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1 Introduction

The aim of this paper is to derive the artificial boundary conditions and study
a robust and efficient finite difference scheme for approximating the following
time-fractional Klein-Gordon equation

C
0 D

α
t u(x, t)− p2 ∂

2u(x, t)

∂x2
+ q2u(x, t) = f(x, t), x ∈ R, 0 ≤ t ≤ T, (1)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R, (2)

u(x, t)→ 0,
∣∣x∣∣→∞, 0 ≤ t ≤ T, (3)

where supp {ψ,ϕ} ⊆ [xl, xr], supp{f} ⊆ [xl, xr]×[0, T ], 1 < α ≤ 2 and p, q are
positive constants. The Caputo derivative is defined by [35], with α ∈ (1, 2],

C
0 D

α
t u(t) =

1

Γ (2− α)

∫ t

0

1

(t− τ)α−1
d2u(τ)

dτ2
dτ.

Many problems in physical and engineering sciences can be described by
Klein-Gordon equations. The applications of Klein-Gordon equations in propa-
gation of fluxion between superconductors, motion of pendule, and dislocations
in crystal can be found in [1], [2], [3]. There is a trend of modeling problems by
fractional differential equations instead of the classical integer order differen-
tial equations. Some problems are described more accurately using fractional
derivatives.

The analytical solutions of fractional differential equations mostly contain
the special functions such as Mittag-Leffler function, H-function, hypergeo-
metric function, Wright function, etc. which makes the analytical solutions
of fractional differential equations are difficult to find explicitly. Many effi-
cient numerical methods for approximating the fractional partial differential
equation on the bounded domains are presented, for example, finite differ-
ence methods [4], [8], [9], [10], [13], [20], [21], [22], [25], finite element methods
[26], [27], [28], [29],[30] and spectral methods [11], [12], [23], [24]. However, it is
challenging to numerically solve and analyze time-fractional partial differential
equations on the unbounded domains due to the non-locality of time-fractional
derivative and the unboundedness of spatial domain.

The unbounded domain brings the essential difficulties to the numerical
solutions of the fractional partial differential equations. Neither the finite dif-
ference method nor the finite element method can be directly applied to solve
such problems. One of the methods for solving such problem is to apply the
artificial boundary method, which divides the unbounded physical domain into
a bounded computational domain and the remaining unbounded domain. By
deriving the exact or approximate boundary conditions, the original problems
on spatial unbounded domains can be reduced to the initial-boundary value
problems on spatial bounded computational domains. For the artificial bound-
ary methods for integer order partial differential equations, we refer to [34].

Let us first review some numerical methods for approximating the time
fractional partial differential equations on the unbounded domains. Gao and
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Sun [14],[15] studied the artificial boundary conditions of time-fractional sub-
diffusion equation on the unbounded domain and presented a finite difference
scheme based on the L1 approximation for time-fractional derivatives and com-
pact difference scheme for spatial derivatives and proved that the convergence
order of the proposed scheme is O(∆t2−α + h4)(0 < α ≤ 1). Using the or-
der reduction method, Zhang [16] studied the artificial boundary conditions
of the time-fractional linear KdV equation on the unbounded domains and
constructed the finite difference scheme and analyzed its stability and conver-
gence. The artificial boundary conditions of the time-fractional Schrödinger
equation on the unbounded domains for the potential function Vc = 0 was
studied by Li and Zhang [17]. Sun and Zhang [18] further improved the proof
of convergence and gave the optimal convergence order when Vc = 0. In [19],
the artificial boundary conditions of the time-fractional nonlinear Schrödinger
equation on the unbounded domain was obtained by the operator splitting
method and Padé approximation. The value of α in the artificial boundary
conditions mentioned above for the time-fractional partial differential equa-
tion on the unbounded domains are all less than or equal to 1. In this paper,
we will derive the artificial boundary condition for the time-fractional Klein-
Gordon equation with 1 < α ≤ 2.

To obtain the artificial boundary conditions for (1)-(3), we perform the
Laplace transform on (1) to get an ordinary differential equation. The arti-
ficial boundary conditions can be derived by solving this ordinary differen-
tial equation. We then introduce a finite difference scheme for approximating
the time-fractional Klein-Gordon equation on the bounded domain with the
proposed artificial boundary conditions. The stability and convergence of the
scheme are proved using the discrete energy method.

The main contributions of this paper are as follows.

1. The artificial boundary condition for time-fractional Klein-Gordon equa-
tion on the unbounded domain is derived, which transformed the original
problem on the unbounded domain into the initial boundary value problem
on the bounded domain.

2. The L1 scheme of the generalized Caputo derivative is constructed and the
truncation error is studied in detail.

3. A finite difference method of time-fractional Klein-Gordon equation with
exact artificial boundary conditions is established and the convergence and
stability of the proposed method are proved by the discrete energy method.

The paper is organized as follows. In Section 2, the exact artificial bound-
ary conditions of time-fractional Klein-Gordon equation on the unbounded
domains are derived by using the Laplace transform method. In Section 3, the
difference scheme for approximating the time-fractional Klein-Gordon equa-
tion on the bounded domain is constructed. In Section 4, the lower bound
of the approximation to the generalized Caputo derivative is given and the
convergence and stability of the finite difference scheme for approximating the
time-fractional Klein-Gordon equation on the bounded domain are analyzed.
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In section 5, several numerical examples are given to show that the numerical
results are consistent with the theoretical findings.

2 The artificial boundary condition for (1)-(3)

In this section, we shall introduce the artificial boundary conditions for (1)-(3).
Denote

Σr = {(x, t)|x = xr, 0 ≤ t ≤ T}, Σl = {(x, t)|x = xl, 0 ≤ t ≤ T},

which divides the unbounded domain into three parts

Ωin = (xl, xr)× [0, T ], Ωr = [xr,+∞)× [0, T ], Ωl = (−∞, xl]× [0, T ].

We further denote Ωout = (−∞, xl] ∪ [xr,+∞)× [0, T ].

Since supp{ψ,ϕ} ⊆ [xl, xr], supp{f} ⊆ [xl, xr] × [0, T ], the constraint of
the problem (1)-(3) on the domain Ωout takes the form of

C
0 D

α
t u(x, t)− p2 ∂

2u(x, t)

∂x2
+ q2u(x, t) = 0, (x, t) ∈ Ωout, (4)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ (−∞, xl] ∪ [xr,+∞), (5)

u(x, t)→ 0,
∣∣x∣∣→∞, t ∈ [0, T ]. (6)

Let û(x, s) be the Laplace transform of u(x, t), i.e.

û(x, s) =

∫ +∞

0

e−stu(x, t)dt, <(s) > 0.

Recalling the result of Laplace transform for the Caputo derivatives in the
form of

Ĉ
0 D

α
t v(s) = sαv̂(s)− sα−1v(0)− sα−2vt(0).

From (4)-(6) , we have sαû(x, s)− p2 ∂
2û(x, s)

∂x2
+ q2û(x, s) = 0, x ∈ (−∞, xl] ∪ [xr,+∞),

û(x, s)→ 0, |x| → ∞.

Solving the above ordinary differential equation, one gets

û(x, s) =

 c1(s)e−
√
sα+q2

p x, x ∈ [xr,+∞),

c2(s)e

√
sα+q2

p x, x ∈ (−∞, xl],
(7)
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where c1(s) and c2(s) are undetermined functions.
Formula (7) is equivalent to

∂û(x, s)

∂x
=


− 1

p

sα + q2√
sα + q2

û(x, s), x ∈ [xr,+∞),

1

p

sα + q2√
sα + q2

û(x, s), x ∈ (−∞, xl].
(8)

When x ∈ [xr,+∞), from (8), we get

∂û(xr, s)

∂x
= −1

p

sα + q2√
sα + q2

û(xr, s)

= −1

p
{s

α
2−(1−

α
2 )√

sα + q2
sû(xr, s) + q2

s
α
2−(1+

α
2 )√

sα + q2
sû(xr, s)}. (9)

Taking the inverse Laplace transform of the problem (9), we get

∂u(xr, t)

∂x
= −1

p
t−

α
2

[
E

1
2

α,1−α2
(−q2tα) ∗ ∂u(xr, t)

∂t
+ q2tαE

1
2

α,1+α
2

(−q2tα) ∗ ∂u(xr, t)

∂t

]
= −1

p

{
t−

α
2

[
E

1
2

α,1−α2
(−q2tα) + q2tαE

1
2

α,1+α
2

(−q2tα)
]}
∗ ∂u(xr, t)

∂t

= −1

p

∫ t

0

Gα,q(t− τ)

(t− τ)
α
2

∂u(xr, τ)

∂τ
dτ

= −1

p
Γ (1− α

2
)G0 D

α
2
t u(xr, t), (10)

where

G
0 D

α
2
t u(xr, t) =

1

Γ (1− α
2 )

∫ t

0

Gα,q(t− τ)

(t− τ)
α
2

∂u(xr, τ)

∂τ
dτ, (11)

Gα,q(t) = E
1
2

α,1−α2
(−q2tα) + q2tαE

1
2

α,1+α
2

(−q2tα). (12)

Here the generalized Mittag-Leffler function Eγα,β(z) is defined by, with α, β ∈
C and <(α) > 0,<(β) > 0, γ > 0, [35],

Eγα,β(z) =

∞∑
k=0

(γ)k
Γ (k + 1)Γ (kα+ β)

zk, z ∈ C,

where (γ)k = Γ (γ + k)/Γ (γ). Further we have

L−1
[

sαγ−β

(λ+ sα)γ

]
= tβ−1Eγα,β(−λtα),

where L−1 denotes the inverse Laplace transform.
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Similarly to the derivation of (10), one may obtain

∂u(xl, t)

∂x
=

1

p
Γ (1− α

2
)G0 D

α
2
t u(xl, t).

Thus the problem (1)-(3) is equivalent to the following time-fractional
Klein-Gordon equation with the exact artificial boundary conditions

C
0 D

α
t u(x, t)− p2 ∂

2u(x, t)

∂x2
+ q2u(x, t) = f(x, t), (x, t) ∈ (xl, xr)× [0, T ],

(13)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ [xl, xr], (14)

∂u(xr, t)

∂x
= −1

p
Γ (1− α

2
)G0 D

α
2
t u(xr, t), t ∈ [0, T ], (15)

∂u(xl, t)

∂x
=

1

p
Γ (1− α

2
)G0 D

α
2
t u(xl, t), t ∈ [0, T ]. (16)

Remark 1 The equations (15), (16) contain the generalized Caputo fractional

derivative G
0 D

α
2
t u(x, t) defined by, with n− 1 < α ≤ n, n ∈ Z+, [31] [35],

G
0 D

α
t f(t) :=

1

Γ (n− α)

∫ t

0

Gα,q(t− τ)f (n)(τ)

(t− τ)α−n+1
dτ.

Obviously, G0 D
α
2
t u(x, t) =C

0 D
α
2
t u(x, t) when Gα,q(t) = 1.

Remark 2 In general, the solution of (13)-(16) has the weak singularity near
the initial time. In this work, we will mainly focus on the formulation of the
artificial boundary conditions of (13)-(16) under the assumptions that the so-
lutions are sufficiently smooth. In literature, there are lots of works to consider
the numerical methods for time fractional partial differential equations by us-
ing the graded meshes which can recover the optimal convergence orders of
the proposed numerical methods. One may also use the graded meshes to solve
(13)-(16) numerically.

Remark 3 In (13), the equation involves the Caputo fractional derivative which
makes the solution have the singularity near the initial time. In the artificial
boundary conditions (14)-(15), the generalize Caputo fractional derivatives are
also involved which also contains the initial singularity.

3 The finite difference scheme of (13)-(16)

In this section, we shall construct the finite difference scheme for approximat-
ing (13)-(16). To do this, we first need to study the approximation scheme of
the generalized Caputo derivative in (15), (16).
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Let M and N be two positive integers. We introduce a mesh Ωh × Ω∆t
defined by

Ωh = {xi|xi = x0 + ih, x0 = xl, xM = xr, 0 ≤ i ≤M},
Ω∆t = {tn|tn = t0 + n∆t, t0 = 0, tN = T, 0 ≤ n ≤ N}.

The domain Ωin is then covered by Ωh × Ω∆t. For any mesh function u =
{uni |0 ≤ i ≤M, 0 ≤ n ≤ N} defined on Ωh ×Ω∆t, we introduce the following
notations:

u
n− 1

2
i =

uni + un−1i

2
, δtu

n− 1
2

i =
uni − u

n−1
i

∆t
, 0 ≤ i ≤M, 1 ≤ n ≤ N,

δxu
n
i+ 1

2
=
uni+1 − uni

h
, δ2xu

n
i =

δxu
n
i+ 1

2

− δxuni− 1
2

h
, 1 ≤ i ≤M − 1, 0 ≤ n ≤ N.

Let

SM =
{
u|u = (u0, u1, ..., uM )

}
.

For any u, v ∈ SM , the inner product and norm are defined by

(u, v) = h(
1

2
u0v0 +

M−1∑
i=1

uivi +
1

2
uMvM ),

∥∥u∥∥ =
√

(u, u),

∥∥δxu∥∥ =

√√√√h

M∑
i=1

(δxui− 1
2
)2,

∥∥u∥∥∞ = max
0≤i≤M

|ui|.

Lemma 1 [33] Suppose y(x) ∈ C3[xl, xr], where xl = x0, xr = xM , then

y′′(x0)− 2

h

[
y(x1)− y(x0)

h
− y′(x0)

]
= −h

3
y′′′(x0 + θ1h), θ1 ∈ (0, 1),

y′′(xM )− 2

h

[
y′(xM )− y(xM )− y(xM−1)

h

]
= −h

3
y′′′(xM − θ1h), θ1 ∈ (0, 1).

Lemma 2 [32] Suppose 1 < α ≤ 2, u(t) ∈ C3[t0, tn], with n = 1, 2, · · ·, N,

R̄n−
1
2 = C

0 D
α
t u(t)|t=t

n− 1
2

− Dαt un−
1
2 ,

then∣∣∣R̄n− 1
2

∣∣∣ ≤ { 1

6Γ (3− α)
+

1

2Γ (2− α)

[1

4
+

α− 1

(2− α)(3− α)

]}
max

t0≤t≤tn

∣∣∣u′′′(t)∣∣∣∆t3−α,
where

Dαt un−
1
2 =

∆t1−α

Γ (3− α)

[
b
(α)
0 δtu

n− 1
2 −

n−1∑
j=1

(b
(α)
n−j−1 − b

(α)
n−j)δtu

j− 1
2 − b(α)n−1u

′(t0)

]
,

b
(α)
l = (l + 1)2−α − l2−α, l = 0, 1, 2, · · ·, n− 1.
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Below we shall approximate the generalized Caputo derivatives G
0 D

α
2
t u(t)

in (15), (16) by using the L1 scheme. Note that, at t = tn− 1
2
,

G
0 D

α
2
t u(t)|t=t

n− 1
2

=
1

Γ (1− α
2 )

∫ t
n− 1

2

0

Gα,q(tn− 1
2
− τ)u′(τ)

(tn− 1
2
− τ)

α
2

dτ

=
1

Γ (1− α
2 )

[ n−1∑
j=1

∫ tj

tj−1

Gα,q(tn− 1
2
− τ)u′(τ)

(tn− 1
2
− τ)

α
2

dτ +

∫ t
n− 1

2

tn−1

Gα,q(tn− 1
2
− τ)u′(τ)

(tn− 1
2
− τ)

α
2

dτ

]
.

Performing the linear interpolation of u(t) in the interval [tj−1, tj ](1 ≤
j ≤ n − 1) on the nodes tj−1 and tj (1 ≤ j ≤ n − 1) and the linear in-
terpolation of u(t) in the interval [tn−1, tn− 1

2
] on the nodes tn−1 and tn,

respectively, we obtain the approximation scheme DG,
α
2

t un−
1
2 defined by (17)

of G
0 D

α
2
t u(t)|t=t

n− 1
2

. We have the following lemma for the truncation error of

the approximation DG,
α
2

t un−
1
2 .

Lemma 3 Let 1 < α ≤ 2 and u(t) ∈ C3[0, T ]. There exist positive con-
stants Mi(T, α)(i = 1, 2, · · ·, 5) which only depend on T and α, such that∣∣R̃n− 1

2

∣∣ =

∣∣∣∣ G0 D α
2
t u(t)|t=t

n− 1
2

− DG,
α
2

t un−
1
2

∣∣∣∣
≤ ∆t2−

α
2

8Γ (1− α
2 )

max
t0≤t≤tn−1

|u′′(t)|
2∑
i=1

Mi(T, α)

+
2∆t2−

α
2

Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣u′′′(t)∣∣ 5∑
i=3

Mi(T, α).

Here

DG,
α
2

t un−
1
2 =

1

Γ (1− α
2 )

n∑
j=1

a
(α)
n−jδtu

j− 1
2 , n ≥ 1, (17)

where

a
(α)
j =



+∞∑
k=0

[
Ã

(α)
k (

∆t

2
)kα−

α
2 +1 − B̃(α)

k (
∆t

2
)kα+

α
2 +1

]
, j = 0,

+∞∑
k=0

Ã
(α)
k ∆tkα−

α
2 +1

[
(j +

1

2
)kα−

α
2 +1 − (j − 1

2
)kα−

α
2 +1

]

−
+∞∑
k=0

B̃
(α)
k ∆tkα+

α
2 +1

[
(j +

1

2
)kα+

α
2 +1 − (j − 1

2
)kα+

α
2 +1

]
,

1 ≤ j ≤ n− 1,

and

Ã
(α)
k =

Γ (k + 1
2 )(−q2)k

Γ (kα+ 2− α
2 )Γ (k + 1)Γ ( 1

2 )
, B̃

(α)
k =

Γ (k + 1
2 )(−q2)k+1

Γ (kα+ 2 + α
2 )Γ (k + 1)Γ ( 1

2 )
.

(18)
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Proof See Appendix.

The coefficients {a(α)j }(j = 0, 1, · · ·, n − 1) defined in (17) satisfy the fol-
lowing Lemma.

Lemma 4 Let 1 < α < 2, {a(α)j }(0 ≤ j ≤ n − 1, n ≥ 1) be defined in (17).
Then there exists a positive T > 0 such that, with tj = j∆t ≤ T ,

a
(α)
j ≥ 0, 0 ≤ j ≤ n− 1.

Proof For j = 0, we have

a
(α)
0 =

1

Γ (2− α
2 )

(
∆t

2
)1−

α
2 +

+∞∑
k=1

(−1)k+1 q2kΓ (k − 1
2 )

2
√
πΓ (kα− α

2 + 2)Γ (k + 1)
(
∆t

2
)kα−

α
2 +1.

(19)

It is easy to show the first term in the right side of (19) is positive. Now
we consider the second term in the right side of (19). Let

gk =
q2kΓ (k − 1

2 )

2
√
πΓ (kα− α

2 + 2)Γ (k + 1)
(
∆t

2
)kα−

α
2 +1.

When ∆t is small enough, we have

gk+1

gk
=

q2k+2Γ (k + 1
2 )(∆t2 )kα+

α
2 +1

2
√
πΓ (kα+ α

2 + 2)Γ (k + 2)

/
q2kΓ (k − 1

2 )(∆t2 )kα−
α
2 +1

2
√
πΓ (kα− α

2 + 2)Γ (k + 1)

= q2(
∆t

2
)α
(
k − 1

2

k + 1

)
Γ (kα− α

2 + 2)

Γ (kα+ α
2 + 2)

≤ q2(
∆t

2
)α ≤ 1, k = 1, 2, · · ·.

That is, {gk} is a descending sequence. Consequently, g1−g2+g3−g4+··· ≥ 0.
Reorganizing (19), we have

a
(α)
0 =

1

Γ (2− α
2 )

(
∆t

2
)1−

α
2 +

+∞∑
k=1

(−1)k+1gk ≥ 0.

For 1 ≤ j ≤ n− 1, one obtains

a
(α)
j =

1

Γ (2− α
2 )

(t
1−α2
j+ 1

2

− t1−
α
2

j− 1
2

)

+

+∞∑
k=1

(−1)k+1 q2kΓ (k − 1
2 )

2
√
πΓ (kα− α

2 + 2)Γ (k + 1)
(t
kα−α2 +1

j+ 1
2

− tkα−
α
2 +1

j− 1
2

).

(20)

Obviously, the first term in the right side of (20) is positive. For the second
term on the right side of (20), let

zk =
q2kΓ (k − 1

2 )

2
√
πΓ (kα− α

2 + 2)Γ (k + 1)
(t
kα−α2 +1

j+ 1
2

− tkα−
α
2 +1

j− 1
2

),
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we get

zk+1

zk
=

q2k+2Γ (k + 1
2 )

2
√
πΓ (kα+ α

2 + 2)Γ (k + 2)

/
q2kΓ (k − 1

2 )

2
√
πΓ (kα− α

2 + 2)Γ (k + 1)

×
(t
kα+α

2 +1

j+ 1
2

− tkα+
α
2 +1

j− 1
2

)

(t
kα−α2 +1

j+ 1
2

− tkα−
α
2 +1

j− 1
2

)

= q2
k − 1

2

k + 1

Γ (kα− α
2 + 1)

Γ (kα+ α
2 + 1)

∫ tj+1
2

t
j− 1

2

tkα+
α
2 dt∫ tj+1

2
t
j− 1

2

tkα−
α
2 dt

.

Note that∫ tj+1
2

t
j− 1

2

tkα+
α
2 dt∫ tj+1

2
t
j− 1

2

tkα−
α
2 dt

=

∫ tj+1
2

t
j− 1

2

tα · tkα−α2 dt∫ tj+1
2

t
j− 1

2

tkα−
α
2 dt

≤ Tα
∫ tj+1

2
t
j− 1

2

tkα−
α
2 dt∫ tj+1

2
t
j− 1

2

tkα−
α
2 dt

= Tα,

there exists a suitable T > 0, such that

zk+1

zk
= q2

k − 1
2

k + 1

Γ (kα− α
2 + 1)

Γ (kα+ α
2 + 1)

∫ tj+1
2

t
j− 1

2

tkα+
α
2 dt∫ tj+1

2
t
j− 1

2

tkα−
α
2 dt
≤ q2Tα

kα− α
2 + 1

≤ 1, k ≥ 1.

Hence {zk} is a descending sequence and we show that a
(α)
j ≥ 0.

Remark 4 To show a
(α)
j ≥ 0, we need to assume that j∆t ≤ T for a suitable

T . This restriction comes from the argument of the proof. Our numerical

simulation show that a
(α)
j ≥ 0 for a sufficiently large T > 0.

Applying the L1 schemes to approximate the Caputo fractional derivative
and the generalized Caputo fractional derivative and applying the central dif-
ference scheme to approximate the spatial derivative, we obtain the following
finite difference method for (13)-(16), with Uni = u(xi, tn), fni = f(xi, tn),

Dαt U
n− 1

2
i − p2δ2xU

n− 1
2

i + q2U
n− 1

2
i = f

n− 1
2

i +R
n− 1

2
i , 1 ≤ i ≤M − 1, 1 ≤ n ≤ N,

(21)

Dαt U
n− 1

2

M +
2p2

h

[
1

p
Γ (1− α

2
)DG,

α
2

t U
n− 1

2

M + δxU
n− 1

2

M− 1
2

]
+ q2U

n− 1
2

M (22)

= f
n− 1

2

M +R
n− 1

2

M , 1 ≤ n ≤ N,

Dαt U
n− 1

2
0 − 2p2

h

[
δxU

n− 1
2

1
2

− 1

p
Γ (1− α

2
)DG,

α
2

t U
n− 1

2
0

]
+ q2U

n− 1
2

0 (23)

= f
n− 1

2
0 +R

n− 1
2

0 , 1 ≤ n ≤ N,
U0
i = ϕ(xi), 0 ≤ i ≤M. (24)
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By Taylor theorem, there exists a positive constant C such that∣∣∣Rn− 1
2

i

∣∣∣ ≤ C(∆t3−α + h2), 1 ≤ i ≤M − 1, 1 ≤ n ≤ N, (25)∣∣∣Rn− 1
2

M

∣∣∣ ≤ C(∆t3−α + h+
∆t2−

α
2

h
), 1 ≤ n ≤ N, (26)∣∣∣Rn− 1

2
0

∣∣∣ ≤ C(∆t3−α + h+
∆t2−

α
2

h
), 1 ≤ n ≤ N. (27)

Omitting the small term R
n− 1

2
i (0 ≤ i ≤ M, 1 ≤ n ≤ N), we obtain the

following finite difference scheme for (13)-(16),

Dαt u
n− 1

2
i − p2δ2xu

n− 1
2

i + q2u
n− 1

2
i = f

n− 1
2

i , 1 ≤ i ≤M − 1, 1 ≤ n ≤ N, (28)

Dαt u
n− 1

2

M +
2p2

h

[
1

p
Γ (1− α

2
)DG,

α
2

t u
n− 1

2

M + δxu
n− 1

2

M− 1
2

]
+ q2u

n− 1
2

M = f
n− 1

2

M , (29)

1 ≤ n ≤ N,

Dαt u
n− 1

2
0 − 2p2

h

[
δxu

n− 1
2

1
2

− 1

p
Γ (1− α

2
)DG,

α
2

t u
n− 1

2
0

]
+ q2u

n− 1
2

0 = f
n− 1

2
0 , (30)

1 ≤ n ≤ N,
u0i = ϕ(xi), 0 ≤ i ≤M. (31)

For each temporal level t = tn− 1
2
, the difference scheme (28)-(31) is a

tridiagonal system of linear algebraic equations with respect to the unknowns
{uni |0 ≤ i ≤ M, 1 ≤ n ≤ N}, and the coefficient matrix is strictly diagonally
dominant. Thus the solution of (28)-(31) is unique and Thomas algorithm [36]
can be used for computing of (28)-(31) .

Remark 5 Compared with the direct discretizations of the boundary condi-
tions (15)-(16), we found that the discretizations (29)-(30) have some advan-
tages which make the discretizaed matrix to be tridiagonal and also make the
space convergence order to be higher.

4 Stability and convergence of (28)-(31)

In this section, the stability and convergence of the finite difference scheme
(28)-(31) is analyzed using the discrete energy method. Before presenting the
theoretical analysis, we introduce some important Lemmas.

Lemma 5 [4] Let b
(α)
l , l = 0, 1, . . . , n − 1 be defined in Lemma 3 with 1 <

α ≤ 2. For any grid function u = {uk|0 ≤ k ≤ n} defined on Ω∆t, it holds

∆t

N∑
n=1

∆t1−α

Γ (3− α)

[
b
(α)
0 un −

n−1∑
j=1

(b
(α)
n−j−1 − b

(α)
n−j)u

j − b(α)n−1u
0

]
un

≥
t1−αN

2Γ (2− α)
∆t

N∑
n=1

(un)2 −
t2−αN

2Γ (3− α)
(u0)2, 1 ≤ n ≤ N.
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Lemma 6 Let 1 < α ≤ 2. For any grid function u = {uk|0 ≤ k ≤ n} defined
on Ω∆t, it holds, with some positive constants M6(T, α),M7(T, α) which only
depend on T and α,

∆t

N∑
n=1

(
DG,

α
2

t un−
1
2

)
(δtu

n− 1
2 ) ≥ − ∆t

2Γ (1− α
2 )

[
M6(T, α) +M7(T, α)

] N∑
n=1

(δtu
n− 1

2 )2.

Proof Using the inequality ab ≥ − 1
2 (a2 + b2), we get, noting a

(α)
j ≥ 0 by

Lemma 4,

∆t

N∑
n=1

(
DG,

α
2

t un−
1
2

)
(δtu

n− 1
2 ) =

∆t

Γ (1− α
2 )

N∑
n=1

[ n∑
j=1

a
(α)
n−j
(
δtu

j− 1
2

)]
δtu

n− 1
2

≥ − ∆t

2Γ (1− α
2 )

N∑
n=1

n∑
j=1

a
(α)
n−j

[
(δtu

j− 1
2 )2 + (δtu

n− 1
2 )2
]

= − ∆t

2Γ (1− α
2 )

N∑
n=1

[ n∑
j=1

a
(α)
n−j

]
(δtu

j− 1
2 )2 − ∆t

2Γ (1− α
2 )

N∑
n=1

[ n∑
j=1

a
(α)
n−j

]
(δtu

n− 1
2 )2.

(32)

Exchanging the summation order of the first term in the right hand of (32),
we obtain

∆t

N∑
n=1

DG,
α
2

t un−
1
2 (δtu

n− 1
2 ) ≥ − ∆t

2Γ (1− α
2 )

N∑
j=1

[ N∑
n=j

a
(α)
n−j

]
(δtu

j− 1
2 )2

− ∆t

2Γ (1− α
2 )

N∑
n=1

[ n∑
j=1

a
(α)
n−j

]
(δtu

n− 1
2 )2. (33)

Using (17), we have

n∑
j=1

a
(α)
n−j = a

(α)
0 + a

(α)
1 + · · ·+ a

(α)
n−1

=

+∞∑
k=0

{[
Ã

(α)
k (

∆t

2
)kα−

α
2 +1 − B̃(α)

k (
∆t

2
)kα+

α
2 +1

]
+ Ã

(α)
k

[
(
3∆t

2
)kα−

α
2 +1 − (

∆t

2
)kα−

α
2 +1

]
− B̃(α)

k

[
(
3∆t

2
)kα+

α
2 +1 − (

∆t

2
)kα+

α
2 +1

]
+ · · ·+ Ã

(α)
k

[(
(n− 1

2
)∆t
)kα−α2 +1 −

(
(n− 3

2
)∆t
)kα−α2 +1

]
− B̃(α)

k

[(
(n− 1

2
)∆t
)kα+α

2 +1 −
(
(n− 3

2
)∆t
)kα+α

2 +1
]}

. (34)
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Reorganizing (34), we obtain

n∑
j=1

a
(α)
n−j =

+∞∑
k=0

Ã
(α)
k t

kα−α2 +1

n− 1
2

−
+∞∑
k=0

B̃
(α)
k t

kα+α
2 +1

n− 1
2

.

Hence
n∑
j=1

a
(α)
n−j ≤

∣∣ n∑
j=1

a
(α)
n−j
∣∣ ≤ +∞∑

k=0

|Ã(α)
k |T

kα−α2 +1 +

+∞∑
k=0

|B̃(α)
k |T

kα+α
2 +1.

Noting that

lim
k→∞

∣∣Ã(α)
k+1

∣∣T kα+α
2 +1∣∣Ã(α)

k

∣∣T kα−α2 +1
= lim
k→∞

q2Tα
Γ (kα− α

2 + 2)(k + 1
2 )

Γ (kα+ α
2 + 2)(k + 1)

= 0,

and

lim
k→∞

∣∣B̃(α)
k+1

∣∣T kα+α
2 +1∣∣B̃(α)

k

∣∣T kα−α2 +1
= lim
k→∞

q2Tα
Γ (kα+ α

2 + 2)(k + 1
2 )

Γ (kα+ 3α
2 + 2)(k + 1)

= 0,

we see that
+∞∑
k=0

∣∣Ã(α)
k

∣∣T kα−α2 +1,
+∞∑
k=0

∣∣B̃(α)
k

∣∣T kα+α
2 +1 are convergent which im-

plies that
∣∣ n∑
j=1

a
(α)
n−j
∣∣ is convergent. Hence there exists a positive constant

M6(T, α), which only depend on T, α, such that

n∑
j=1

a
(α)
n−j ≤M6(T, α), n ≥ 1. (35)

Similarly,
N∑
n=j

a
(α)
n−j is convergent, and there exists a positive constantM7(T, α),

which only depend on T, α, such that

N∑
n=j

a
(α)
n−j ≤M7(T, α), n ≥ j. (36)

Combining (33) with (35), (36), we get

∆t

N∑
n=1

DG,
α
2

t un−
1
2 (δtu

n− 1
2 ) ≥ − ∆t

2Γ (1− α
2 )

[
M6(T, α) +M7(T, α)

] N∑
n=1

(δtu
n− 1

2 )2.

Remark 6 By the series comparison rule, we see that
+∞∑
k=0

|Ã(α)
k |T kα−

α
2 +1 and

+∞∑
k=0

|B̃(α)
k |T kα+

α
2 +1 are convergent. Hence there exists a positive constantM6(T, α)

which only depends on T and α such that

+∞∑
k=0

|Ã(α)
k |T

kα−α2 +1 +

+∞∑
k=0

|B̃(α)
k |T

kα+α
2 +1 ≤M6(T, α).
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Lemma 7 [33] For any function u defined on SM , it holds∥∥u∥∥2∞ ≤ ε∥∥δxu∥∥2 + (
1

ε
+

1

L
)
∥∥u∥∥2, ε > 0,

where L = xr − xl.

Theorem 1 Assume {umi , 0 ≤ i ≤ M, 1 ≤ m ≤ N} satisfy the difference
scheme (28)-(31), when ∆t satisfy ∆tα

h ≤
1

4pΓ (2−α)
[
M6(T,α)+M7(T,α)

] , then

∥∥um∥∥2∞ ≤ p2
(

1 +
√

1 + 4L2q2

p2

)
2Lq2

[∥∥δxu0∥∥2 +
q2

p2
∥∥ϕ∥∥2

+
T 2−α

2p2Γ (3− α)

∥∥ψ∥∥2 +
2

p2
Tα−1Γ (2− α)∆t

m∑
n=1

∥∥fn− 1
2

∥∥2], 1 ≤ m ≤ N.

Proof Multiplying hδtu
n− 1

2
i on both sides of (28) and summing up for i from

1 to M − 1, multiplying h
2 δtu

n− 1
2

M , h
2 δtu

n− 1
2

0 on both sides of (29) and (30)
respectively, one obtains(

Dαt un−
1
2 , δtu

n− 1
2

)
+ pΓ (1− α

2
)

[
(DG,

α
2

t u
n− 1

2
0 )δtu

n− 1
2

0 + (DG,
α
2

t u
n− 1

2

M )δtu
n− 1

2

M

]
− p2

[
(δxu

n− 1
2

1
2

)δtu
n− 1

2
0 + h

M−1∑
i=1

(δ2xu
n− 1

2
i )δtu

n− 1
2

i − (δxu
n− 1

2

M− 1
2

)δtu
n− 1

2

M

]

+ q2h

[
1

2
(u
n− 1

2
0 )δtu

n− 1
2

0 +

M−1∑
i=1

(u
n− 1

2
i )δtu

n− 1
2

i +
1

2
(u
n− 1

2

M )δtu
n− 1

2

M

]
= (fn−

1
2 , δtu

n− 1
2 ). (37)

Using the summation formula by parts, we have

q2h

[
1

2
(u
n− 1

2
0 )δtu

n− 1
2

0 +

M−1∑
i=1

(u
n− 1

2
i )δtu

n− 1
2

i +
1

2
(u
n− 1

2

M )δtu
n− 1

2

M

]

=
hq2

2∆t

[
1

2
(un0 + un−10 )(un0 − un−10 ) +

M−1∑
i=1

(uni + un−1i )(uni − un−1i )

+
1

2
(unM + un−1M )(unM − un−1M )

]
=

q2

2∆t

[
h

2
(un0 )2 + h

M−1∑
i=1

(uni )2 +
h

2
(unM )2

]

− q2

2∆t

[
h

2
(un−10 )2 + h

M−1∑
i=1

(un−1i )2 +
h

2
(un−1M )2

]
=

q2

2∆t
(
∥∥un∥∥2 − ∥∥un−1∥∥2), (38)
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and

− p2
[
(δxu

n− 1
2

1
2

)δtu
n− 1

2
0 + h

M−1∑
i=1

(δ2xu
n− 1

2
i )δtu

n− 1
2

i − (δxu
n− 1

2

M− 1
2

)δtu
n− 1

2

M

]

= p2
M∑
i=1

(δxu
n− 1

2

i− 1
2

)
(
δtu

n− 1
2

i − δtu
n− 1

2
i−1

)
=
p2h

2∆t

M∑
i=1

(
δxu

n
i− 1

2
+ δxu

n−1
i− 1

2

)(
δxu

n
i− 1

2
− δxun−1i− 1

2

)
=

p2

2∆t

[
h

M∑
i=1

(δxu
n
i− 1

2
)2 − h

M∑
i=1

(δxu
n−1
i− 1

2

)2
]

=
p2

2∆t
(
∥∥δxun∥∥2 − ∥∥δxun−1∥∥2).

(39)

Substituting (38), (39) into (37), we get(
Dαt un−

1
2 , δtu

n− 1
2

)
+ pΓ (1− α

2
)

[
(DG,

α
2

t u
n− 1

2
0 )δtu

n− 1
2

0 + (DG,
α
2

t u
n− 1

2

M )δtu
n− 1

2

M

]
+

p2

2∆t
(
∥∥δxun∥∥2 − ∥∥δxun−1∥∥2) +

q2

2∆t
(
∥∥un∥∥2 − ∥∥un−1∥∥2) = (fn−

1
2 , δtu

n− 1
2 ).

(40)

Multiplying ∆t on both sides of (40), summing up for n from 1 to m, it
follows

∆t

m∑
n=1

(Dαt un−
1
2 , δtu

n− 1
2 ) +

p2

2
(
∥∥δxum∥∥2 − ∥∥δxu0∥∥2) +

q2

2
(
∥∥um∥∥2 − ∥∥u0∥∥2)

+∆t

m∑
n=1

pΓ (1− α

2
)

[
(DG,

α
2

t u
n− 1

2
0 )δtu

n− 1
2

0 + (DG,
α
2

t u
n− 1

2

M )δtu
n− 1

2

M

]

= ∆t

m∑
n=1

(fn−
1
2 , δtu

n− 1
2 ). (41)

By Lemmas 5 and 6, one obtains

∆t

m∑
n=1

(
Dαt un−

1
2 , δtu

n− 1
2

)
≥ t1−αm

2Γ (2− α)
∆t

m∑
n=1

‖δtun−
1
2 ‖2 − t2−αm

2Γ (3− α)
‖ψ‖2,

(42)

and

∆t

m∑
n=1

pΓ (1− α

2
)

[
(DG,

α
2

t u
n− 1

2
0 )δtu

n− 1
2

0 + (DG,
α
2

t u
n− 1

2

M )δtu
n− 1

2

M

]

≥ −p
2
∆t
[
M6(T, α) +M7(T, α)

] m∑
n=1

(
(δtu

n− 1
2

0 )2 + (δtu
n− 1

2

M )2
)
. (43)
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Substituting (42), (43) into (41), we get

t1−αm ∆t

2Γ (2− α)

m∑
n=1

∥∥δtun− 1
2

∥∥2 − t2−αm

2Γ (3− α)

∥∥ψ∥∥2 +
p2

2
(
∥∥δxum∥∥2 − ∥∥δxu0∥∥2)

+
q2

2
(
∥∥um∥∥2 − ∥∥u0∥∥2)− p

2
∆t
[
M6(T, α) +M7,α(T )

] m∑
n=1

(
(δtu

n− 1
2

0 )2

+ (δtu
n− 1

2

M )2
)
≤ ∆t

m∑
n=1

(fn−
1
2 , δtu

n− 1
2 ),

or

∆t

m∑
n=1

[
t1−αm

4Γ (2− α)

∥∥δtun− 1
2

∥∥2 − p

2
∆t(M6(T, α) +M7(T, α))

(
(δtu

n− 1
2

0 )2

+ (δtu
n− 1

2

M )2
)]

+
t1−αm ∆t

4Γ (2− α)

m∑
n=1

∥∥δtun− 1
2

∥∥2 +
p2

2

∥∥δxum∥∥2 +
q2

2

∥∥um∥∥2
≤ t2−αm

2Γ (3− α)

∥∥ψ∥∥2 +
p2

2

∥∥δxu0∥∥2 +
q2

2

∥∥u0∥∥2 +∆t

m∑
n=1

(fn−
1
2 , δtu

n− 1
2 ). (44)

When ∆t satisfy ∆tα

h ≤
1

4pΓ (2−α)
[
M6(T,α)+M7(T,α)

] , the first term for the

left side of (44) satisfies

∆t

m∑
n=1

[
t1−αm

4Γ (2− α)

∥∥δtun− 1
2

∥∥2 − p

2
∆t
[
M6(T.α) +M7(T, α)

](
(δtu

n− 1
2

0 )2 + (δtu
n− 1

2

M )2
)]

= ∆t

m∑
n=1

[
ht1−αm

8Γ (2− α)
− p

2
∆t
[
M6(T, α) +M7(T, α)

]][
(δtu

n− 1
2

0 )2 + (δtu
n− 1

2

M )2
]

+
t1−αm ∆t

4Γ (2− α)

m∑
n=1

h

M−1∑
i=1

(δtu
n− 1

2
i )2 ≥ 0, 1 ≤ m ≤ N.

Thus (44) can be rewritten as

t1−αm ∆t

4Γ (2− α)

m∑
n=1

∥∥δtun− 1
2

∥∥2 +
p2

2

∥∥δxum‖2 +
q2

2
‖um

∥∥2
≤ t2−αm

2Γ (3− α)

∥∥ψ∥∥2 +
p2

2

∥∥δxu0∥∥2 +
q2

2

∥∥u0∥∥2 +∆t

m∑
n=1

(fn−
1
2 , δtu

n− 1
2 ). (45)

By Cauchy-Schwarz inequality, it yields

∆t

m∑
n=1

(fn−
1
2 , δtu

n− 1
2 )

≤ t1−αm ∆t

4Γ (2− α)

m∑
n=1

∥∥δtun− 1
2

∥∥2 + tα−1m Γ (2− α)∆t

m∑
n=1

∥∥fn− 1
2

∥∥2. (46)
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The substitution of (46) into (45) produces that∥∥δxum∥∥2 +
q2

p2
∥∥um∥∥2

≤ t2−αm

Γ (3− α)p2
∥∥ψ∥∥2 +

∥∥δxu0∥∥2 +
q2

p2
∥∥u0∥∥2 +

2

p2
tα−1m Γ (2− α)∆t

m∑
n=1

∥∥fn− 1
2

∥∥2.
(47)

Taking ε > 0 such that
1
ε+

1
L

ε = q2

p2 , that is, ε =
p2
(
1+

√
1+ 4L2q2

p2

)
2Lq2 , it follows

from Lemma 7 that

∥∥um∥∥2∞ ≤ p2
(

1 +
√

1 + 4L2q2

p2

)
2Lq2

[∥∥δxu0∥∥2 +
q2

p2
∥∥ϕ∥∥2

+
T 2−α

2p2Γ (3− α)

∥∥ψ∥∥2 +
2

p2
Tα−1Γ (2− α)∆t

m∑
n=1

∥∥fn− 1
2

∥∥2], 1 ≤ m ≤ N.

This completes the proof.

From Theorem 1, the convergence analysis of the difference equation (28)-
(31) can be obtained.

Theorem 2 Let u(x, t) ∈ C4,3
x,t ([xl, xr]× [0, T ]) be the solution of the problem

(21)-(24) and {umi , 0 ≤ i ≤ M, 1 ≤ m ≤ N} the solutions of the difference
scheme (28)-(31), respectively. Assume that

emi = u(xi, tm)− umi , 0 ≤ i ≤M, 1 ≤ m ≤ N.

When ∆t satisfies ∆tα

h ≤
1

4pΓ (2−α)
[
M6(T,α)+M7(T,α)

] , we have

∥∥em∥∥∞ ≤ c2[(h3/2 +
∆t2−

α
2

h1/2
) +
√
L(∆t3−α + h2)

]
, 1 ≤ m ≤ N.

Proof Subtracting (21)-(24) from (28)-(31), we get the following error equa-
tion,

Dαt e
n− 1

2
i − p2δ2xe

n− 1
2

i + q2e
n− 1

2
i = R

n− 1
2

i , 1 ≤ i ≤M − 1, 1 ≤ n ≤ N, (48)

Dαt e
n− 1

2

M +
2p2

h

[
1

p
Γ (1− α

2
)DG,

α
2

t e
n− 1

2

M + δxe
n− 1

2

M− 1
2

]
+ q2e

n− 1
2

M = R
n− 1

2

M , (49)

1 ≤ n ≤ N,

Dαt e
n− 1

2
0 − 2p2

h

[
δxe

n− 1
2

1
2

− 1

p
Γ (1− α

2
)DG,

α
2

t e
n− 1

2
0

]
+ q2e

n− 1
2

0 = R
n− 1

2
0 , (50)

1 ≤ n ≤ N,
e0i = 0, 0 ≤ i ≤M. (51)
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Applying Theorem 1, it yields that

∥∥em∥∥2∞ ≤
(

1 +
√

1 + 4L2q2

p2

)
Lq2

Tα−1Γ (2− α)∆t

m∑
n=1

∥∥Rn− 1
2

∥∥2
=

(
1 +

√
1 + 4L2q2

p2

)
Lq2

Tα−1Γ (2− α)∆t

m∑
n=1

[
h

2
(R

n− 1
2

0 )2

+ h

M−1∑
i=1

(R
n− 1

2
i )2 +

h

2
(R

n− 1
2

M )2
]
. (52)

From (25)-(27), we have

h

2
(R

n− 1
2

0 )2 + h

M−1∑
i=1

(R
n− 1

2
i )2 +

h

2
(R

n− 1
2

M )2

≤ c21
[
h(∆t2−

α
2 + h+

∆t2−
α
2

h
)2 + L

(
∆t3−α + h2

)2]
≤ c21

[
(h3/2 +

∆t2−
α
2

h1/2
)2 + L(∆t3−α + h2)2

]
. (53)

The substitution of (53) into (52) produces that

∥∥em∥∥2∞ ≤
(

1 +
√

1 + 4L2q2

p2

)
Lq2

Tα−1Γ (2− α)∆t

m∑
n=1

c21

[
(h3/2 +

∆t2−
α
2

h1/2
)2

+ L(∆t3−α + h2)2
]

=

(
1 +

√
1 + 4L2q2

p2

)
Lq2

c21T
αΓ (2− α)

[
(h3/2 +

∆t2−
α
2

h1/2
)2

+ L(∆t3−α + h2)2
]
. (54)

Hence, the inequality (54) can be rewritten as
∥∥em∥∥∞ ≤ c2[(h3/2+∆t2−

α
2

h1/2 )+

√
L(∆t3−α + h2)

]
, where c2 =

√(
1+

√
1+ 4L2q2

p2

)
Lq2 c21T

αΓ (2− α), which com-

pletes the proof.

Remark 7 In the error estimates in Theorem 2, there exists a term ∆t2−
α
2

h1/2

which is due to the approximation of the temporal convolution arising in the
exact artificial boundary conditions. We can not improve this convergence
order in theoretical analysis. When α = 2, this order is meaningless when
∆tα

h ≤ C. However the numerical simulation shows that the convergence order
is almost 3− α when α→ 2, see Table 1.
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5 Numerical simulations

In this section, to verify the validity of the numerical scheme and theoreti-
cal analysis of the finite difference scheme for time-fractional Klein-Gordon
equation with exact artificial boundary conditions, we shall illustrate several
experiments to show the error and the numerical accuracy for the difference
scheme (28)-(31).

Denote

E2(h,∆t) =

√√√√h

M∑
i=0

(
u(xi, tN

)
− uNi )2, E∞(h,∆t) = max

0≤i≤M

∣∣u(xi, tN )− uNi
∣∣.

The temporal convergence order can be calculated by Order∞ = log2

(
E∞(h,∆t)

E∞(h,∆t2 )

)
,,

Order2 = log2

(
E2(h,∆t)

E2(h,
∆t
2 )

)
, and the spatial convergence order can be calculated

by Order1 = log2

(
E∞(h,∆t)

E∞(h2 ,∆t)

)
.

Example 1 For α ∈ (1, 2], we consider the time fractional Klein-Gordon equa-
tion (13)-(16). Taking T = 1, xl = −π, xr = π, p = q = 1, K is the cutoff

number of the generalized Mittag-Leffler function, i. e.
K∑
k=0

(γ)k
Γ (k+1)Γ (kα+β)z

k ≈
∞∑
k=0

(γ)k
Γ (k+1)Γ (kα+β)z

k. The exact solution is u(x, t) = e−x
2

t3 with ϕ(x) =

ψ(x) = 0, f(x, t) = 6e−x
2

Γ (4−α) t
3−α − e−x2

(4x2 − 2)t3 + e−x
2

t3.

Firstly, we compute the numerical accuracy for temporal direction. Fixing
the spatial stepsize h sufficiently small(M = 1000), and the temporal step
size is reduced to 1

2 times. Table 1 presents the computational error and cov-
ergence order with different temporal stepsizes( ∆t = 1

10 ,
1
20 ,

1
40 ,

1
80 , 1

160 )
when K = 10, α = 1.3, 1.5, 1.8, 1.9, 1.99. From the table, we can see that nu-
merical accuracy in temporal is O(∆t3−α) for the difference scheme (28)-(31).
In addition, we see that the numerical scheme has the optimal convergence
order (O(∆t3−α)) when α approaches 2.

Secondly, the numerical accuracy in spatial direction is verified in Table 2 when
N = 1000, K = 10, α = 1.2, 1.4, 1.6, 1.8. It shows that the spatial accuracy of
the difference scheme (28)-(31) has the second order convergence.

We now illustrate that a suitable T does not affect the numerical solution
of difference scheme (28)-(31). Tables 3 and 4 show the numerical accuracies
in temporal direction when T takes the different values.

From (11)-(12), we see that the artificial boundary condition of time-
fractional Klein-Gordon equation contains an infinite series. A graph of the
numerical solution of the finite difference scheme (28)-(31) is presented when
the series is truncated to K terms. Figures 1-4 show the exact solution for
K = 50 and the numerical solutions for K = 10, 15, 20, 25, 30 with different
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α ∆t E2(h,∆t) Order2 E∞(h,∆t) Order∞
1.3 1/10 1.11e-02 - 8.38e-03 -

1/20 3.44e-03 1.69 2.59e-03 1.69
1/40 1.06e-03 1.69 8.03e-04 1.69
1/80 3.29e-04 1.69 2.49e-04 1.68
1/160 1.04e-04 1.65 7.87e-05 1.66

1.5 1/10 2.51e-02 - 1.93e-02 -
1/20 8.99e-03 1.48 6.92e-03 1.48
1/40 3.19e-03 1.49 2.46e-03 1.49
1/80 1.13e-03 1.49 8.74e-04 1.49
1/160 4.02e-04 1.49 3.11e-04 1.49

1.8 1/10 7.43e-02 - 5.95e-02 -
1/20 3.28e-02 1.18 2.63e-02 1.17
1/40 1.43e-02 1.18 1.15e-02 1.18
1/80 6.28e-03 1.19 5.04e-03 1.19
1/160 2.74e-03 1.19 2.20e-03 1.19

1.9 1/10 3.46e-01 - 2.21e-01 -
1/20 1.73e-01 1.07 1.07e-01 1.06
1/40 8.64e-02 1.08 5.05e-02 1.08
1/80 4.29e-02 1.09 2.38e-02 1.09
1/160 2.13e-02 1.10 1.11e-02 1.09

1.99 1/10 3.46e-01 - 2.78e-01 -
1/20 1.73e-01 0.994 1.41e-01 0.980
1/40 8.64e-02 1.005 7.09e-02 0.960
1/80 4.29e-02 1.008 3.53e-02 1.007
1/160 2.13e-02 1.009 1.76e-02 1.008

Table 1 Time convergence orders in Example 1 at T = 1

α h E∞(h,∆t) Order1
1.2 2π/10 3.14e-02 -

2π/20 7.54e-03 2.06
2π/40 1.86e-03 2.02
2π/80 4.66e-04 2.00

1.4 2π/10 2.75e-02 -
2π/20 6.70e-03 2.04
2π/40 1.67e-03 2.01
2π/80 4.23e-04 2.00

1.6 2π/10 2.33e-02 -
2π/20 5.82e-03 2.00
2π/40 1.46e-03 2.00
2π/80 3.66e-04 1.99

1.8 2π/10 1.91e-02 -
2π/20 4.78e-03 2.00
2π/40 1.46e-03 2.00
2π/80 3.06e-04 1.97

Table 2 Spatial convergence orders in Example 1 at T = 1
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T ∆t E2(h,∆t) Order2 E∞(h,∆t) Order∞
1 1/10 7.09e-02 - 5.42e-02 -

1/20 2.40e-02 1.56 1.83e-02 1.57
1/40 8.02e-03 1.58 6.10e-03 1.58
1/80 2.66e-03 1.59 2.03e-03 1.59
1/160 8.81e-04 1.59 6.71e-04 1.59

2 1/10 1.13e-01 - 7.85e-02 -
1/20 3.77e-02 1.58 2.60e-02 1.59
1/40 1.25e-02 1.59 8.63e-03 1.59
1/80 4.18e-03 1.58 2.87e-03 1.59
1/160 1.46e-03 1.52 9.67e-04 1.57

3 1/10 1.20e-01 - 8.03e-02 -
1/20 3.98e-02 1.59 2.65e-02 1.60
1/40 1.35e-02 1.56 8.83e-03 1.59
1/80 4.60e-03 1.54 2.98e-03 1.56
1/160 1.63e-03 1.52 1.03e-03 1.53

4 1/10 1.14e-01 - 7.62e-02 -
1/20 3.88e-02 1.56 2.53e-02 1.59
1/40 1.33e-02 1.55 1.15e-02 1.56
1/80 4.67e-03 1.53 4.00e-03 1.54
1/160 1.62e-03 1.51 1.42e-03 1.51

Table 3 Time convergence orders in Example 1 at α = 1.4

T ∆t E2(h,∆t) Order2 E∞(h,∆t) Order∞
1 1/10 2.15e-01 - 1.71e-01 -

1/20 9.66e-02 1.16 7.72e-02 1.15
1/40 4.27e-02 1.18 3.43e-02 1.17
1/80 1.88e-02 1.18 1.51e-02 1.19
1/160 8.20e-03 1.19 6.59e-03 1.19

2 1/10 4.65e-01 - 3.23e-01 -
1/20 2.09e-01 1.15 1.44e-01 1.16
1/40 9.24e-02 1.18 6.37e-02 1.18
1/80 4.05e-02 1.19 2.79e-02 1.19
1/160 1.77e-02 1.19 1.22e-02 1.19

3 1/10 5.21e-01 - 3.31e-01 -
1/20 2.31e-01 1.17 1.45e-01 1.19
1/40 1.02e-01 1.19 6.34e-02 1.19
1/80 4.46e-02 1.19 2.77e-02 1.20
1/160 1.98e-02 1.18 1.21e-02 1.19

4 1/10 4.2e-01 - 2.66e-01 -
1/20 1.81e-01 1.21 1.14e-01 1.22
1/40 7.94e-02 1.19 4.94e-02 1.21
1/80 3.59e-02 1.15 2.16e-02 1.19
1/160 1.62e-02 1.15 9.58e-03 1.17

Table 4 Time convergence orders in Example 1 at α = 1.8
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α. We observe that the value of K does not affect the numerical solutions of
(28)-(31).

Example 2 In this example, we choose T = 1, xl = −π, xr = π, p = q = 1.
Taking ϕ(x) = sin[2π(x− π)(x+ π)], ψ(x) = sin[π2 (x− π)(x+ π)] and

f(x, t) =

{
1, x ∈ [−π, π],

0, otherwise.

Figures 5-8 show the numerical solutions for N = 10, 20, 40, 80, 160
where the exact solution is calculated with N = 640 for the different α. One
may see the approximations for the different N .

6 Conclusion

In this paper, we introduce a new finite difference scheme for solving the
time-fractional Klein-Gordon equation using artificial boundary conditions.
The stability and the error estimates are proved by using the discrete energy
method. Numerical examples are given to show that the numerical results are
consistent with the theoretical findings. In our future work, we shall use the
artificial boundary conditions to consider the numerical method for approxi-
mating the nonlinear Klein-Gordon equation on an unbounded domain.
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8 Appendix

In this Appendix, we shall prove Lemma 3.

Proof (Proof of Lemma 3) It is easy to show the conclusion is true for n = 1.
We now consider the case with n ≥ 2. Note that, by (18),

G
0 D

α
2
t u(t)|t=t

n− 1
2

=
1

Γ (1− α
2 )

∫ t
n− 1

2

0

Gα,q(tn− 1
2
− τ)u′(τ)

(tn− 1
2
− τ)

α
2

dτ

=
1

Γ (1− α
2 )

n−1∑
j=1

+∞∑
k=0

[
(kα− α

2
+ 1)Ã

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα−

α
2 u′(τ)dτ

− (kα+
α

2
+ 1)B̃

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα+

α
2 u′(τ)dτ

]

+
1

Γ (1− α
2 )

+∞∑
k=0

[
(kα− α

2
+ 1)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2 u′(τ)dτ

− (kα+
α

2
+ 1)B̃

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα+

α
2 u′(τ)dτ

]
. (55)

We now consider the L1 approximation of the generalized Caputo derivative
G
0 D

α
2
t u(t) on the grid point {tj−1, tj}(1 ≤ j ≤ n). With δtu

j− 1
2 = uj−uj−1

∆t , one
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gets

G
0 D

α
2
t u(t)|t=t

n− 1
2

=
1

Γ (1− α
2 )

n−1∑
j=1

+∞∑
k=0

[
(kα− α

2
+ 1)Ã

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα−

α
2 dτ

− (kα+
α

2
+ 1)B̃

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα+

α
2 dτ

]
δtu

j− 1
2

+
1

Γ (1− α
2 )

+∞∑
k=0

[
(kα− α

2
+ 1)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2 dτ

− (kα+
α

2
+ 1)B̃

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα+

α
2 dτ

]
δtu

n− 1
2 + R̃n−

1
2

=
1

Γ (1− α
2 )

n−1∑
j=1

+∞∑
k=0

{
Ã

(α)
k ∆tkα−

α
2 +1

[
(n− j +

1

2
)kα−

α
2 +1 − (n− j − 1

2
)kα−

α
2 +1

]

− B̃(α)
k ∆tkα+

α
2 +1

[
(n− j +

1

2
)kα+

α
2 +1 − (n− j − 1

2
)kα+

α
2 +1

]}
δtu

j− 1
2

+
1

Γ (1− α
2 )

+∞∑
k=0

[
Ã

(α)
k (

∆t

2
)kα−

α
2 +1 − B̃(α)

k (
∆t

2
)kα+

α
2 +1

]
δtu

n− 1
2 + R̃n−

1
2

=: DG,
α
2

t u(t)|t=t
n− 1

2

+ R̃n−
1
2 . (56)

Here

DG,
α
2

t u(t)|t=t
n− 1

2

=
1

Γ (1− α
2 )

n∑
j=1

a
(α)
n−jδtu

j− 1
2 ,

where

a
(α)
j =



+∞∑
k=0

[
Ã

(α)
k (

∆t

2
)kα−

α
2 +1 − B̃(α)

k (
∆t

2
)kα+

α
2 +1

]
, j = 0,

+∞∑
k=0

Ã
(α)
k ∆tkα−

α
2 +1

[
(j +

1

2
)kα−

α
2 +1 − (j − 1

2
)kα−

α
2 +1

]

−
+∞∑
k=0

B̃
(α)
k ∆tkα+

α
2 +1

[
(j +

1

2
)kα+

α
2 +1 − (j − 1

2
)kα+

α
2 +1

]
,

1 ≤ j ≤ n− 1.


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Using integration by parts, it yields that, with L1,ju denoting the linear
interpolation function of u at tj−1 and tj , j = 1, 2, . . . , n,

R̃n−
1
2 =G

0 D
α
2
t u(t)|t=t

n− 1
2

− DG,
α
2

t u(t)|t=t
n− 1

2

=
1

Γ (1− α
2 )

n−1∑
j=1

+∞∑
k=0

[
(kα+ 1− α

2
)Ã

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα−

α
2

[
u(τ)− L1,ju(τ)

]′
dτ

− (kα+ 1 +
α

2
)B̃

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα+

α
2

[
u(τ)− L1,ju(τ)

]′
dτ

]

+
1

Γ (1− α
2 )

+∞∑
k=0

[
(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2

[
u(τ)− L1,nu(τ)

]′
dτ

− (kα+ 1 +
α

2
)B̃

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα+

α
2

[
u(τ)− L1,nu(τ)

]′
dτ

]

=
1

Γ (1− α
2 )

n−1∑
j=1

+∞∑
k=0

[
(kα+ 1− α

2
)(kα− α

2
)Ã

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα−

α
2−1

[
u(τ)− L1,ju(τ)

]
dτ

− (kα+ 1 +
α

2
)(kα+

α

2
)B̃

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα+

α
2−1

[
u(τ)− L1,ju(τ)

]
dτ

]

+
1

Γ (1− α
2 )

+∞∑
k=0

[
(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

− (kα+ 1 +
α

2
)B̃

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα+

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

]
≡ R̃n−

1
2

1 + R̃
n− 1

2
2 , (57)

For R̃
n− 1

2
1 , we have, with r(τ) denoting the interpolation error,

∣∣R̃n− 1
2

1

∣∣ =
1

Γ (1− α
2 )

∣∣∣∣∣
n−1∑
j=1

+∞∑
k=0

[
(kα+ 1− α

2
)(kα− α

2
)Ã

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα−

α
2−1r(τ)dτ

− (kα+ 1 +
α

2
)(kα+

α

2
)B̃

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα+

α
2−1r(τ)dτ

]∣∣∣∣∣
=

u′′(tξ)

2Γ (1− α
2 )

∣∣∣∣ n−1∑
j=1

+∞∑
k=0

[
(kα+ 1− α

2
)(kα− α

2
)Ã

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα−

α
2−1(τ − tj−1)(tj − τ)dτ

− (kα+ 1 +
α

2
)(kα+

α

2
)B̃

(α)
k

∫ tj

tj−1

(tn− 1
2
− τ)kα+

α
2−1

u′′(tξ)

2
(τ − tj−1)(tj − τ)dτ

∣∣∣∣.
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Hence we obtain∣∣R̃n− 1
2

1

∣∣ ≤ ∆t2−
α
2

8Γ (1− α
2 )

max
t0≤t≤tn−1

|u′′(t)|
[
(1− α

2
)|Ã(α)

0 |+
+∞∑
k=1

(kα+ 1− α

2
)|Ã(α)

k |T
kα−α2

]

+
∆t2

8Γ (1− α
2 )

max
t0≤t≤tn−1

|u′′(t)|
+∞∑
k=0

(kα+ 1 +
α

2
)|B̃(α)

k |T
kα+α

2 , (58)

where
+∞∑
k=1

(kα+ 1− α

2
)
∣∣∣Ã(α)

k

∣∣∣T kα−α2 =

+∞∑
k=1

Γ (k + 1
2 )q2k

Γ ( 1
2 )Γ (kα− α

2 + 1)Γ (k + 1)
T kα−

α
2 ,

which is convergent since

lim
k→∞

Γ (k + 3
2 )q2k+2T kα+

α
2

Γ ( 1
2 )Γ (kα+ α

2 + 1)Γ (k + 2)
·
Γ ( 1

2 )Γ (kα− α
2 + 1)Γ (k + 1)

Γ (k + 1
2 )q2kT kα−

α
2

= lim
k→∞

q2Tα
Γ (kα− α

2 + 1)(k + 1
2 )

Γ (kα+ α
2 + 1)(k + 1)

= 0 < 1. (59)

Further note that (1− α
2 )
∣∣∣Ã(α)

0

∣∣∣ = 1
Γ (1−α2 ) is bounded. Hence there exists

a positive constant M1(T, α) which only depends on T, α such that

(1− α

2
)
∣∣∣Ã(α)

0

∣∣∣+

+∞∑
k=1

(kα+ 1− α

2
)
∣∣∣Ã(α)

k

∣∣∣T kα−α2 ≤M1(T, α). (60)

Similarly there exists a positive constant M2(T, α) such that
+∞∑
k=0

(kα + 1 +

α
2 )|B̃(α)

k |T kα+
α
2 ≤M2(T, α). Hence one gets∣∣R̃n− 1
2

1

∣∣ ≤ ∆t2−
α
2

8Γ (1− α
2 )

max
t0≤t≤tn−1

|u′′(t)|
[
M1(T, α) +M2(T, α)

]
. (61)

For R̃
n− 1

2
2 , we have∣∣R̃n− 1

2
2

∣∣
=

1

Γ (1− α
2 )

∣∣∣∣∣
+∞∑
k=0

{
(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

− (kα+ 1 +
α

2
)B̃

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα+

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

}∣∣∣∣∣
≤ 1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
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2
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2
− τ)kα−

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

∣∣∣∣
+

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1 +
α

2
)B̃

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα+

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

∣∣∣∣
= I1 + I2. (62)
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Using Taylor’s expansion,

u′(t) = u′(tn− 1
2
) + (t− tn− 1

2
)u′′(tn− 1

2
) +

1

2
(t− tn− 1

2
)2u′′′(ηn), ηn ∈ (tn−1, tn− 1

2
),

one gets

I1 =
1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2

[
u′(τ)− (L1,nu(τ))′

]
dτ

∣∣∣∣
=

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
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2

tn−1

(tn− 1
2
− τ)kα−

α
2

[
u′(tn− 1

2
)− δtun−

1
2

]
dτ

∣∣∣∣
+

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2 (τ − tn− 1

2
)u′′(tn− 1

2
)dτ

∣∣∣∣
+

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2

1

2
(τ − tn− 1

2
)2u′′′(ηn)dτ

∣∣∣∣.
(63)

Calculating the three integrals in the above formula (63), we get

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
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2

tn−1

(tn− 1
2
− τ)kα−

α
2

[
u′(tn− 1

2
)− δtun−

1
2

]
dτ

∣∣∣∣
≤ 1

Γ (1− α
2 )

∣∣∣∣u′(tn− 1
2
)− δtun−

1
2

∣∣∣∣ +∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∣∣∣∣ ∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2 dτ

≤ ∆t3−
α
2

24Γ (1− α
2 )
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∣∣∣∣u′′′(t)∣∣∣∣ +∞∑
k=0

∣∣∣∣Ã(α)
k

∣∣∣∣(1

2
)kα−

α
2 +1T kα, (64)

and

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2 (τ − tn− 1

2
)u′′(tn− 1

2
)dτ

∣∣∣∣
≤ 1

Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣∣∣u′′(t)∣∣∣∣ +∞∑
k=0

(kα+ 1− α

2
)

∣∣∣∣Ã(α)
k

∣∣∣∣ ∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2 +1dτ

≤ ∆t2−
α
2

Γ (1− α
2 )
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∣∣∣∣u′′(t)∣∣∣∣ +∞∑
k=0

kα− α
2 + 1

kα− α
2 + 2

∣∣∣∣Ã(α)
k

∣∣∣∣(1

2
)kα−

α
2 +2T kα, (65)
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and

1

Γ (1− α
2 )

+∞∑
k=0

∣∣∣∣(kα+ 1− α

2
)Ã

(α)
k

∫ t
n− 1

2

tn−1

(tn− 1
2
− τ)kα−

α
2

1

2
(τ − tn− 1

2
)2u′′′(ηn)dτ
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≤ ∆t2

8Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣∣∣u′′′(t)∣∣∣∣ +∞∑
k=0

(kα+ 1− α

2
)

∣∣∣∣Ã(α)
k

∣∣∣∣ ∫ t
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2
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2
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α
2 dτ
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2
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∣∣∣∣u′′′(t)∣∣∣∣ +∞∑
k=0

∣∣∣∣Ã(α)
k

∣∣∣∣(1

2
)kα−

α
2 +1T kα. (66)

Similarly we may show that there exist positive constant M3(T, α), M4(T, α)
and M5(T, α) such that

+∞∑
k=0

∣∣∣∣Ã(α)
k

∣∣∣∣(1

2
)kα−

α
2 +1T kα ≤M3(T, α), (67)

+∞∑
k=0

kα− α
2 + 1

kα− α
2 + 2

∣∣∣∣Ã(α)
k

∣∣∣∣(1

2
)kα−

α
2 +2T kα ≤M4(T, α), (68)

+∞∑
k=0

∣∣∣∣Ã(α)
k

∣∣∣∣(1

2
)kα−

α
2 +1T kα ≤M5(T, α). (69)

Hence we obtain, combining (63) with (64)-(69),

I1 ≤
∆t2−

α
2

Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣u′′′(t)∣∣[M3(T, α) +M4(T, α) +M5(T, α)
]
. (70)

Further we may show, following the same approach as for the estimate of I1
above,

I2 ≤
∆t2+

α
2

Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣u′′′(t)∣∣[M3(T, α) +M4(T, α) +M5(T, α)
]
. (71)

Substitute (70)-(71) into (62), we obtain∣∣R̃n− 1
2

2

∣∣ ≤ 2∆t2−
α
2

Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣u′′′(t)∣∣[M3(T, α) +M4(T, α) +M5(T, α)
]
.

(72)

Hence, combining (61) and (72),

∣∣R̃n− 1
2

∣∣ ≤ ∆t2−
α
2

8Γ (1− α
2 )

max
t0≤t≤tn−1

|u′′(t)|
2∑
i=1

Mi(T, α)

+
2∆t2−

α
2

Γ (1− α
2 )

max
tn−1≤t≤tn

∣∣u′′′(t)∣∣ 5∑
i=3

Mi(T, α).

Together these estimates complete the proof of Lemma 3.
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Fig. 1 Exact solution and numerical solution
for α = 1.3
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Fig. 2 Exact solution and numerical solution
for α = 1.5
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Fig. 3 Exact solution and numerical solution
for α = 1.7
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Fig. 4 Exact solution and numerical solution
for α = 1.9
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Fig. 5 Exact solution and numerical solution
for α = 1.3
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Fig. 6 Exact solution and numerical solution
for α = 1.5
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Fig. 7 Exact solution and numerical solution
for α = 1.7
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Fig. 8 Exact solution and numerical solution
for α = 1.9


