0.01$


$h=1/64$


$\sigma =1$


$T=0.1$


$T=1$


$h=1/128$


$\Delta t=10^{-6}$


$\big (\mathbb {E}[\|u(T)-u^N_h\|^2_{H}]\big )^{\frac {1}{2}}$


\begin {equation*}\Big (\mathbb {E}\big [\|u(T)-u^N_h\|^2_{H}\big ]\Big )^{\frac {1}{2}}\approx \Big (\frac {1}{200}\sum _{j=1}^{200}\|u^{\rm {ref}}_j-u^N_{j,h}\|_{{H}}^2\Big )^\frac {1}{2}=:u_{\rm {error}},\end {equation*}


$u^{\rm {ref}}_j$


$u_{j,h}^N$


$j$


$\varepsilon =1$


$\sigma =0.5$


$\gamma =0.4995$


$u_{\rm {error}}$


$T$


$u_{\text {error}}$


$T = 0.1$


$T = 1$


$\Delta t = 10^{-2}$


$5 \times 10^{-3}$


$2.5 \times 10^{-3}$


$1.25 \times 10^{-3}$


$6.25 \times 10^{-4}$


$\gamma \to \frac {1}{2}$


$\mathcal {O}(\Delta t^{\frac {1}{4}-\varepsilon _0)}$


$\varepsilon _0$


$\{u^n\}_{n\in \mathbb {N_+}}$


$\{u^n\}_{n\in \mathbb {N_+}}$


$H$


$\mathcal {B}(H)$


$\sigma $


$H$


$\{u^n\}_{n\in \mathbb {N_+}}$


\begin {equation}\label {transker} P(\eta ,B):=\mathbb {P}(u^{n+1}\in B|u^n=\eta ),\ \eta \in H, B\in \mathcal {B}(H).\end {equation}


$\mu $


$\mathcal {B}(H)$


$\{u^n\}_{n\in \mathbb {N}_+}$


\begin {equation}\label {invariant} \int _{H}P(\eta ,B)\mu (d\eta )=\mu (B),\ \ \forall B\in \mathcal {B}(H).\end {equation}


$n\in \mathbb {N}_+$


$\Dt \in (0,1)$


$P(\cdot ,\cdot )$


$\{u^n\}_{n\in \mathbb {N}_+}$


$P(\cdot ,\cdot )$


$P(\cdot ,\cdot )$


$\Psi (v):=(I+\Dt A)v$


$v\in H$


$B\in \mathcal {B}(H)$


$\Psi (B)$


$\mathcal {B}(H)$


$\{u^n\}_{n\in \mathbb {N}_+}$


\begin {equation*}\begin {array}{lll} \big (\Psi (v_1)-\Psi (v_2),v_1-v_2\big )&=\Dt \|\nabla (v_1-v_2)\|^2_{H}+\|v_1-v_2\|^2_{H}\\ &\ge (1+c\Dt )\|v_1-v_2\|^2_{H},\ \ \forall v_1,v_2\in H, \end {array}\end {equation*}


\begin {equation*}\begin {array}{lll} \|\Psi (v_1)-\Psi (v_2)\|_{H}\ge c_{1}\|v_1-v_2\|_{H}. \end {array}\end {equation*}


$r>0$


\begin {equation}\label {open} \mathrm {b}(\Psi (v),r)\subset \Psi \big (\mathrm {b}(v,r/c_1)\big ), \ \ v\in H,\end {equation}


$\mathrm {b}(z,\rho )$


$z$


$\rho $


$B\in \mathcal {B}(H)$


$f\in B$


$r_f>0$


$\mathrm {b}(f, r_f)\subset B$


$\Psi (B)$


$f \in B$


$r_1>0$


$\mathrm {b}(\Psi (f), r_1) \in \Psi (B)$


$\mathrm {b}(f, r_f)\subset B$


$r_1$


\begin {equation*}\mathrm {b}(\Psi (f),r_1)\subset \Psi \big (\mathrm {b}(f,r_1/c_1)\big )\subset \Psi (B),\end {equation*}


$\Psi (B)$


$P(\cdot ,\cdot )$


$\mu _{m,C}$


$H$


$m$


$C$


$B\in \mathcal {B}(H)$


\begin {equation*}\begin {array}{lll} P(\eta ,B)&=\mathbb {P}(u^{n+1}\in B| u^n=\eta )=\mathbb {P}\big ((\eta +r(\eta )F(\eta )\Dt +\Delta W^n)\in \Psi (B)\big ) =\mu _{\eta +r(\eta )F(\eta )\Dt ,\Dt I}(\Psi (B)),\ \ \eta \in H, \end {array}\end {equation*}


$\eta +r(\eta )F(\eta )\Dt +\Delta W^n$


$\eta +r(\eta )F(\eta )\Dt $


$\Dt I$


$\Psi (B)$


$\mu _{\eta +r(\eta )F(\eta )\Dt ,\Dt I}$


$\Dt I$


$\mu _{\eta +r(\eta )F(\eta )\Dt ,\Dt I}(\Psi (B))>0$


$P(\eta ,B)>0$


$\{u^n\}_{n\in \mathbb {N}_+}$


$H$


$\{\mu _{\xi ,\Dt I},\xi \in H\}$


$P(\cdot ,\cdot )$


$\{u^n\}_{\mathbb {N}_+}$

https://orcid.org/0000-0002-5686-5017
mailto:qixiao@jhun.edu.cn
mailto:y.yan@chester.ac.uk
https://doi.org/10.1016/j.apnum.2026.01.017
https://doi.org/10.1016/j.apnum.2026.01.017
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apnum.2026.01.017&domain=pdf
http://creativecommons.org/licenses/by/4.0/

X. Qiand Y. Yan Applied Numerical Mathematics 224 (2026) 22-36

see, e.g., [6,14] have investigated numerical performance of tamed schemes for SACEs under white-noise perturbations. Among the
existing tamed approaches, the semi-implicit tamed scheme proposed by Huang and Shen [10] has received particular attention due to
its unconditional stability and its computational efficiency. However, the numerical analysis of this scheme has so far been restricted
mainly to colored-noise-driven SACEs [5,7], and existing stability results for this tamed scheme are limited to finite time intervals.
To the best of our knowledge, no prior work has applied this tamed scheme to SACEs driven by white noise, nor has its long-time
stability been examined in the white noise regime. Moreover, for SACEs perturbed by white noise, strong convergence analysis for
the fully discrete scheme obtained by combining this tamed approach with the finite element method are also lacking. The present
paper aims to fill these research gaps by providing a deeper and more systematic numerical analysis of this tamed scheme.

Consider the numerical approximation of the following stochastic Allen-Cahn equation driven by additive white noise:

du(t) = ( — Au(t) + F(u(1)))dt + dW (), 1 > 0,

u(0) = uy, 1)

where —A := A denotes the Laplacian operator with homogeneous Dirichlet boundary conditions. (i.e., u(¢) satisfies homogeneous
Dirichlet boundary conditions), the nonlinear drift term is defined by F(u) := u — u?, and W (r) represents cylindrical Wiener process
[9] to be specified later.

Although many researchers have conducted in-depth numerical analysis of problem (1) using a variety of numerical schemes,
see, e.g., [15-20] and references therein, only a very limited number of works have investigated the long-time stability of numerical
schemes. Liu [20,21] analyzed the long-time stability of the backward Euler scheme for SACEs driven by multiplicative noise, estab-
lishing the existence and uniqueness of invariant measure. Wang et al. [14] proposed a fully discrete “tamed accelerated exponential
Euler/spectral Galerkin” scheme for SACEs with additive noise, proving time-uniform moment bounds over infinite time horizons and
deriving weak error estimates on unbounded time intervals. Jiang et al. [22] developed a class of fully discrete “tamed exponential
Euler/spectral Galerkin” schemes for SPDEs with non-globally Lipschitz coefficients, showing that these explicit methods are easy to
implement, preserve the ergodicity of dissipative SPDEs, and admit uniform-in-time weak error bounds.

The main contributions/novelties of this work are summarized as follows:

¢ For problem (1) driven by additive white noise, we rigorously establish the long-time unconditional stability of the semi-implicit
tamed method proposed in [10].

¢ We derive the strong convergence rates for a fully discrete scheme obtained by coupling the tamed scheme proposed in [10] with
a finite element spatial discretization. The main theoretical result is the proof of the strong convergence order O( NN % ), where
h and At denote the spatial and temporal mesh sizes, respectively, and y € [%, %) is a parameter characterizing the regularity of
the noise.

The remainder of the paper is organized as follows. Section 2 introduces the basic concepts and notations used throughout the paper.
In Section 3, we present the tamed temporal discretization and establish the unconditional stability of the semi-discrete scheme.
Section 4 is devoted to the strong convergence analysis of the fully discrete scheme based on the finite element method. Finally,
Section 5 provides numerical experiments that demonstrate the efficiency of the proposed method.

2. Preliminaries

To facilitate the theoretical and numerical analysis of problem (1), we start by introducing some notations and notions. Let D be
a bounded open physical domain. Denote by C(D) a Banach space of continuous functions with usual norms. For p > 1, let L??(D) be
the standard Lebesgue space. Let H := L?(D) be a Hilbert space equipped with inner product (-, -). For s € R, we define the Hilbert
space H* as the domain of the fractional power of the operator A, equipped with the norm

loll s := A% olly, Vo€ B, @

where D(A) = Hé (D) N H3(D). In particular, one has H* = H, H' = Hé (D)and H? = D(A) [23]. Let L(H) denote the space of bounded
linear operators from H to H. Denote by C,(H) the space of bounded, continuous functions on H. Let (Q, F, {F,};5, P) be a filtered
probability space equipped with a normal filtration {F,},5,. Denote by L**(Q, H), p > 1, the space of H-valued random variables that
are 2p-integrable, endowed with the norm

1
0l 2oy i= (EOIRIZT) > < oo, Vo€ L, H). 3)

Here, E[-] denotes the expectation with respect to the probability measure P.

It is well known that Eq. (1) driven by additive white noise admits a mild solution only in the one-dimensional spatial setting [9].
Therefore, we restrict our analysis to a one-dimensional bounded spatial domain and, specifically, consider D = (0, 1) throughout this
work. Denote by {¢; € H : j € N, } the orthonormal eigenfunctions of A, and by {g;,/ € N, } the corresponding positive eigenvalues,
that is {¢; = \/5 sin(jzx),x € D} jey, and {q; = j2r?) jen, - Let W () be a F,-adapted cylindrical Wiener process represented by the
Karhunen-Loéve expansion

Wty=Y ;B (4)

Jj=1
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where {f;()} e, are independent and identically distributed (i.i.d.) 7;-adapted Brownian motions. It is worth noting that this cylin-
drical Wiener process is a special case of a Q-Wiener process with the covariance operator Q = I, and it is well defined in the Hilbert
space H* for any s < —% [12, Definition 10.14]. Throughout the paper, the symbol ¢, with or without subscripts, denotes a generic
positive constant that may vary from line to line.

We are interested in the mild solution of the problem (1) given by

t

1
ut) = S(Nugy + / S(t — 7)F(u(t))dr + / S(t — T)dW (z), )
0 0

where S(¢) := ¢4 denotes the analytic semigroup generated by the operator A. It is known from [12, Lemma 3.22] that the semigroup
S(¢) satisfies the following smoothing and ultracontractive properties:
- For all 0 < a < 1, there exists a constant ¢ such that

A = S@)ll sy < et Ve 2 0. ©)
- For any a > 0, there exists a constant ¢ such that
1A% Sy < et™, V1> 0. 7)

To investigate the strong convergence of the subsequent numerical scheme, we impose the following assumptions on the drift
term F(-) and the operator A.

e Assume that F(-) : L%(D) — H satisfies the following one-sided Lipschitz condition
(v = vy, F(u) = F(0y) < llvy = 0,l%,, VYo,0, € LY(D). 8)

e We quantify the regularity of the noise by a parameter y through the condition

i, <o < ®

where || - ||l 2 denotes the norm of the Hilbert-Schmidt operator space [24].
0

Remark 1. The condition (8) is weaker than the global Lipschitz assumption and is commonly employed in the numerical analysis
—1
of the stochastic Allen-Cahn equation; see, e.g., [17, (2.7)]. In condition (9), the requirement y < 1/2 ensures ||AVT |l2 < oo. Indeed,
0

fory < %,
= s 1 o iy ) - 1
||A 7 g: _E qu||2 )2 (E q;71)2 <c( E JHDY? < 0.

Furthermore, we impose y > 1 in (9) to guarantee that the mild solution (5) possesses a certain spatial regularity, which is crucial
for the use of the Sobolev embedding inequality in subsequent numerical analysis. The same assumption as (9) is also adopted by Qi
et al. [17, (2.8)] in their numerical analysis of SACEs.

For a sufficiently large number p, € N, we assume that the initial value u, € L?(Q, H!) is an Fj,-measurable random variable. Under
these assumptions, for any 7' > 0, the SPDE (1) admits a unique mild solution u(¢) : [0,7T] X Q — C(D) with continuous sample paths,
given by (5). Moreover, for any p > 1, there exists constant ¢ > 0 depending on T and p, such that

sup ”“(I)”LZP(Q,C(D)) <e(l+ ||u0||LZI!(Q_C(D)))7 (10)
0<t<T
1
OSHP ||u(t)||sz(Q A7) S <c(l+ ”uo”LZp(Q Hy)) VS [ s 2)’ an
<t<
r 11
[lu(zy) —uCz)ll 2oy S c(ry =72, VOS 7, <7, <T, v € [5, E) (12)

The well-posedness of problem (1), along with the regularity estimates (10)-(12), has already been established by Wang in [9,
Theorem 2.6] for t € [0, T].

L1
Based on the regularity estimate (11), the explicit form of the drift term F(u) = u —u, and the Sobolev embedding H3 < L°(D)
in one-dimensional case [17, (2.17)], it follows that, for any p> 1 and T > 0,

supocr<r IF@l p2po iy < c(suposs<r 1wl L2001y + SUPo<r<T llu()|®

L@, L6(D>)) 13)
< c(supogi<r 14Ol 200, fr7) + SUPo<i<T lu@I?

L@, m)) < 0.

This bound plays a crucial role in the subsequent error analysis.

1
ZFory €3, llwlle i= (X2, llve,li,) 2.
0 0 j=1
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3. Tamed scheme and its long-time stability

This section is devoted to the long-time stability analysis of a tamed time-discrete scheme for problem (1). Let At € (0, 1) denote
a uniform time step and set ¢, := nAt for n € N,. Motivated by the work of Shen et al. [10], we define the tamed factor

) 1= % (14)
L+ At||FOly,

This factor depends on the H-norm of the nonlinear drift term F(-). The temporal discretization of (1), referred to hereafter as the
“drift-tamed Euler-Maruyama” scheme, is formulated as follows: find an 7, -adapted Markov chain {u"},¢y, , such that

(I + AtA" = u" + rW)FW"At + AW™", ne N,

ud = up,

(15)

where AW" := W (t,,,) — W(t,). This temporal discretization has previously been applied to the numerical approximation of SACEs
with trace-class noise; see, e.g., [5,7], where it was shown to be unconditionally stable on arbitrary finite time intervals. However, to
the best of our knowledge, no existing work has investigated the long-time stability of this scheme for SACEs driven by white noise.
The present study appears to be the first to analyze its long-time stability. The scheme (15) is drift-explicit and its computational cost
is essentially that of solving a second-order linear elliptic problem at each time step, which makes it more efficient than drift-implicit
alternatives [17,21].

In what follows, we show that the scheme (15) is long-time unconditionally stable.

Proposition 1 (Long-time unconditional stability). Letu, € L?*?(Q, H'), p > 1. Then the numerical solution {u"},en, Of the semi-discrete
problem (15) is unconditionally stable in the mean-square sense. More precisely, there exists a constant ¢ independent of At such that
122

<ce a2 " ||u0|| neN,. (16)

llu" ||L2(Q H) — LZ(QHI)

Proof. Let S, := (I + AtA)~'. The solution of scheme (15) can be written as follows:

n—1 n—1

W= Sk + Y SEE @) Fwh)ar+ Z SIFAWK, neN,. (17)
k=0

Define the discrete stochastic convolution W" := ¥ S"-*AW*, with W° = 0.

By q; = 72j% and discrete Burkholder-Davis-Gundy inequality [23, Lemma 2.2], we obtain for any p > 1 and 6 € [0, 1/2),
n — n—1 n k k 2p n—k k P
e W =e zatspaw ] <o st ,, )

< car( T | T2 |43 st ) SeAP(TIT B (a7 (1 4+ Argyyeh)? ) (18)
< ehrr((E2, ) Thsh(1 +arg) 20 R) < e( T2, 47) e 5€0,172),

)Zk—Ar-llA 5= 1.'
q;(1+Atq;) Atg;

where we used the estimate Y7 _{ (1 + Atq;) 200 = ¥ _ ( A,
Let X" :=u" — W”, with X9 = uy. According to (17), we obtain
n—1
"= Sk + Y SaF ) F)AL,
k=0
which implies that X" satisfies
(I +AtAX" = X" 4 r@" HYF@" )AL, neN,.

Taking the L?(D)-inner product of both sides with X", and using the identity 2a(a — b) = a®> — b*> + (a — b)?, a,b € R, we arrive at

X703, = IX"H5, + 1X7 = X, + 280 VXI5, = 6, + 6, + 65, 19
where

0, =2r@"HAH(F@h, X" — X1,

0, :=2r@" HA(F@) - Fwm=1), xn1),

0y =2r@"HA(FWnh, xh).

We now estimate the terms 6,, 6,, and 6 separately. Firstly, employing r(-) < 1, and r(u”‘1)||F(u"‘1)||2HAt < 1, derives
0, < APr@ ™ DIIF@ O3, + r@ DX = X"HE < A+ 1X7 = X1,
The estimation of 6, follows by r(-) < 1 and condition (8)

0, < 2A1]| X3,
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For the estimate of 65, using r(-) < 1, Cauchy inequality, Sobolev embedding L!(D) < H~! 2, and F(v) = v — v?, v € R, we deduce

1 L ~
03 <2AH|AZ X" | g |AT2 FOV " ||y < Ar|VX"2, +c‘At|IF(W"‘1)I|"}{,l

S AIVXTH + Al FOVTHIR, < AVXPHE + eAr(IWG + WG, ) )-

Substituting the estimation result of 6, i = 1,2, 3, into (19), we obtain
2 2 —1)12 -1)12 —1)2
IX712, + 28 VX 12, < IX"E, + Ar+ 286 X 12, + A VX,

—112 wn—116
+eAr (W, + IS, ).

(20)

Define the constant

. 2x%Ar+1
T 1+ Q+ )AL
Through Poincaré inequality * , we observe that

]

(co(1+2A0 = 1) IX"17, = @ = c)m” Al X" I3, < 2 = )AL VX"|I3,.
yielding
co((1+2A01X"[I3, + ATIVX"[13,) < X", + 2801V X" |15, 1)

Combining (20) and (21), and applying the Sobolev embedding H % < LOD), we deduce

co((L+2A0IX"12, + AfIVX"|2 ) < (1 +F2VAt)||X"‘1 ||§L+ Af|lVX"H2 ) + Ar
At (W12 + wehe .
H3

Taking expectations on both sides of the above inequality and using (18), we obtain

ny2 n2 1 n—112
A+ 280X, + AIVXIE, < S(a+2anix 2, -

+At||VX"] ”sz(g H)) + cAt,

where Cl < 1 due to ¢y > 1. Recursively applying (22) gives
0

np2 np2 1 0112
(1 +2An|| X ”L2(Q,H) + At|VX ||L2(£1,H) < @ ((l +2A0[| X ||L2(Q’H) .
0112 n=1.1k
FAVXOIZ, () )+ et DTy (D
nAK(x2-2)

s L 2xAr+l _ Tn _ (1 _ @=DAt, “Tialar n=1,1\k o .
Since ¢, := T 1, =nAt (neN,, Are(0,1)), (00) = (1 —2”2&“) <e 1+22m , and Zk=0(00) < el one readily deduces

from (23) that

_ nAnx2-2)

2
ny2 < 14222 0112 27°At+1
X" <€ E CAF2BDIXON, ) F P

22
T2 ) v 012
<ce 22" || X “LZ(Q,FII) +c, neN,.

Finally, making use of the identity X" := u" — W", X° =, and the estimate (18), we conclude that

2
2 =2

< ce( 14272 I")
L2(Q.H)

2
n

U 4, neNL,
O”LZ(Q.HI) +

where the constant c is independent of Az. This completes the proof. O

Remark 2. From the inequality (22), we observe that the discrete variable X", which is associated with u”, satisfies the following
Lyapunov structure

n l n—1
V(X" < o V(X" +ecAt, neN,, (24)

where ¢, > 1 and V(X") := (1 +2A0)||X ”||2L2(Q i + At||VX "||2L2(Q oy This recursive inequality exhibits a dissipative structure and im-
plies an exponential decay of the functional V' (X"). It is precisely this Lyapunov structure that enables us to establish the long-time

unconditional stability of the numerical solution «", uniformly with respect to the time step Ar.

Another noteworthy point is that the long-time stability properties are often closely linked to the analysis of the existence and
uniqueness of the invariant measure associated with the Markov chain induced by the time discretization. A rigorous proof of the
existence and uniqueness of an invariant measure for the Markov chain {u"},c\, generated by the scheme (15) is beyond the scope
of the present work. Nonetheless, under the assumption that such a measure exists, we provide a discussion on its uniqueness in the
Appendix 7.

2 H-!is the dual space of H'.
3 Poincaré inequality ||Vo||%, > #2||v]|%,, Yv € H', see, e.g., [21, (2.2)].
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4. Full discretization and strong error analysis

This section aims to analyze the strong convergence of a spatio-temporal fully discrete method that combines the proposed time-
discretization scheme with a finite element spatial discretization. Recall that in the stability analysis of the time-discrete scheme (15),
the time step size At is fixed, allowing us to examine the long-time stability of the scheme (15). In this section, we shall investigate
the strong convergence order of the resulting fully discrete scheme on a finite-time interval [0, T], where T > 0 is a fixed time.

Define the uniform time step size by At := T /N for some positive integer N. Let 7, denote the uniform partition of the spatial
domain D = (0, 1), and define the corresponding finite element space by

V, :={ve C(D), v=0onaD, v|gy €P|(K)forall K € T},},

where P, (K) denotes the space of polynomials of degree at most one on the element K. Let P, denote the orthogonal projection from
H to V},, and define the discrete Laplace operator A, : V;, = V, by

(Apw,v) := (Vw, Vo), Yw,v € V),
The resulting fully discrete scheme, called hereafter “drift-tamed Euler-Maruyama/finite element method”, reads: find an 7, -
adapted, V,-valued random variable W forn=0,...,N — 1, such that

h
(I + AtA =l + ()P, F )AL+ PR AW, (25)
u(;l = Phuo,

where r(u}) := and uj, denotes the fully discrete approximation to u(t,), with ¢, = nAt. It is worth mentioning that several

1
L+ Fith)2,?
numerical studies, see, e.g., [7,10], have investigated fully discrete schemes for SACEs incorporating the taming strategy same to that
employed in the present work. However, the study in [10] utilizes a spectral method for spatial discretization, while [7] considers
SACEs driven by multiplicative trace-class noise, rather than additive white noise. To the best of our knowledge, the present work
appears to be the first to approximate SACEs driven by additive white noise using a finite element spatial discretization in combination
with the tamed factor defined in (14).

We now focus on the strong error estimation of the fully discrete scheme (25). Our aim is to derive the error bound of the error
llut,) = uyll 120,15 wheren=1,...,N.

To facilitate the analysis, we first introduce an auxiliary process %, defined by
U = UM+ MAUT = WP, Fu(t,)At + PR AW", n=0,...,N -1, 26)
‘Zl,? = Prug.

This auxiliary process helps us overcome the analytical challenges posed by the cubic, non-globally Lipschitz drift term. A similar
technique was employed in [17] to analyze the strong convergence error of the backward Euler scheme.
Let S}, o, := (I + AtA,)~!. Then the sequence %, admits the following recursive representation

U = S) Prtg + Tuso "SI AP Fut)At + Ty [ SHEPdW (), n=1...,N,

h,At X h,At 27)
%2 = Ppug.
The strong error can be decomposed into two components
llutt,) = upll 20 my < Nuy) = UGl 2y + 1%y —upll2@m =0 & + & (28)

To estimate the total error, we analyze the two terms &, and &, separately. Before proceeding with the detailed estimates, we present
several preliminary results that will be used throughout the analysis.
» The following estimates for the operators A, A, and S}, 5, hold

1473 ol < ellell iy Voo € 3,2), ve LDy @9

1ol <ellol g v LED) G0

A2 Pyolly < 1A ol < all A2 Pyollg, v € HY a e [=1,1, ey > 0 GU

(S = S P, < et + a5, T Aol 0y <u<2 v e Y me (1o N): (32)

HAZ P Prolly <t ol @ €10,1], me (1,...,N}, v e H; (33)

At Eml ||A,%SZ,A,th||%, <cllolly, me(l,....N}, veH. B9
k=1

The estimates (29)-(34) are classical results frequently used in the numerical analysis of SPDEs; see, e.g., [17, (2.18), (2.19), (3.3),
(4.7), (4.10), (4.11)].

- Suppose that u, € L?(Q, H') is an F,-measurable random variable. Then, the auxiliary process «, satisfies the following moment
estimate

”%hn”LZp(Q,LtS(D)) <e¢, p21, n=1,...,N. (35)
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Indeed, to derive this bound, we first apply the Burkholder-Davis-Gundy inequality [25, Proposition 2.6], the Sobolev embedding
L1
H3 o L%D), the estimates [17, (4.19)], (34), and condition (9) to obtain

n—1 on k
” Zk—O Sh At

<A e <.
0

| iz siamiawt] e

e siaisiinl)’

Nt =<
L20(Q,L5(D)) L2(Q.H 3 ) (36)

. L1
Then using the representation (27), the fact that rwp) <1, the Sobolev embeddings H'! < H3 < L°(D), along with the bounds (31),
(33), (13), and (36), we deduce
1% @iy SIS aPull , o et S|P F@ao],
+” Yol gn- "PhAW"”

2p( QH3)

k=0 ""h,At L2P(Q,L5(D))

-1
< el + € UPossr @O v it |45 sim],,, +

< e+ esupgger I F@O) oo At Xico 1, Ek <ec.
This completes the proof of (35).
We now begin the analysis of the term &, as stated in the following lemma.
Lemma 1 (Estimate of £,). Let u(t,) and %; be the solutions to (5) and (27), respectively, where n = 1, ..., N. Suppose that u, € L@, HY)

for p > 1. Furthermore, assume that the spatial mesh size h and time step size At are coupled such that At = O(h?)> Then, there exists a constant
¢ > 0, independent of h and At, such that

”u(t,l) —un

Y
< 2 v =
W oy S CAITHRD, m=1, N, 37

where the regularity parameter y € [%, %).
Proof. Subtracting (27) from the mild solution (5) yields
llu(t,) = Uy 20, mry < €1 +€p + e, (38)

where ey, e,, e; are defined as follows

1= 18@)ug = Sy 5 Prtioll 20,1y
er o= || Ty (i S0, = D F @@ = rw) Sy Fuaar)| o
. ! k
e 1= || T S (S =0 = Sy P)AW @) oy o
We estimate each term e, e,, and e; separately.
Applying (32) with y = v = 1, we obtain
er = || (St = Sp o Pa o oo S €O+ A A 2wl ey < €+ ALD), (39)
Next we estimate e,. By the triangle inequality, we split e, as follows
ey <eyten, (40)
where
— Tke+1 k k
- ” Tt e (S, = ) = SpE P P )F(u(tk))dr| P
- 'k+| _ _
_” o i S, - o (Fu(o) r(uh)F(u(tk)))d‘r”sz(Q,H).

We first estimate e, ;. Using (32) with 4 =2, v = 0, the boundedness SOl £ 1, and the inequalities (6) and (7), we derive
1S, =10 = S Pall ) < A 1S(, =0 = S, =ty Dl < <.
IS¢, —7) =St =ty < ||AS(I - T)||£(H)||A71(1 =S =t )llean (41)

1
<c k <e , T E [t,t , k=0,...,n—2.
el [t trrn)

Utilizing the bound r(“];,) <1, (41), (13), and the fact that n < %, we obtain

r s TR elfstn - st, -l o [

Y| RS AR | (mﬂF(u(rk))l\zp]ﬁdf)

h,At
Tks1 k41 At+h?
< ¢ Suparer ||F(u(t))||Lo,,(QH)(At+Zk D A i [ S dr)
\

< c(At +ALT AR T ﬁ) < c(At+ Arln(ArT!) + (Ar + %) In(Ar1)).

2 This is the Courant-Friedrichs-Lewy (CFL) type condition, which is commonly imposed to balance the spatial and temporal discretization errors
in the numerical analysis of SPDEs; see, e.g., [12,26].
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Finally, under the assumption At = ©(h?), and using the fact that Ar~%0 dominates In(A¢~!) for any arbitrarily small ¢, > 0, we conclude
that

ey1 < c(Ar'750 + RZAFT60) < c(Ar1TE0 4 p27%0), (42)
To estimate the error term e, ,, we first observe that
Ar||Fpl;

1 —r@hy = ———-22
"+ A F@,

< AHIF@I-

Also note that, for almost every sample point, we have |F@uf)lly < c(lluflly + lluf | )<c(||u’;l||H+||u’;l||;Il)<oo almost

h' Lo(D)
surely, since uf €V, c H' and H' < L8(D). Consequently, ||Fui)|l 2p pmy < cllukll oniq pmy + I4E11

lly 112

k
nlenq, Lﬁ(D))) < C(”“h”LZP(Q,H) +

)< oo for k=0,..., N, and thus we obtain

A Lop(QH1)
. H Zk—o ftr,ﬁl S(t, — T)(F(u(r) — F(M(tk)))dTHLZF(Q,H) “ Yico ’k+1 (1- r(uk))S(t T)F(u(tk))dr‘ 120(Q,H)
x " < |
H Zk_o S — () - F(u(tk)))dTHLZP(Q,H) +cAt” Zk /i sa, —T)F(M(Tk))dr‘ L4(Q,H) (43)
xsupkzo =1 ||F(“h)”L8p(Q L2(D))
<e Z:;(l) f,ZHI S(t, — 1) (F(u(r)) - F(u(tk)))dr‘ o T cAl‘H Zk =0 ['k+1 S(t, — 1) F(u(ty))dr Q)

Furthermore, we recall that for z € [t;,7,,,), the mild solution satisfies
u(t) —u(ty) = (S(r — 1) — Du(t) + / S(t = r)F(u(r))dr + / St =rydW(r),
Tk Tk

which allows to expand the nonlinear difference (F (u(ty) — F (u(r))) via a first-order Taylor expansion with remainder

Fu(ty)  —F@) = F'@)(uty) - u(t)) + Rpu(@), u(ty)) = —F'@@)(S(t = 1) = Dulty)
—F'(u()) [, S = NFu)dr = F'u(@) [ S =rdW () + R pu@), ut,)),

where the remainder term is given by

(44)

1
R pu(z),u(ty)) 1= / F" (M(T) +n(u(ty) — M(T)))(M(tk) — u(0)*(1 — n)dn.
0
Substituting (44) into (43) yields
e <cdy+1L, + 1+ 1, + Is),

where
n=l et
1,:= Z/ HS(t,, —OF () St —1,) - I)u(tk)”sz(Q A
k=0 1k ’
Tl
1,:= / S(t, — 1) F' (u(x)) / S@=F@rdrl,, o dr.
n=leny T
1, = ” D / S(t, — 1) F (u(1)) / S(r— r)dW(r)dr( P
k=0 1k Ik ?

n—1 "
1,:= ” Z/t:k 'sa, —T)RF(M(T),u(l‘k))dT‘

15 :=At2/ |S(Z _T)F(”(lk))‘
k=

We now proceed to estimate the terms 7, through 75 individually.
To estimation 7, we apply (29) and (7), yielding

I, e X fe|az 3 S, = ‘r)” ”A_%U F'u(o)(S(t — 1) — l)u(tk)‘

<eTis i, -7 ‘ Flu()(S(z — 1) — 1)u(tk)‘

L2%(Q.H)’

T
L4P(Q,H)

dr
L2P(Q.H)

dr, Vo€ (3.2).

L2(Q,LY(D))

L1
Recall that F(v) = v — v, v € R. Using (6), the Sobolev embedding H3 < L%(D) & L*(D), the regularity estimate (11), and the
Holder’s inequality, we obtain for = € (t;,1,,),

[P =i - Duty)|

L20@.L1 (D)) < el + [lu(o)])? ST —1,) - I)M(tk)”ﬁp(g,]-])

2 i Bl Es@ =0 - D7 [atue| )
< A3 (1 + SUPo</<T a2

L¥r(Q, L4(D))

<e(l + [lu@)|?
z 11
L8r(Q, L4(D))) supo<rr 14Dl o frry < €A12, v € (3, 3).
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Therefore, for §, € (%, 2), we conclude

oot _% 4 11
1, < cAr? fo"(tn -0 2dr <cAt2, y €[5, 7).
The boundedness of 7, follows directly from Holder’s inequality, the semigroup inequality [|S()ll\) < 1, together with (29), (7),
L1
(13), the embedding H3 < L*(D), and (11). Specifically, for § € (3,2), we have

I, <c Zk 0 St i ) HA_%O Flumse - r)F("(r))HLzm,H)drdT
<e Yo IH] /r:(t - T)_io “F,("(T))S(T h r)F(u(r))‘ LZP(Q,L‘(D))drdT
<eXis /ztkﬂ Sty =" ? a+ “u(T)”LSF(Q L4(D)))”F(u(r))) T kel
< cAt(1 + supgg < U@ 1 ) supogrer IF@) pav (o ) /O"'(tn - r)’%o dr < cAr.

L8 (QH3)

To estimate 73, let y, ;) (-) denote the characteristic function of the interval [a, b) for a, b € R. By swapping the order of integration as
in [17, (4.34)], and applying the Burkholder-Davis-Gundy inequality, along with Holder’s inequality, we obtain

= ” P ,i”' ftik“ K0S, —T)F’(u(f))S(f—r)deW(r)‘

L2P(Q.H)
< c( > 1:("*' ‘ f,”‘*' S(t, = ) F (u())S(r - r)dr‘ L@ 2)a!r) : (45)
1
<cAr ( Tiso [l LS, - O F (@) S - r)( . 2)drdr> .

!
Using the boundedness of the semigroup [|S(-)|l\ ) < ¢, the Sobolev embedding H3 < L*(D), the inequality (7), the condition (9),
and regularity estimate (10), there exists an arbitrarily small €, > 0 such that

”S(t — D F () S(x — r)‘

gy S I @O, oy ZIS@ =012, )
) HS(T iyl 1) S el

)(T _ r)—1+250 <c(r— r)—l+2a0.

2

<A GO sl a7l
0

L2, L4(D))< 2”(Q,L“(D))HA

< (1 + supyger [ut )‘ L4(©@.C(D)

Therefore the term I3 can be bounded by

sl [l 4o % il e L i
14 ScAtZ / / (r—r) 1t éodrdr) <cA12 ZAt +20)2 < cArzT0,
Tk Tk k=0

For the estimation of 7,, we employ the inequality (6) with « = 70 (6 € (%, 2)), together with the inequality (29), the estimate (10),
and the temporal Holder regularity result (12). This yields

L, <y, —rri“HA‘%"RF(u(r) )|

SCZ:n:] tk“(t -7 z IR f(u(z), u(fk))H

dr
L2(Q,H)

LZP(Q,LI(D))dT

<eYis f,tk“(f - 1)77 fo <| (@ =mlu@llepy + nllutllepy) lu(e) — w3, ‘sz(g))dﬂdf
< csumgsr WO Zi- S =2 )~ upIRy, g de
< cAt /0 t,— 1) 2 dr < cAr.
For Zs, by virtue of ||S()|l\, < 1 and the estimate (13), we arrive at
nol e
1= At,;) /lk ”S(t,, - T)F(u(tk))‘ LT S ¢ sup I F @)l pare At < CAL.
Combining all the estimates for 7, through 75, we conclude that
e < cAt%. (46)
Together with (40), (42), and (46), we finally obtain
ey < c(A15 +h220), y € [%, %), (47)

where ¢, > 0 is arbitrarily small.
It remains to analyze the term e;. In fact, Qi et al. [17, (4.39)] have established the optimal estimate for e;, which reads as

—1
ey <c(h’ + MtT)|AT 2.
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By further applying the regularity condition (9), we deduce that
e5 < c(h” + Ar2). (48)
Finally, collecting (38), (39), (47), (48) completes the proof. [
We next analyze the error term &,, as demonstrated in the following lemma.

Lemma 2 (Estimate of &,). Letu} and %; denote the numerical solutions given by (25) and (26), respectively. Then there exists a constant
¢, independent of h and At, such that

19 =l 2y < (AE3 + 1), n=1,...,N.
Proof. Let oy 1= %Z - “Z' Clearly, 92 =0and 9; € V. Subtracting Eq. (25) from (26) yields
07! — 07 = —AtA,0" + 1Py (F(u(t,)) — F(ul)) At.

Taking the H-inner product of both sides with OZ“, we obtain

@ - o oph + ad|vert|| = r(u;)At((F(u(t,,)) — FUD.OY) + (F@) — FQi).07)

+(F@U - F),0m+ —on) )

2
H (49

Applying the bound r(u}) < 1,(8), (30, ||F(v)||§{ < c(||u||§{ + ”U”iﬁ(o))’ Vv € LO(D), and Young’s inequality, we estimate the right-hand
side of (49) as follows

r(u;;)m((F(u(rn)) = F@UD. 07" ) + (FUD) - F@),0n) + (F(p) — Ful), 05+ — 9;;))
< cAtllA’%(F(u(tn)) = F@UNgIVO ly + ALl|0211%, + AP F@) — Fuh|%,

1 1 2
+2 11057 — 04115, 1 (50)
SCcAH|Fu(,) = FUDI? ¢+ AIVorT |13, + Adl6]]13,
L5 (D) )
2 2 6 2 6 L[| pn+1
e AP (213, + 1200 ) + 1 + 1S ) + 4 Jont -]

Employing Holder’s inequality allows to deduce

2

2
L+ N6 ) + 1%RN 6 p))- (51)

| Pt - Fz L5(D) L5(D)

6 < t,)— U
L5(D) c“u( " h

Taking expectation on both sides of (49), and applying (50), (51), along with the identity a(a — b) = %(a2 - b))+ %(a — b)? for any
a,b € R, we arrive at

lE o |P Zen 112 ] < e(1 + Efflut)|1® E[N%"|8 3 lue | ALE[]|67)12
SE (o], =105 < e (4 Bl 1+ EDZS 1) [l = 23] )+ ATETIGI,
+CAPE(| %13, + II%ZII},(D) + 1, + Ilu;’zllié(m].

By virtue of (36), (11), the Sobolev embedding H ieo L%(D), and estimate (37), we obtain

1o |12 1
2 Z HLZ(Q,H)S(E-FAI) 0

Denote p(Af) := 1+ 2At, so the inequality becomes

2
n

Y
At2 + h')%.
w2 + ¢( + h)

2
L2(Q.H)

n+1 2

Y
At2 + h')%
" ”LZ(Q,H) +c(AF3 + hY)

< p(Ar)

O

Applying this inequality recursively yields
2

n 2 00
h”LZ(Q,H)

r —
Ol o, S PAD" +e(Ar? + W) T p(An.

Note that p(A7) :=1+ %, a straightforward calculation gives
lim p(Ar)" = lim (1+ %T)” <e, vn<N.
This implies ZZ;(I) p(AD* < c. Moreover, since 6 = 0, it follows that
r
WG 30, S €12 + A7),
This completes the proof. O

We are now in a position to derive the strong error bound for the fully discrete scheme, utilizing the estimates established in Lemmas 1
and 2. The result is summarized in the following theorem.
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Theorem 1 (Full discretization error estimate). Let u(t) and uy be the mild solution and numerical solution given by (5) and (25),

respectively. Under the assumptions stated in Lemma 1, there exists a constant ¢ independent of At and h, such that for y € [%, %), the
following strong error estimate holds

r
”u(t")_u;l'”Lz(Q,m <e(ArZ+W), n=1...N.

Proof. The result follows directly from Lemmas 1 and 2, combined with the triangle inequality

et = <c(AtE 4 H), n=1,..,N.

L2(Q.H)
This ends the proof. O

5. Numerical experiments

Since the primary focus of this work is on temporal discretization, this section only presents numerical experiments to examine
the performance of the proposed scheme in the time direction, including its stability, computational efficiency, and convergence
accuracy.

As a benchmark problem, we consider the following stochastic Allen-Cahn equation

dulx.1) = (gt C2)di + 0dW(x,1), 0<1 < T, x € (0. 1),
u(0,1) =u(l,1)=0, 0<t<T, (52)
u(x,0)  =uy(x), x €[0,1],

where ¢ denotes the thickness parameter, ¢ is the noise intensity, and W (x, t) is defined by (4).
We first compare the computational stability of the proposed fully discrete scheme (25) with that of the “pure (untamed) semi-
implicit Euler-Maruyama/ finite element” method, given by

I+ AtAUG = !+ PR FWl) + PR AW™, (53)
”2 = Ppuy.

To this end, we fix a random seed and examine a single sample path using a spatial mesh size h = 1/64, final time T'= 1, £ = 0.01,
and ¢ = 0.5. Both schemes (25) and (53) are implemented with various time step sizes, and we monitor the evolution of the discrete
solution [|u} || 12(p,- If the computed solution returns “NaN”, it is interpreted as a numerical blow-up. As shown in Fig. 1 (), the scheme
(53) becomes unstable and blows up at time 7 = 3.08 x 10~3 when At > 2.2 x 10~*. In contrast, the proposed scheme (25) remains stable
under the same conditions, as illustrated in Fig. 1 (b). Remarkably, even for a large time step size Ar = 0.01, the scheme (25) retains
numerical stable. These observations confirm that the proposed scheme (25) offers significantly improved computational stability
compared to the pure semi-implicit Euler-Maruyama scheme (53).

Next, we numerically explore the ergodic behavior of the proposed time-discrete scheme, although a rigorous theoretical proof
of its ergodicity is not provided in this work. As noted in existing studies (see, e.g., [27, Section 5.2]; [21, Section 4]), if the scheme
(15) is uniquely ergodic, then for any test function f € C,(H), the limiting time average quantity

lim 1 z E[ £ )] (54)
n—-oo n k=0

converges to the common ergodic value, irrespective of the choice of initial condition u,(x). Here u* denotes the numerical solution
at k-th time step generated by the scheme (15). In our simulation, the computation is carried out up to time 7 = 1000 to approximate
long-time behavior ? The expectation E[f(u¥)] is approximated by averaging over 500 independent sample paths. Specifically, with
a fixed time step At = 0.1, the limiting time average in (54) is numerically approximated by

1 n 1 10,000 500
lim - ¥ E[f@)] ¥ ———— k
prs I;) /@O~ 53550.000 ; ;f @},

where uf denotes the j-th sample of the numerical solution u*.

Define E, := %ZLO E[f@")], and fix the other parameters as h = 1/128, £ = 0.01, ¢ = 0.1. We then track the evolution of the

sequence { E, };/z AI

f)= e‘”‘”il and f(-)=| - ||§1, both of which have been adopted in [21,27]. It is clearly observed that as » increases (i.e., as time
evolves), the values of E, corresponding to different initial conditions converge toward the common limiting value. This numerically
demonstrates the unique ergodicity of the scheme (15).

We now compare the computational efficiency of the proposed scheme (25) with that of the backward Euler scheme introduced in
[17, (4.1)], focusing on a single sample path. All numerical experiments were performed on a machine equipped with 32 GB of RAM
and a Core Ultra 7 155 CPU. Fixing the terminal time at T = 1, and setting the other parameters as e = 0.01, h = 1/64, and ¢ = 1, we

" under different initial conditions and test functions, as shown in Fig. 2. To be specific, we consider the test functions

2 This simulation horizon follows the precedent set in [21,27], where ¢ = 200 was deemed sufficiently long for ergodic investigations.
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Fig. 1. The temporal evolution of the numerical solutions ||u} |-, obtained from different schemes. (a): Results from scheme (53). (b): Results

from scheme (25).
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Fig. 2. Evolution of E, ! ZZ=0 E[f@")] under different test functions. (a): f(-) = eI . (b) fO=1- “%1' The results are shown for different

initial conditions to illustrate convergence toward the common ergodic limit.

record the CPU time required by both methods for various time step sizes. The results, summarized in Table 1, clearly indicate that
the proposed scheme (25) achieves superior computational efficiency compared to the backward Euler method.

Finally, we numerically test the temporal convergence accuracy of the proposed scheme (25). The strong convergence rate in time
is evaluated by computing the mean-square approximation error at the final times 7= 0.1 and T = 1, respectively. Since the exact
solution to problem (52) is not available, we employ a reference solution computed on a sufficiently fine space-time grid as a surrogate.
Specifically, the reference solution is generated using the spatial mesh size 4 = 1/128 and a time step At = 107°. The expectation in

1
the mean-square error. ([E[llu(T) - uhN ||fi]) 2, is approximated by the empirical mean over 200 independent realizations

200

1 1
v :
(Elam) = W5]) " ~ (555 20" =l ) =+ e
j=1

where u and uj\’h denote respectively the reference and fully discrete numerical solutions of the j-th sample.
With parameters set to e = 1, o = 0.5, y = 0.4995, the numerical error u,,,, corresponding to different final times 7" and time

step sizes is shown in Fig. 3. According to the theoretical analysis presented in Theorem 1, the optimal temporal convergence order

1
achievable as y — 1 is O(Ar3 7%, where €, denotes an arbitrarily small positive constant. The numerical results reported in Fig. 3 are

consistent with this theoretical prediction.
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Table 1
CPU time consumption for different schemes and time steps.

Tamed scheme (25) Backward Euler scheme

Time step Ar Speed-up factor

CPU time (s) CPU time (s)
1.00E-2 0.048312 1.566181 32.4181
5.00E-3 0.073324 2.529613 34.4991
2.00E-3 0.177648 4.281687 24.1021
1.00E-3 0.346869 5.178428 14.9291
-0.2 T T T T T T _----
-04 ———ps 1
06F T .
-08r 7
— P
s 0 T
s e
2 aF ]
=
o0 g
2
1.2 3
14+
—%— {Uerror }T=0.1
-1.6 {uerrofr}T:l ul
--=-- Slope: 1/4
---------- Slope: 1/2
1.8 1 1 1 1 1 T
-3.4 -3.2 -3 -2.8 -2.6 2.4 2.2 -2

logyo(At)

Fig. 3. The error u,,,, is plotted on a log-log scale for two final times, T = 0.1 and T = 1, across a range of time step sizes: At = 1072, 5x 1073,
2.5x 1073, 1.25x 1073, and 6.25 x 107+,

6. Conclusion

In this study, we proposed an efficient temporal discretization scheme for the stochastic Allen-Cahn equation driven by additive
white noise and rigorously analyzed the spatio-temporal strong convergence of the resulting fully discrete method within the Galerkin
finite element framework. In particular, we established the long-time stability of the semi-discrete scheme by constructing and an-
alyzing an appropriate discrete Lyapunov functional. Moreover, the strong convergence rates in both time and space for the fully
discrete approximation were derived through a suitable error-decomposition strategy. Finally, the theoretical findings were verified
by numerical experiments.

7. Appendix

The existence of an invariant measure for the sequence {u"},cy, is not established in this work. This section is intended to show that,
if the sequence {u"},cy, exists an invariant measure in the space H, then that measure is unique.

Let B(H) denote the Borel s-algebra on H, and define the transition kernel associated with the sequence {u"},cy, , generated by
scheme (15), as

P(y,B) :=PWu"' € Blu" =), n € H,B € BH). (55)

A probability measure y on B(H) is said to be an invariant measure of the sequence {u"},y, if it satisfies

/ P(n, Byu(dn) = u(B), VB & B(H). (56)
H

In what follows, we will show that, assuming the existence of such an invariant measure, its uniqueness can be justified, as stated in
Proposition 2.

Proposition 2. For any n € N, and At € (0, 1), the transition kernel P(-,-) defined in (55) is irreducible and regular. Consequently, there
exists at most, if it exists, one invariant measure of {u"},cy, -
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Proof. Motivated by the arguments presented in [13, Proposition 3.1] and [21, Proposition 3.2], we observe that the uniqueness
of the invariant measure can be deduced if the transition kernel P(.,-) defined in (55) is both irreducible and regular.? According to
Doob’s theorem [29, Theorem 1.12], these two properties are sufficient to guarantee uniqueness. We therefore aim to verify that the
transition kernel P(.,-) satisfies both conditions.

We first define operator ¥(v) := (I + AtA)v, for v € H. Then we will show that for any open set B € B(H), W¥(B) is also an open
set in B(H). This property will later be used to establish the irreducibility of the Markov chain {u"},cy, . Applying Poincaré inequality
gives

(P() =P, vy —1y) = AtV = 0)lI3 + loy — 0113,
2 (1+cAD|v, - U2||i[’ Vo, 0 €H,

and thus
[P =PIl 2 eilloy — vl -
This shows, see, e.g., [21, (2.19)], that there exists a constant r > 0 such that
b(¥(v),r) Cc ¥(b(v,r/c))), vEH, (57)

where b(z, p) denotes the open ball centered at z with radius p.

Now, let B € B(H) be an arbitrary open set. This means that for every f € B, there exists a radius r, > 0 such that the open ball
b(f,r;) C B. We next show that ¥(B) is also open. To this end, it suffices to prove that for any f € B, one can find an radius r; > 0
such that the open ball b(¥(f),r,) € ¥(B). Indeed, by (57) and b(f, r ¢) C B, we can choose such an r, satisfying

b(¥(f).ry) C¥(b(f,r1/c))) C ¥(B),

which confirms that ¥(B) is open.
Next, we prove that the transition kernel P(-,-) defined in (55) is both irreducible and regular. To this end, we first denote by y,, ¢
the Gaussian measure on H with mean m and variance operator C. Consider a non-empty open set B € 3(H). By (15), we have

P(n.B) =Pu™ € Blu" = ) = P((n+ r(p FAt + AW™) € ¥(B)) = tyripronaraet (P(B). 1 € H,

where we used the fact that # + r(n) F(n)At + AW" is normally distributed with mean 5 + r(n) F(n)At and variance operator Atl.

It has been shown that ¥(B) is a non-empty open set. Moreover, we observed that the Gaussian measure y, . Far,ai 1S DOD-
degenerate” due to the presence of the variance operator ArI. It is known (see, e.g., [21, Proof of Proposition 3.2]) that any non-
degenerate Gaussian measure in separable Banach space measures any non-empty open set positive. Therefore, we conclude that
HyaryFaaran (P(B)) > 0, e, the transition kernel satisfies P(x, B) > 0. Consequently, the Markov chain {u"},¢y, is irreducible in H.

To establish the regular property, we invoke the Feldman-Hajek theorem [28, Theorem 2.25], which ensures that all non-
degenerate Gaussian measures {u; »,;,¢ € H} are mutually equivalent. This equivalence implies that the transition kernel P(,-)
defined by (55) is regular. Consequently, by Doob’s theorem [29, Theorem 1.12], the Markov chain {u"}y, admits at most one
invariant measure. This completes the proof. [
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