cdr

G-Codes, self-dual G-Codes and
reversible G-Codes over the Ring Bj,k

ltem Type Article
Authors Dougherty, Steven;Gildea, Joe;Korban, Adrian;Sahinkaya, Serap
Citation Dougherty, S., Gildea, J., Korban, A., & Sahinkaya, S. (2021). G-

Codes, self-dual G-Codes and reversible G-Codes over the Ring
Bj,k. Cryptography and Communications, 13, 601-616. https://
doi.org/10.1007/s12095-021-00487-x

DOI 10.1007/512095-021-00487-x

Publisher Springer

Journal Cryptography and Communications

Download date 2026-08-13 16:02:10

ltem License https://creativecommons.org/licenses/by/4.0/

Link to ltem http://hdl.handle.net/10034/624410



http://dx.doi.org/10.1007/s12095-021-00487-x
https://creativecommons.org/licenses/by/4.0/
http://hdl.handle.net/10034/624410

Cryptography and Communications (2021) 13:601-616
https://doi.org/10.1007/512095-021-00487-x

®

Check for
updates

G-codes, self-dual G-codes and reversible G-codes
over the ring B; x

S.T.Dougherty' - Joe Gildea? - Adrian Korban? © . Serap Sahinkaya3

Received: 25 September 2020 / Accepted: 24 March 2021 / Published online: 3 May 2021
© The Author(s) 2021

Abstract

In this work, we study a new family of rings, B i k» whose base field is the finite field IF,r.
We study the structure of this family of rings and show that each member of the family is a
commutative Frobenius ring. We define a Gray map for the new family of rings, study G-
codes, self-dual G-codes, and reversible G-codes over this family. In particular, we show
that the projection of a G-code over B .k to a code over Bj.m is also a G-code and the image
under the Gray map of a self-dual G-code is also a self-dual G-code when the characteristic
of the base field is 2. Moreover, we show that the image of a reversible G-code under the
Gray map is also a reversible G* " code. The Gray images of these codes are shown to
have a rich automorphism group which arises from the algebraic structure of the rings and
the groups. Finally, we show that quasi-G codes, which are the images of G-codes under
the Gray map, are also G*-codes for some s.

Keywords Codes over rings - Gray maps - Self-dual codes - Automorphism groups

Mathematics Subject Classification 2010 94B05 - 16S34

1 Introduction

In [1], a new family of rings,
2 2
Fik =Falvi,vo, .o vj,ur,u2, oo ugl/(0f — v, up),

was introduced. The base field of this ring is the finite field of order 4, denoted by F4. This
family of rings was used to construct codes which were reversible, which is a desirable
quality for DNA codes. In the present work, we generalise the family of rings F x so that
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the base field is in an arbitrary finite field IF,-. We also define a Gray map ® which is a
generalization of the Gray map given in [1, 13, 14].
Assume the indeterminates u; and v; all commute.

Definition 1.1 Let p be a prime and let IF - be the finite field of order p”. Let

Bix =Fplvi,v,...,vj,u1,uz,..., uk]/(vi2 —;, uiz). (1.1)

This definition generalises the definition of F; in [1] as well as the rings R, =
Foluy, ua, ..., uxl/(u? = 0) in [6-8], the rings Ax = Fa[vy, va, ..., vel/(v} = v;) in [2]
and the rings Fr[vy, v2, .. ., vk]/(vi2 — v, vjvj — v;v;) givenin [11].

In essence, all of the families of rings were studied together with Gray maps to ambient
spaces over finite fields. They use the algebraic structure of the family of rings to obtain
desirable properties for the codes over finite fields. One desirable property is that one can
obtain codes with a rich automorphism group via the algebraic structure of the ring through
the Gray map. In this construction, one can find codes that might have been missed by
more classical construction techniques, for example, one may find extremal binary self-
dual codes with new weight enumerators or with a different orders of the automorphism
group. Further in [4], G-codes were used to construct binary self-dual codes from codes over
Ri. By combining these techniques, self-dual binary codes with very rich automorphism
groups were found which had been missed during the decades long search for binary self-
dual codes. The primary reason was that these techniques allowed the authors to find codes
that had different automorphism groups than those constructed from the usual techniques.
It is precisely this type of scenario we exploit in the present paper. Our goal is to study
the algebra of the new family of rings, the corresponding Gray maps, and the group G,
so that one can employ our results to construct useful and interesting codes over finite
fields that would not be constructed with other techniques. Additionally, we present matrix
constructions for self-dual and reversible G- codes and study their properties over the new
family of rings.

2 Thering B;

We begin by describing the family of rings B; . Set
Bix=TFplvi,va,...,vj,u1,uz, ..., ugl/{v? —vi, u?).
ForAC[jl={1,2,3,...,j}and B C [k] ={1,2,3, ..., k}, we denote
= Hv,- and up:= H”i’
icA ieB
with ug = 1 and vy = 1. Every element in the ring can be written as
> capvaus. (2.1)

Aclj]
BC[k]

where CA,B € Fpr.
It is immediate that

_]o if ANA #4,
uatar = { uaow if ANA =0. (2.2)
Similarly, we have
VAVA = VAUuA’- (2.3)
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By using (2.2) and (2.3), multiplication of two elements in B; x is given by:

Y casvaup | | D capvaup | = Y (cancasIvavausos,  (24)
A.B AB A.B.AB
BNB'=f

where A, A’ are subsets of [j] and B, B’ are subsets of [k].

L .. j+k
Lemma 2.1 The commutative ring B x has characteristic p, and |B; ;| = (p’)zj .

Proof The commutativity of the ring follows from the fact that IF,r is commutative and that
the indeterminates commute. Since the characteristic of IF ;- is p, then B .k has characteristic
p. When we look at the representation of elements of B} ; given in (2.1), we see that there
are 2/2K = 271k gubsets and p" choices for each coefficient c4 p. This gives that B ; has

cardinality (p’)2j+k. O

We now give some structural theorems about the family of rings.

Theorem 2.2 Let j and k be non-negative integers.
1. The ring B  is isomorphic to @,-zilBo,k-
2. An element a is a unit in Bjy if and only if the projection to each component of

J . .
691.2:130_1{ is a unit.

Proof The ideals (v;) and (1 + v;) are relatively prime ideals. By Lemma 2.3 in [3], we
have that B = Bj_ 1 x Bj_1,k. Then, by induction on j, we have the first result.
The second result follows immediately from the isomorphisms in the first. O

Since By is isomorphic to @1,2;18071(, it is natural to look at the structure of the ring
Box =Fprlur, uz, ..., uk]/(uiz) to understand the structure of B; x.

Lemma 2.3 Let ZAg[k] caups € Bok, with cg = 0, then
p

Z CAUA =0
]

AClk

where p is the characteristic of By k.

Proof First, we note that if A # J, then ui = 0. Then, we see that the coefficient of any
monomial in this expansion, other than the first or the last is divisible by p and hence 0.
Therefore, all of the terms are 0. O

Lemma 2.4 An element a of the ring By x is a unit if and only if cg # 0.

Proof We write an element in By  as ¢+ Y, Aclk] CAUA by hypothesis, with ¢y # 0. Since
the ring has characteristic p and by Lemma 2.3, the inverse of ¢y + ) _ 4 Clk] CAUA IS

p—1 !

P=T1\, -1+
(") et | ean
i AC[k]

i=0
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The term ¢, ' exists if and only if ¢y # 0. O

Theorem 2.5 An element a of the ring Bk is a zero-divisor if and only if cg = 0. The set
of all non-units form a maximal ideal and the cardinality of this maximal ideal is (p” )2"71

and therefore the ring By . is local.

Proof For the first statement, we know by Lemma 2.3 that
p—1
Z CAUA Z CAUA = 0,
AC[k] AC[k]

when ¢y = 0. Therefore it is a zero-divisor. Lemma 2.4 gives the other direction.

Next, let m = (uy,up,...,ur). Elements of this ideal are all of the form, cy +
> Aclk] CAUA where ¢y = 0. This is necessarily all non-units and is therefore the unique
maximal ideal. O

Theorem 2.6 The ring B, ; is not local for non-zero j.

Proof The ring B x is isomorphic to @%ilgo,k by Theorem 2.2. Then each ideal corre-
sponding to the sum of (k — 1) zero-ideals with one copy of By is a maximal ideal.
Therefore, the ring is not local. O

As an example of this, consider the ring B; o = Fp[vl]/(v% —v1). The ring is isomorphic
via Theorem 2.2 to F, x [F},. This ring has two maximal ideals corresponding to IF, x {0}
and to {0} x [F},. Therefore, the ring is not local.

Given the definition of inner-product and the fact that the ring is commutative it is easy
to see that for any ideal I, Ann(I) = I-. We use this result in the following theorem.

Theorem 2.7 Let I = (uj ui, -+ - u;,) and Iy = (u;,, uiy, . .., u;,) be ideals of By x, where
iy #ig, when € # €. Then |I;| = (p)>" and || = (p")* 2",

Proof Elements of I; are in the form of

Z CAUA, CA € Fpr,
ACk]
where ug = 1. It is clear that every u 4 must have {i1, i2, ..., is} € A. Then there are 2k=s
such subsets of [k]. Hence |I;| = (p’)zkﬂv.
For the second statement, elements of /5 are in the same form. But this time, the subsets
of [k] differ. More precisely, subsets must have at least one of {i1, i2, . .., is}. It can be easily

obtained that there are 2 — 2= such subsets. Hence || = (p" )2k_2k7s. m

Theorem 2.8 Let I} = (u; ui, ...u;,) and Iy = (uj,, Ui, .. .u;,) be ideals of By . Then

LH=1.

Proof We have IZJ- C I by the fact that Ui g = 0 where A = {iy,i2,...,i,}and ui; € A.
Equality follows from Theorem 2.7 by using the fact that By is a Frobenius ring and
examining the cardinalities. O

Corollary 2.9 The ideal (u;) is a self dual code of length 1 for 1 <i <k.
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Proof Follows from Theorem 2.7. O
2.1 Gray maps

Gray maps have been one of the most important aspects of codes over rings. In essence, they
are a map from the n fold product of the ring to an ambient space where the finite field is
the alphabet. This map emanates from the map that sends elements of the ring to elements
in the the s fold product of the finite field, where s is determined by the ring. This map, in
general, preserves weight and its intention is to create interesting codes over the finite field
from codes over the ring.

In this section, we define a Gray map ® : Bj; — IFZJ,H. The map we give is a
generalization of the map given in [1] as well as those given in [2, 6-8], and [9].

We can view B} ; as Bj y—1 +uxB; x—1 and write each element of B i as a + bux. Then
we can define the map ® : B — Bik_l as follows:

®(a +buy) = (b,a+b). (2.5)

We can view B} ; as Bj_1 x +v;B;_1  and write each element of 3, x as a +bv;. Then
we can define the following map W : B; ; — 85—1 x as follows:

W(a+bvj) = (a,a+b). 2.6)
We now define the map © : B — F%{H as follows:
O(a) = W/ (¥ (a)). 2.7

Lemma 2.10 Let C be a linear code over Bj i of length n. Then ©(C) is a linear code of
length n(2/1%),

Proof First, we shall show that the map @ is linear. We have that

S ((a + bup) + (@' +b'up)) = ©((a+a’)+ (b +b)uy)
b+b,a+d +b+b)
(b,a+b)+ ¥ ,d +b)

= ®(a+ buy) + @@ + buy).

Then if ¢ € B; x—1 we have that

O (c(a + buy)) O (ca + cbuy)
(cb, ca + cb)

c(b,a+b) =cd(a+ buy).

This gives that & is linear.
Now, we show that the map W is also linear. We have

Y((a+bvj)+ @ +b'v)) = ¥(a+a)+ (b+b)v))
(a+d,a+ad +b+b)
(a,a+b)+(d,ad +b)
= W(a+bvj) + ¥(d' +b'v)).
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If c € Fj_1x we have
W(c(a +bvj)) = ®(ca+ cbvj)
(ca, ca + cb)
= c(a,a+b) =c¥(a+bvj).

This gives that W is linear.
Then the map ® is the composition of j + k linear maps and therefore the map ® is a
linear map. O

. j+k
Define the swap maps o1, 02, .. ., ok that act on IF f,’, as follows:
jk—1
ok(er, €2) = (e2,¢1), Yer, e € o,

DJ+k=2
ok—1(c1, €2, €3,€4) = (€2, €1, €4, €3), Ve; € Fyr
continuing to
j
o1(€1,€2, ..., Cpj+k_1, Cpj+k) = (€2, €1, €4, €3, ..., Cpj+k, Cpj+k_1), VC; € IF?,,.
The next theorem shows that the map ® gives some automorphisms in the image under

certain conditions.

Theorem 2.11 If the base field of B i has characteristic 2 and C is a linear code over
Bj i, then ©(C) has k swap maps, o1, 02, . .., o) in their automorphism group.

Proof Given an element a + buy, multiplication by 1 + uy gives (1 + ux)(a + buy) =
a+(a+b)ug. We see that ®(a+buy) = (b,a+b) and ®(a+ (a+b)uy) = (a+b,2a+Db).
Therefore, if the characteristic of the finite field is 2, then ®(a + (a + b)uy) = (a + b, b).
This gives that for characteristic 2, multiplication by the unit 1 + u;, for each i induces an
automorphism of order 2 in the image that corresponds to a swap map. Finally, let o; denote
the induced by multiplication by 1 + u;. This gives the result. O

We now generalize two results from [2] and [6] respectively, where it is shown that for
the maps defined in (2.5) and (2.6), the following two
®(CH) = (@(C)*
and
W(CH) = (W(O)*"
hold when the base field of the ring is F2. We now show that the two hold for the ring B x
only when the base field is Fyr.
Lemma 2.12 Let C be a code over Bj . Let ® : B — B?,kfl be defined as:
®(a + bug) = (b,a + b),
andletV : Bj — B?_]’k be defined as:
V(a + bvj) = (a,a +b).

Then ®(C1) = (®(C))* and W(C1) = (W (C))* if and only if the characteristic of the
ring Bj i is 2.
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Proof We prove the result for ®. The proof for W is similar.
Let vi +wiu; and v 4+ wauy be two orthogonal vectors in B; i, where v;, w; are vectors
in B" k1 Then

[vi +wiug, vo + woug] = [vy, v2] + ([vy, w2l + [v2, wiDug = 0.

Moreover, we have that [vy, vo] = 0 and [vy, w2] + [v2, w1] = 0.
The images of the vectors have the following inner-product:

[D(vi +wiug), @(va + Woug)] = [(W1, Vi + W), (W2, V2 + W2)] =

= [vy, val + [vi, wa] + [v2, wi] + 2[wy, wa] = 2[wy, wa].

This will only be zero if the characteristic of the ring B ik is 2, i.e., the base field is For.
Assuming that the characteristic of the ring B;  is 2 gives that ®(C*) € (®(C))*. Since
® is a bijection we have ®(C*) = (®(C))™*. O

We now have the following result.

Theorem 2.13 Let C be a linear code over
2 2
Bjx=For[vi, v, ..., 05, u1,un, .. ugl/{v; — v, ui).

Then ©(CL) = ©(C)L.

Proof Follows from Lemma 2.12. O

Corollary 2.14 Let C be a self-dual code over
Bjx =Forlvi, v, ..., vj,ur, Uz, ..., ugl/ (v} — vi, u?)

of length n, then ©(C) is a self-dual code over Fyr of length n(2J15).

Proof Follows from Theorem 2.13 and Lemma 2.10. O
2.2 Characters

In this section, we show that the ring B; x is a Frobenius ring by showing that there is

a generating character for the associated character module. Recall that a character of the

module M is a homomorphism x : M — C*. We note that some have the codomain

as the rationals and use the additive operation rather than the non-zero complex numbers

with multiplication. But we shall maintain the notation given in [3], where one can find a
complete description of the relationship between characters and codes.

Denote by M the character module of M. Let R be a Frobenius ringandlet¢ : R — Rbe
the module isomorphism. Set X = ¢ (1), giving ¢ (r) = x" forr € R. We call this character
x a generating character for R. Note that there is not a unique generating character. But by
providing a generating character for a commutative ring, we show that the ring is, in fact,
Frobenius. This is because a finite commutative ring R is Frobenius if and only if R hasa
generating character, see [3].

In the present situation, we have that the ring 3 i,k 18 isomorphic to 6912;180, k-
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We need only to find a generating character for By then if xg,, is the generating
character for By x, we have that the character x for R defined by

x(@ =] [ xso. (@) 2.8)

where a corresponds to (ap, az, ..., as) via the isomorphism, is a generating character for
B k. To do this, we recall that any finite field of order p¢ can be written as I, (§) where
& is a root of the irreducible polynomial g (x) of degree e. That is F,(§) = F,[x]/(g(x)).
Then each element in IF e can be written as ) a;& " where a; € F p- This leads immediately
to the following lemma.

Lemma 2.15 The ring By = Fplé,ur,uz, ..., uxl/{qgx), uiz), where all of the indeter-

minates commute and q(x) is an irreducible polynomial of degree e. Each element in By i

can be written as Z?;(l) ZAg[k] &%(dg)auns, where ds € Fp,. Let n be a complex primitive
e—1

root of p-th root of unity. The generating character for By i is given by (n)z»\:O Lac@s)a

showing that the ring is Frobenius.

Proof We have already explained why each element can be written in that form.

The unique minimal ideal of By« is the orthogonal of the unique maximal ideal. There-
fore, the minimal ideal is a = (ujus - - - uy). It follows that any ideal that is contained in
ker(x) must contain the ideal a. But we have that x (ujus - --ux) = n which gives that
ker (x) contains no non-trivial ideal. It follows that the map is a generating character and
then the ring By  is a Frobenius ring. (]

The next theorem follows from the fact that the ring decomposes by the Chinese
Remainder Theorem.

Theorem 2.16 Let

e—1

Xi Z Z £ (dy)aua | = () =m0 acpa@a,

s=0 AC[k]

The ring B j = 69,-2!:150,/( has a generating character of the form:

2J
x=[]x
i=1
giving that the ring B,y is a Frobenius ring.

Proof We have that B ; is isomorphic to 6912]: 1 Bo.i- It follows that the generating character
is x from Lemma 2.15.
Then the ring is Frobenius since it has a generating character. O
Let T be a square ( p’)2j+k by ( p’)2j+k matrix indexed by the elements of B ; and let
Ta,b = Xa(b) = X((lb), (29)

where y is the generating character of E;\k
Recall that the complete weight enumerator of a code C is defined as

r—1
cwec(Xags Xays -« -5 Xa,_ ) = Z H xfl‘i[(c), (2.10)

ceC i=0
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where there are n; (¢) occurrences of a; in the vector c.
It follows that if C is a linear code over B .k, then

1
cwerL = ﬁcwec(T (X0, X1y e e ey Xpm1)). 2.11)
By collapsing T as in [15], we get that if C is a linear code over B; i, then
1
IC]
where Wc (x, y) denotes the Hamming weight enumerator of C.

Now recall that the Lee weight enumerator of a code C is defined as:

Lo, y) =) aMwn@ywn© (2.12)

ceC

Werlx,y) = —Welx + (IBjkl — Dy, x — y),

where N is the length of ®(C).

From Section 2, we know that when the characteristic of the finite field is 2, then
©(C1) = ©(C)* which allows us to find the MacWilliams identities for the Lee weight
enumerators of codes over

Bjx =Falvi, v, ..., vj, ur,uz, ..., ugl/ (v} —vi, u?)
in the following way:
Leec1(z) = We(c1)(2) = W)L (2)
where Leec(z) is the Lee weight enumerator and W denotes the Hamming weight

enumerator. This leads to the following theorem.

Theorem 2.17 Let C be a code of length n over

Bk :FZ’[U17U27-~-,Uj,’/ll,1427-~-714k]/(U,'2_Ui714,'2)
then
1 J+k I—Z
Leep1(z) = —(1+2)% "Lee < ) 2.13
c+(2) |C|( ) c\ 1 (2.13)

3 G-Codes over B;

In this section, we study group codes which we refer to as G-codes, over the ring B; ;. The
point of group codes is to construct codes that are invariant canonically by the action of a
group G. This technique allows us to construct codes which other construction methods do
not find. Moreover, by applying the Gray map we are able to construct codes over a finite
field that are quasi-G codes, which mean they are held invariant by a different group and
are endowed with algebraic structure of the original ring.

3.1 Grouprings

We begin by giving the standard definitions of group rings and their algebraic operations.
Let G be a finite group of order n and let R be a finite ring, then any element in RG is of the
formv = )/, aig, @ € R, g € G. We note that group rings in general do not require
the ring to be finite, but in our setting these are precisely the rings that we are interested in,
since we want to use them as alphabets of codes.
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Addition in the group ring is done by coordinate addition, namely

n n n
D wigi+ Y Pigi =Y (i +pigi
i=1 i=1

i=1

The product of two elements in a group ring is given by

n n
<Zaigi) Zﬂjgj ZZaiﬁjgigj-
i=1 j=1 i,J

This gives that the coefficient of g in the product is sigj=g % Bj-

We recall a construction of linear codes in R” from the group ring RG, where G is a
finite group of order n. This construction was first given for codes over fields by Hurley in
[10] and this construction was extended to codes over finite commutative Frobenius rings in
[4]. Let R be a finite commutative Frobenius ring and let G = {g1, g2, ..., g1} be a group
of order n. Let v = ag, g1 + g, 82 + - - - + ag, gn be an element in RG. Then define the
following matrix o (v) € M(R) to be:

o —1 o —1 o —1 P o A |
8 81 8 8 8 8 81 &n
Yerler Yoler %erles 0 Yeyls
n
cy=| 75 7T 7 ’ (3.1)
o1, O -1, O —1_ ...0 1
8 81 8n 82 8n 83 8n 8n
Note that the elements gl_l, e 8y 1 are simply the elements of the group G given in

some order. There is not a canonical reason for this, but rather this particular order aids in
certain proofs and computations.
For a given element v € RG, we define the following code over the ring R:

C) = (o (v)). (3.2)

Namely, the code C(v) is the code formed by taking the row space of the matrix o (v) over
the finite ring R. It follows immediately that the code C(v) is a linear code, since it is
row space of a generator matrix. We stress that in no way are we assuming that the matrix
C(v) is in any way a minimal generating set for the code. In general it is not. We recall the
following definitions from [5] that we apply in our setting:

® Let B; ; be alocal Frobenius ring with unique maximal ideal m;, and let wy, ..., wy be
vectors in B’f, ¢ Then wy, ..., ws are modular independent if and only if Yo iw; =0
implies that ; € m; for all ;.

® Let wi,...,w, be non-zero vectors in B;?’ ¢ Then wi, ... w are independent if

Y oajw; = 0 implies that ojw; = 0 for all j.

In [5], it is shown that if the ring is local, then any modular independent set is a minimal
generating set and that if the ring is not local then any set that is both modular independent
and independent is a minimal generating set. We shall call such a set a basis for the code.

In [4], it is shown that G-codes are linear codes in R" if and only if they are left ideals
in a group ring. Specifically, let v € B; ;G and let C(v) be the corresponding code in
Bf;_k. Let I(v) be the set of elements of B; ;G such that Y «;g; € I(v) if and only if
(a1, a2, ..., 0,) € C(v). Then I (v) is a left ideal in B; 1 G.

The following is immediate from these results.
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Lemma 3.1 Letv € RG, where R is a finite ring and G is a finite group. Then Aut(C (v))
contains G as a subgroup.

Proof This follows from the fact that the action of G on the coordinates of C (v) necessarily
holds the code invariant, since it corresponds to an ideal in the group ring. O

It is also shown in [4] that for a commutative Frobenius ring R, if C is a G-code for some
G then its orthogonal C is also a G-code.
The following definition is given in [4].

Definition 3.2 Let G be a finite group of order n and R a finite Frobenius commutative
ring. Let D be a code in R*" where the coordinates can be partitioned into n sets of size s
where each set is assigned an element of G. If the code D is held invariant by the action
of multiplying the coordinate set marker by every element of G then the code D is called a
quasi-group code of index s.

The following is immediate from the definition.

Lemma 3.3 Let C be a linear G-code over Bjy, then ©(C) is a quasi-G code of index
2tk gy 2
-

Lemma 3.4 Let G be a finite group of order n and R a finite Frobenius commutative ring.
A quasi-G code of index s in R*" is equivalent to a group code under the action of the finite
group G°.

Proof Consider a quasi-G code of index s in R"*. Reorder the coordinates of R"® so that the
n coordinates in the orbit of a coordinate under the action of group G are grouped together.
Then the coordinates in R are arranged into s copies of n coordinates where the code is
held invariant by the action of the group G on each block of n coordinates. This gives the
result. O

These two lemmas lead to the following important theorem.

Theorem 3.5 Let C be a linear G-code over Bj i, then ©(C) is a G code over Fpr,

which gives that Aut (C) necessarily contains G*" asa subgroup.

Proof Lemma 3.3 gives that ©(C) is a quasi-G code of index 2/+k then Lemma 3.4 gives
that ®(C) isa G¥™* code. Finally Lemma 3.1 gives that Aut(C) necessarily contains G¥"
as a subgroup. O

This theorem can be extended even further in the case when the base field has even order.

Corollary 3.6 Let C be a linear G-code over B i, where the base field is Fr. Then Aut (C)

. . j+k . ..
necessarily contains G¥" and k swap maps which generate an additional subgroup.

Proof Theorem 3.5 gives the first part and Corollary 2.14 gives the second part. O
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4 Projections and lifts of self-dual G-codes over B;

Define g, : Bjx — Bjm by mim ;) = 0if i > m and the identity elsewhere. That is,
Tk,m is the projection of B; x to B} ,,. Note that if k' < m, then 5, is the identity map on
Bj k. Also define wj; : Bjx — By by mj;(v;) = 0if i > [ and the identity elsewhere.
That is, 7 ; is the projection of Bj,k to By k. Note that if j <[, then 7, is the identity map
on Bj . Now, leta € B; x and define
I ky.0om) 2 Bjk = Bim

by

I k), a,m) (@) = 70,1 (7T m(@)).
That is, T1(; k),z,m) is the projection of B x to By .

Example 4.1 Let By 1 = Fi[vi, ul]/(v% — 1, u%). Consider the projection of a = 2+ vy +
2uy + 2vjuy from By | to Byo = F3. By the above definition we have that I1(; 1) 0,0)(2 +
v1 + 2u1 + 2v1u1) = m1,0(71,02 + v1 + 2u1 + 2v1u1)) = 71,02 +v1) =2

We allow j and k to be oo as well and denote this map as IT (s 00),(,m)- In this case the
1ing Boo,o0 is an infinite ring. If C = I x),¢,m)(C’") for some C’ and j > [, k > m, then
C’ is said to be a lift of C.

Theorem 4.2 Let C(v) be a self-dual G-code over Bj . Then I1(j 1y, q,m)(C(v)) is a self-
orthogonal G-code over By .

Proof We first show that I1(; 1y, ¢,m)(C(v)) is a self-orthogonal code over B; ,,. Let w =
(wy, wyp, ..., w,)and z = (21, 22, ..., Zy) be vectors in C(v). We have that

k), m) (Z wiZi) = Z(H(j,k),(l,m)(wi)n(j,k),(l,m)(zi))-
If > wijzi =0in Bj,k then I1(; ), 1,m)(0) = 0 so

(T k), @,my (W), TG k), @,m) (@) @my = 0.

Therefore I(; k), ¢,m)(C (v)) is self-orthogonal.
To show that Il g m(C(v)) is also a G-code, we notice that the pro-

jection H(j,k),(l,m)(C(v)) = H(j,k),(l,m)((a(v))) corresponds to H(j,k),(l,m)(v) =
I k), am) (g )81+ T1(j k), tm) (0gr) 82+ - - +T1(j k), (1, m) (g, ) &n, Where g, € B i. Thus
1 x),q,m) (C(v)) is a G-code over B; x. O

Theorem 4.3 Let w € B ,,G generate a self-dual G-code over By . Then w generates a
self-dual code over Bj i for all j > 1 and k > m. Moreover, the self-dual code over Bj i is
also a G-code.

Proof Let Cj be the code generated by w € B xG. We proceed by induction. We know
Ci,m is a self-dual G-code by assumption.

Assume Cj  is a self-dual G-code. We have that C;; = (o (w)), where w € Bj,kG,
Civ1h = Cjx ®vjy1Cjk, where Cj N 1Cjx =Wand Cjir1 = Cjx + ugr1Cjig,
where Cj i N ur1Cjx = Y. Then we have that Cjy 1 = (o0(w)) @ vjtp1{o(w)),

Crast = (o)) & urr (o @) and [Creril = ICIICT Al = /(™ (pr2 =
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V(YT = |Cj k+1l. Then for vectors w,z,w',z’ € C;; we have (since Cj is
self-dual by assumption),

! / /
(WH+vipw,z4+vjz]j = [w,z]; +vj[w, z2'];
/ 2 A
+vj+1lw, zlj +vj[w,2]; =0
and

! ! /
W+ up1W, 2+ w12 Jkt1 = [W, 2]k + wp1[W, 2 ]k
/ 2 ro
Fup1 W, 2k +up (W, 2] = 0.

Hence Cj; 1k and Cj k41 are self-dual codes since both are self-orthogonal and both have
the proper cardinality. Therefore by mathematical induction Cj y is a self-dual code for all
finite j and k.

Next we prove that Coo, 0 1s self-dual. If z, w € C o then there exist j and k with
z,w € Cjy and hence [z, w]; = [z, w]y = 0 which implies [z, w]c = 0. If w € Cé‘o,oo
thenw € C Jrk for some j and k which gives that w € C; ; and hence in C, 0. Therefore
Coo.00 18 self-dual.

To show that C; is also a G-code, let w = ag g1 + ag,82 + -+ + g, gy, Where
g, € Bjm. Then we see that C 11 x = (0 (w)) ®vj41{o(w)) corresponds to w +vjjw =
(g, +vjp10g)81 + (g, +Vj110g,) 82+ + (g, +Vj+10,)€n in Bjy1 4 G. Similarly,
Cjkr1 = (0/(w)) D u1 (o (w)) corresponds o w + g 1w = (erg, + k110,81 + (g, +
Uky1Qgy)82 + -+ - + (g, + U y10,)8, In BJ‘JH_]G. Thus C; x is a G-code. O

As a consequence of the above theorem, we have the following result.

Corollary 4.4 If C is a self-dual G-code over By, then there exists a self-dual code C’
over Bj i, for j >l and k > m with T1(j xy.q,m)(C") = C.

5 The gray image of G-codes over B;

In this section, we restrict our attention to the ring B ik =For[v, v, ..., 05,
Ui, Uz, ..., ugl/ (vi2 —j, uiz) and employ the Gray map defined in Section 2. We extend the
Gray map O linearly to all of B; ; and define the Lee weight of an element in BB;  to be the

. . .. . . . j+k
Hamming weight of its image. We get a linear distance preserving map from B;?, [0 IF%f "

From Theorem 2.13 we know that for any linear code over B i,k we have ©(C Ly =
©(C)™. As a consequence of this, we get the following result.

Corollary 5.1 Let C be a G-code over Bj . Then ©(Ct) = ©(C)™ .

Proof From the definition of a G-code, we know that C is linear. The rest follows from
Theorem 2.13. O

Theorem 5.2 If C is a self-dual G-code of length n over B i, then ©(C) is a self-dual
G-code of length n(2/1%) over For.

Proof If C = C+, then ©(C) = ©(C1) = ©(C)* and we have that ©(C) is self-dual. To

show that ®(C) is also a G-code, we see that ®(C) = O ({o(v))) corresponds to O (v) =
O(org,)g1 + O(0g,) g2 + -+ - + O(ag, ) gn in For G. Thus, ©(C) is a G-code. O
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Theorem 5.3 Let C be_ a self-dual G-code over Bj i of length n, then ®(C) is a self-dual
G"-code of length n(277%) over Far. If the base field is the binary field and the Lee weight
of every codeword is 0 (mod 4), then ®(C) is a Type Il binary code.

Proof If C = C* then by Corollary 5.1, ®(C1) = @(C)* . O

Since © is distance preserving, the following corollary immediately follows from the
bounds given in [12]. Note that for j > 1 and k > 1, the length of the binary image of a code
over B ; will always be divisible by 4, hence the case n = 22 (mod 24) is not possible for
the image of an BB}  code.

Corollary 5.4 Let dy(n, I) and di (n, 1) denote the minimum distance of a Type I and
Type 11 G-code over Bj  of length n, respectively, where the base field is F». Then, for
j = 1landk > 1, we have

20=D+k=1),
di(n,D),dp(n, II) >4 — 14

6 Reversible G-codes over B; x

Lastly in this paper, we extend some results from [1] on reversible G-codes. We start with a
definition.

Definition 6.1 A code C is said to be reversible of index « if a; is a vector of length o and
c¢* = (ap,aj, ...,a;_1) € C implies that (¢*)" = (ag_1, a53_2, ..., a1, a9) € C.

For the remainder of this section, we fix the listing of the group elements as follows.
Let G be a finite group of order n = 2/ and let H = {e, hy, ha, ..., hj—1} be a subgroup
of index 2 in G. Let 8 ¢ H be an element in G, with 8~ = B. We list the elements of
G ={g1, 82, ..., &n} as follows:

le,hi, ... i1, Bhi—1, Bhi—2, ..., Bha, Bh1, B}. (6.1)
In [1], the following is proven.

Theorem 6.2 Let R be a finite ring. Let G be a finite group of order n = 2l and let
H ={e,h1,hy, ..., hi—1} be a subgroup of index 2 in G. Let B ¢ H be an element in G
with B~ = B. List the elements of G as in (6.1), then any linear G-code in R" (a left ideal
in RG) is a reversible code of index 1.

We now employ the map defined in Section 2 and prove the following result.

Theorem 6.3 Let G be a finite group of order n = 2l and let H = {e, hy, hy, ..., hj—1}
be a subgroup of index 2 in G. Let B ¢ H be an element in G with B~ = B and list the
elements of G as in (6.1). If C is a linear G-code in B i (a left ideal in B G ), then ®(C)

. . Jj+k
is a reversible G¥' ™ -code over F P

Proof By Theorem 6.2, we have that C is a reversible code. Therefore, if
(co,c1, ..., cp—1) € C we have that (c,—1, cp—2, ..., c1,co) € C, where ¢; € Bj . Then
©(C) is a vector of length 2/7% This gives that

(©(c0), O(c1), ..., Olcp—1)) € B(C)
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and then
(O(cn-1), O(cn-2), - .., O(c1), B(cp)) € BO(C).
This gives the first part of the result.
The last statement comes from Theorem 3.5. O

The following result can also be found in [1].

Theorem 6.4 Let R be a finite ring. Let G, G3, ..., G, be finite groups, each of order
2¢ and let H\, Hy, ..., H,, where H; = {e;, h;, hi,, ..., hi,_,}, be subgroups of index 2
in G1, Gy, ..., Gy, respectively. Let B; ¢ H; be an element in G; with ﬂi_l = B;. List the
elements of G; as

ei,hij, hiy, ..., hi,_y, Bihi,_,, Bihi,_y, ..., Bihiy, Bihiy, Bi. (6.2)
Then any linear code D generated by the matrix

M=|oW) o) o) ..o
0 (vy) 0(Wn-1) 0(Vp-2) ... o(v1) |’

where v; € RGj, is a reversible code of index 1.

With the above theorem, our ring B ; and the Gray map from Section 2, we have the
following result.

Theorem 6.5 Let R be a finite ring. Let G1, Ga, ..., G, be finite groups, each of order
2¢ and let Hy, Hy, ..., H,, where H; = {e;, h;, hi,, ..., hi,_,}, be subgroups of index 2
in G1, Gy, ..., Gy, respectively. Let B; ¢ H; be an element in G; with ﬁfl = Bi. List the
elements of G; as

€i, hi] i hizv RN hi(g,| s ﬂl’hie,] i IBihi(,27 ceey ﬂihizs ﬂihilv ﬂi' (63)

If D is a linear code in B?, « generated by the matrix

M:[U(Ul) o(v2) o(v3) -~-G(vn)]

o(vy) o(vp—1) 0(Vp—2) ... o(v1)

where v; € B G, then ©(D) is a reversible code over F ,r of index 2Jtk,

Proof By Theorem 6.4, we have that D is a reversible code of index 1. Therefore, if

11 1 2 2 2
((ag, ay,....ay_), (@j,ai,....,a5_1), ..., (a5, a},...,a5_))) € D
we have that
—1 -1 -1 1 1 1
((@yp_ysahyp_nsoovag), (@yy 1 Ghy ns sy )seeos (@op_y2Gyp_y, ..., ay)) € D,

where a" € B withi € {0,1,2,...,2¢ —1}andm € {1,2,3,...,n}. Then O")isa
vector of length 2/ This gives that
((©(a)), ©(@}), ..., 0(ay_1), (0@}, 0@}, ..., 0@3,_)), ...,
(©(ay), B(a}), ..., 0(ay,_)))) € O(D)
then
(O (al,_1), ©@yy_5), ..., O@ap)), Oy ). O ), ....0@g ). ...,

(O, ), 0@l 5), ..., 0(a}))) € O(D).
This proves the result. O
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7 Conclusion

In this work, we studied G-codes, self-dual G-codes and reversible G-codes over a new
family of rings B x. In particular, we showed that the projection of a G-code over B; x to
a code over B; , is also a G-code, we defined a Gray map for the new family of rings and
showed that the image of a self-dual G-code under this Gray map is also a self-dual G-code.
We also proved that the image of a reversible G-code under the Gray map is a reversible

G code and that the images of G-codes under the Gray map are G*-codes for some
s. A suggestion for future research is to search for self-dual G-codes or other families of
codes over our new family of rings. We believe that many interesting codes can be obtained
as Gray images of the codes over the ring B; ; since as we showed in this work, the Gray
images of the codes over the ring B; x have rich automprphism groups.
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