Commun Nonlinear Sci Numer Simulat 152 (2026) 109182

Contents lists available at ScienceDirect

Communications in Nonlinear Science and Numerical
Simulation

journal homepage: www.elsevier.com/locate/cnsns

Research paper

Numerical study for a stochastic semilinear subdiffusion equation
driven by fractional Brownian motions

Zhiqiang Li?, George Dewhirst ", Yubin Yan *®:

2 Department of Mathematics and Artificial Intelligence, Lyuliang University, Lvliang, 033001, Shanxi, China
b School of Computer and Engineering Sciences, University of Chester, Chester, CHI 4BJ, UK

ARTICLE INFO ABSTRACT

Keywords: In this work, we consider the Galerkin finite element method for solving the stochastic semilin-
Stochastic fractional partial differential ear subdiffusion equation driven by additive fractional Brownian motion with Hurst parameter
equations

H € (0,1), where the fractional Brownian motion has a Wiener integration representation. The
existence and uniqueness of a mild solution are proved using the Banach fixed point theorem.
Finite element method T.ht.a temporal and spatiial regularity of th¢.2 solution are s.tudied. via the semigroup appr.oach. '.l“he
Griinwald_Letnikov scheme finite element method is used to approximate the spatial variable. The Caputo fractional time
Strong convergence derivative and the Riemann-Liouville integral are approximated using the Griinwald-Letnikov
schemes, respectively, and the noise is discretized using the Euler method. The optimal error
estimates of the fully discrete scheme are established using the discrete Laplace transform
method. Under the assumption that the noise is in the trace class, we prove that the time
convergence order is O(zMMeH+a+r=L1/2y when H € (0,1/2), and O(z™n@H+e+7-11y when
H € (1/2,1). Here, v denotes the time step size. Numerical experiments are conducted to
validate the theoretical results.

Fractional Brownian motion
Regularity

1. Introduction

Consider the following semilinear stochastic time fractional partial differential equation driven by fractionally integrated additive
fractional Brownian motion (fBm), with « € (0,1) and y € [0, 1],

M _, dwWH ()
cD§u® + APu(r) = f@t,u(h) + RLDO: —a 0<t<T, o
u(0) = uy,

where CDgJu(t) and , LD(;:u(t) denote the Caputo fractional derivative and the Riemann-Liouville fractional integral [1], respectively.
Here A = —A with D(A) = H(} (D)Nn H*(D), and D c R?,d = 1,2,3 is a bounded domain with the smooth boundary, where 4 denotes
the Laplacian, HOI(D) and H?(D) are the standard Sobolev spaces. The term A’ with § € (1/2,1], denotes the fractional power
of the operator A, while W (¢) represents a Hilbert space-valued fractional Brownian motion with Hurst parameter H € (0, 1).
The nonlinear function f satisfies the properties outlined in Assumption 5. The initial value u, € U is a random variable, where
U = L,(D) with the norm || - ||.

There are many theoretical and numerical results for integer order (a = 1) stochastic partial differential equation driven by
fractional Brownian motion (fBm). Boufoussi and Hajji [2] discussed the existence and uniqueness of mild solutions for nonlinear
stochastic evolution equations driven by multiplicative fractional Brownian motion (fBm) with Hurst parameter 1/2 < H < 1.
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Maslowski and Nualart [3] proposed a new approximation scheme based on the Taylor expansion for the solution of stochastic
differential equations driven by multiplicative fBm with 1/2 < H < 1. Kamrani and Jamshidi [4] constructed an implicit Euler
approximation for stochastic evolution equations driven by multiplicative fBm with 1/2 < H < 1. Hong et al. [5] investigated
numerical schemes for stochastic differential equations driven by fBm with Hurst parameter 1/2 < H < 1. Cao et al. [6] considered
the Galerkin approximation for stochastic evolution equations driven by additive Gaussian noise, which is temporally white and
spatially fractional, with Hurst parameter 0 < H < 1. Ding and Wang [7] examined the regularity of stochastic evolution equations
with Hurst parameter 0 < H < 1 and the strong convergence of a fully discrete scheme. Erdogan et al. [8] considered the
numerical approximation of stochastic differential equation driven by fractional Brownian motion for all H € (0,1) using the
Wick-Ito—Skorohod integration. See further references in [9-15], etc.

There are also many theoretical and numerical results for stochastic time-fractional partial differential equations driven by
standard Brownian motion with H = 1/2. Jin et al. [16] studied a numerical method for stochastic time-fractional diffusion driven by
additive fractionally integrated Gaussian noise, deriving sharp strong and weak convergence rates. Sweilam et al. [17] investigated
numerical methods for solving linear stochastic time-fractional partial differential equations. They employed the Galerkin finite
element method for spatial approximation and the finite difference method for time discretization. The strong convergence error
estimates of both the semi-discrete and fully discrete schemes were analyzed theoretically and verified numerically. Qi and Xu [18]
proposed a spatio-temporal discretization method combining a Milstein exponential integrator scheme with the finite element
method to solve stochastic time-fractional partial differential equations driven by multiplicative noise. Wu et al. [19] developed
a fully discrete scheme for solving the stochastic subdiffusion problem driven by integrated space-time white noise and analyzed
the strong convergence of this numerical approximation. Kang et al. [20] used the Galerkin finite element method to approximate
semilinear stochastic space and time fractional subdiffusion problems driven by fractionally integrated additive noise, obtaining
error estimates for spatial semi-discretization. Al-Maskari and Karaa [9] discussed the approximation of a stochastic time-fractional
Allen-Cahn equation driven by additive fractionally integrated Gaussian noise, analyzing strong convergence rates for spatially
semi-discrete and fully discrete schemes. Hu et al. [21] investigated semilinear subdiffusion and superdiffusion equations driven by
fractionally integrated additive noise, and established optimal strong convergence error estimates. For more works, we refer readers
to [11,22-27], etc.

Compared with stochastic time-fractional partial differential equations driven by standard Brownian motion, i.e., H = 1/2,
studies on stochastic time-fractional partial differential equations driven by fractional Brownian motion (fBm) with H # 1/2 are
relatively limited. The main difficulty lies in the fact that fBm is neither a semimartingale nor a Markov process, making traditional
stochastic analysis methods inapplicable directly. Yan and Yin [28] focused on a class of stochastic fractional partial differential
equations driven by fBm with H € (1/2,1) and proved the optimal strong convergence rates for both semi-discrete and fully discrete
schemes. Nie and Deng [29] considered a stochastic nonlinear fractional diffusion equation driven by fBm with H € (0,1). They
used the spectral Galerkin method and backward Euler convolution quadrature to discretize this equation and provided sharp error
estimates. Ding & Jiang [30] studied semilinear stochastic Volterra evolution equations driven by additive fBm with H € (0, 1).
They applied the spectral Galerkin method in space and the implicit Euler method combined with convolution quadrature in time,
proving strong convergence for the fully discrete scheme. Lv [31] explored stochastic time-fractional evolution equations driven by
fBm with H € (1/2,1) and constructed a full approximation for such equations using the Galerkin finite element method in space
and the backward Euler convolution quadrature formula in time, demonstrating strong convergence error estimates. For further
reading, interested readers are referred to other works, see [7,27,32-41] and the references therein.

Inspired by the aforementioned research, in this paper, we develop a numerical algorithm for (1) with additive fractional
Brownian motion (fBm) for all H € (0, 1), where the fBm admits a Wiener integral representation (see, for example, [7,33,42]).
To the best of our knowledge, there is currently no work in the literature addressing numerical methods for semilinear stochastic
time-fractional partial differential equations driven by fractional Brownian motion with a Wiener integration representation. To fill
this gap, we begin by investigating the analytical properties of the mild solution to (1), including its existence, uniqueness, and
regularity, which provide the foundation for the subsequent numerical analysis. We then derive a spatially semidiscrete scheme
using the Galerkin linear finite element method and carry out a corresponding error analysis. Finally, we construct a fully discrete
scheme by applying the Griinwald-Letnikov approximation in time and the Euler method for the noise, and we establish strong
convergence rates for the proposed scheme.

Our main contributions in this work are summarized as follows:

1. We establish the existence and uniqueness of the mild solution to (1), along with its spatial and temporal regularity properties.

2. We derive optimal convergence rates for the numerical approximation of (1) using the Galerkin linear finite element method
for spatial discretization, the Griinwald-Letnikov schemes for time discretization, and the Euler method for handling the
stochastic noise.

The structure of the article is arranged as follows. In Section 2, we recall some preliminaries, including notations, assumptions,
and important lemmas. Section 3 proves the existence and uniqueness of the mild solution to (1). In Section 4, the spatial and
temporal regularity properties of the mild solution are studied. Section 5 proposes a spatially semidiscrete scheme using the Galerkin
finite element method and provides an error estimate. By applying the Griinwald-Letnikov scheme, Section 6 establishes a fully
discrete scheme for (1) and estimates the strong error bound of this approximation. In Section 7, numerical examples are provided
to test the theoretical results. The conclusion is included in the final section.

Throughout the paper, we use C to denote a generic positive constant, which may vary at different occurrences but is independent
of the step sizes = and h.
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2. Preliminaries

Let (4;,e;,)®  be the eigenpairs of A : D(A) c U — U. We denote U" := D(Ag), r € R with the norm
7’77 j=1

o 1/2
o], = (Z Vo, ej)2> < 0. 2
j=1

In particular, |- |, = || - ||, where || - || denotes the norm in L,(D).

Let L,(£; U") with p > 2 be the Hilbert space of p-fold integrable random variables taking values in U” such that ||v||” =

L,ur) —
E[v]? < 0o, where E means the mathematical expectation. '

Let (2, #,P) be the complete probability space with filtration (%,),c(o), where the filtration .7, satisfies the usual conditions,
i.e., it is right continuous and 7, contains all P-null sets. Denote by £(U) = L(U,U) the space of bounded linear operators from U
to U. Let Q € L(U) and define the space of Hilbert-Schmidt operators from Q'/2(U) to U by

£3= (01 0"AW) = U. 101y 1= 100"l = 2, 190 ¢, I < oo},

Jj=1

where {e; };_"; , is an orthonormal basis of U.
In order to ensure that the mild solution is well-defined, the following assumption is necessary.

Assumption 1 ([16]). The parameters a € (0, 1) and y € [0, 1] satisfy a +y > 1/2.

Assumption 2 ([14]). The linear operator A : D(A) Cc U — U is densely defined, self-adjoint and positive definite with compact
inverse.

Assumption 3 ([14]). The covariance operator Q € L(U) is self-adjoint and positive semidefinite, but it is not necessarily of trace
class.

Assumption 4 ([14,43]). There exists a constant C such that, with ¢ € (0, 1],
o—1 o—1

1477 g = 11477 Q' 2llgs < oo.
Assumption 5 ([14]). Let « € (0,1), p € (1/2,1], y €[0,1], and 6 € (0,1]. Let 0 < r < min{2f +0c — 1, %ﬁ(H +a+y—1)+0c—1}. The
nonlinear function f : [0,T]x U — U satisfies

1f @ up) = fEu)ll < Clluy — sl (3)
for any 7 € [0,T] and u;,u, € U. Moreover, it holds

lf G w) = fwll < CA + [lulDlty — 1,12 (€))
for any 7,,1, € [0,T]and u € U.
Remark 1. Suppose that ||/ (0,u)|| < C for all u € U, then it is easy to show that from (4)

LF@wl <A+ [lulD (5)

for any r € [0,T] and u € U.

Assumption 6 ([14]). Let r be defined as in Assumption 5. Let « € [0,r] and p € [2, o). The initial value u; : 2 — U* is a random
variable and satisfies

1
”u0||Lp(,Q;U’<‘) = (E[lup|2]) 7 < 0. (6)

Now we briefly introduce the fractional Brownian motion (fBm) and stochastic integrals for the fBm. More detailed descriptions
can be found in [7,33,42,44,45].

Definition 1 ([44]). A real-valued fractional Brownian motion (fBm) (W H ()10 of Hurst index H € (0,1) is a continuous and
centered Gaussian process on the space (2, .%#,P) with covariance function

EwH (iywH (w)] = % (7 +w — = w™), w2 0. %)

If H = 1/2, then the fBm is the standard Brownian motion W () whose covariance function is %(t +w — |t — w|) = min{z, w}.
It is well-known that the fBm can be written via the Wiener integral

t
wh@e) = / Ky (t, w)dW (w), (8
0
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where the kernel function [33],
t\H-1 -1 1. 1l g
b [— 2t—w) T2 —(H--)w?
| () 2-w (H=2)
' op_3 H-1
Kptwy=9 x [ ("72¢-w) 2d§],0<H<1/2, ©
w
t

cH/ (E)" 2w Rag 12 <H <1,

where

b 2H 172 B HQH - 1) 12
H=\(Q-2H)B(1 -2H,H +1/2) © U=\ B 2H.H—-1)2) ’

and B(.,-) is the Euler-Beta function.
Assume that Q satisfy Assumption 3. We define the Q-fractional Brownian motion W (f) (retaining this notation for simplicity)
as follows:

wha = 3 v ew/ . 1;>0. (10)
j=1
where {WI.H (N}, is a sequence of stochastically independent real-valued fBms and Qe; =y;e;.
Let H and & be the reproducing kernel Hilbert space of the fBm and the space of step functions on [0, T'], respectively. One may

show that H is the closure of £ with respect to the following scalar product [7,33],

1
(041> X004 = 5 (sz +w — 1 - w|2H) ,0<w,t<T,

2
where y,(t) denotes the characteristic function. Define a linear operator KL_T : &€ - L,(0,T) such that
. , ’ IKy (w,§)
(K 70)(©) 1=Ky (T, He(0) + (p(w) — (ﬂ(C))wa, (11)
¢
with
0Ky (w,8) w\H-1 g3
T_CH(C) (w=-80""12, a2
where Cy; is a constant only related to H. If H € (1/2,1), then (K3 70)(©) becomes
‘ T oKy (w,$)
(K 7 0)(©) = / ) — == dw. (13)
. . w

We further remark that the linear operator K}, , can be defined from the Hilbert space H to L,(0,7).
Assume that y(1),t € [0,T] is a function taking values in Eg. The stochastic integral with respect to Q-fBm W (¢) is represented
by, with € [0, T,

/0 (s () = /0 O 0y I 5) = /0 " K o W (5, (14)
where W (¢) denotes the Q-fBm WH (r) with H = 1/2.
Definition 2. A predictable stochastic process u : [0,T] — U is called a p-fold integrable mild solution to (1) with p > 2 if

IES[%PT] el vy < o (15)
and, for any 7 € [0, T7, it holds that

u(t) = B} () uy + /O t ED) (1 = O f(C.u@)dS + /O t ES (- 0dw Q). (16)
where

ED) (1) = E, (-A"), ED) (1) = "7 E, (—AP1"),

(B) -1
Ea,a+}'(l) = taer Etx,a+7(_Aﬂta)’

in which E, (), E, ,(-) and E, ., () are well-known Mittag-Leffler functions, see [1].

Lemma 1 ([20]). Let a € (0,1), f € (1/2,1] and y € [0, 1]. We then have

dp® = _APE®

SEL 0 =-A"EL, @), 17)
d e _g® -

TR O=El 0. k=012 . (18)
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The following smoothing properties of solution operators are very useful, whose proofs can refer to [20,25].

Lemma 2. Let « € (0,1), p € (1/2,1] and y € [0, 1]). For any u € R,v € R and t > 0, we have

[EC @], < el 0<u-v<2p, (19

BV o] <c T, 0su—v<ap k=012, 20)
]

) e k(r)u) <TI0 -V <28 k=0,1,2,..., (21)

where
ED () =1"""FE, (A", k=012, ...

B O =1 (AP, k= 0,12,

We also need the following Burkholder-Davis—Gundy-type inequality.
Lemma 3 ([14,43]). For any Eo—valued predictable process y/(t) with t € [0,T], there holds, for g > 1,

(sup | / y©aw ©[") <e, sup | /Oswo:)dW(c)\zq)

s€[0,1] s€[0,7]
) q
<GE( ) ||w<s)||£gds),

where

_ 2q 2q 7 2q 2q(q—-1)
cq—(zq_l), (q(zq—1>)( I

Finally, we present two integral identities that will be used frequently in the subsequent sections [30],
t
/ (L)f—l(t—w)ﬂfldw:t'?B(Z—é,n), E<2,n1>0, (22)
0o w

t
/ t—wf  w-9)"""dw= @ -sF¥"" "By, £>0, 1>0. (23)

3. Existence and uniqueness

In this section, we use the Banach contraction mapping principle to establish the existence and uniqueness of the mild solution
for (1). We first prove the spatial regularity of the stochastic integral in the mild solution.

Lemma 4. Let a € (0,1), p € (1/2,1], y € [0, 1], 0 € (0, 1], and p € [2, o). Let Assumptions 1-4 be fulfilled. Then there exists a constant
C > 0 such that

H+a+y—l—%(r—o'+l)
s

| / ES - 0aw | <c rel0,T], 24)

Ly@Un ~
where r is defined in Assumption 5.

Proof. According to the stochastic integral (14), Lemma 3 and Assumption 4, one has

R P VR

L(@:U)

o / K (ATED, = 9)@aw @)

Ly(U)

1
<cll(f i 0l e) |

~<||(/

L,(R)

)|

[SIE

N e 2 =12
K ( EV), t-)AT Q')

a,a+y

Ly(2R)

1
<||( Ot K (AT, - .))(C)H2d§>2 HL .
(2
It follows from (11) that
/0’ HKH aa+y(’ - ~))(C)H2d¢
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/HKH(t HATT Ef,”;+y(t—C)H2dC

o [ A - 0B - 0) P D g

=I+11I.

Note that Ky (#, ) has different expressions for the cases H € (0,1/2) and H € (1/2, 1), respectively. Therefore, we consider these
two cases separately.

Case 1: H € (0,1/2). Based on the form of the kernel function K (z,¢) in (9), it holds that

, 2
I=/ ‘|KH(’s§)A “H(I—C)H de

<2b?, / H -pf- “H(z—C)HZdC
+ Zb%f(i - H)Z/O Hg%‘” (/; wH =3 (w - g)”‘%dw) Eiﬂ;ﬂ(t - g)“zdg
=1+ 1.

Using the smoothing property (21) for the solution operator in Lemma 2 and the integral identity (22), I, can be estimated by
_1 2
=263, / ()" -0 AT Bl -0

SC/ (é)ZH—l(t_(:)211—10_§)2(a+y—1)—%(r—o+1)d§
0

2H+2(a+y—])—%(r—6+l)

~

=Ct B(2—2H,2H+2(a+y—l)—%(r—a+l)),

wherewerequ1rer—a+1<2ﬁand2H+2(a+y—1)——(r—a+l)>0 ie,r<2f+oc—1andr< ﬂ(H+a+y—1)+0'—l.
Similarly, I, can be estimated as

B (l_H)z/tH&H(/Tw”’%w-c:)’**%dw)fx B0, - o[
HY> o : o
SC/tCI—ZH (/’ wH*%(w—C)H*%dw)z(t_g)Z(a#r*l)*%(r—nJrl)dg
0 ¢

1 1 L2 g
:C/ CZH—I(/ v 2H (1 —v)H_idu> (t — @D oD g
0 ¢/t

—1)=Z(r— 1 1 1 2
=Ct2H+2(a+y 1) ﬁ(r O‘+1)/ 02[.[_1 (/ U_zH(l _ U)Hﬁidl})
0 (4

X(l _ 2(a+y - 7(r O‘+1)d0

a 1 2
_cprmeneyjomeny [ g ( [ syt
0 (4 -

=% (= —
X(l _0)2(a+y 1) ﬂ(r o+1)4+2H -1

1

[S)

dé
D=2 (= 1 1 1 2
o "*”/ 02”—1((1—19)/ (1—s<1—e))‘2”s”*zds)
0 0
x (1 _ 0)2((1+y—l)—?(r—6+l)+2H—ld0

—1)=% (= 1 1 2
SCt2H+2(a+y D-5¢r a+1)(/ (1—3)’2HsH_ids>
0

1 «
></ 92H-1(] _6)2H+2(a+y—1)—ﬁ(r—u‘+l)—lde
0

_C12H+2(a+y 1),,(, o'+l) (1 2H,H + 1/2)

B(2H,2H +2(a+y—1)— E(r—0'+ D),

where we use the integral identity

t 3 1 1 1
/ wH_i(w—g’)H_idw=42H_l/ U_ZH(I—U)H_Edv
¢ ¢/t

and the variable substitution ¢ = t0. Here we require r —o + 1 < 2p and 2H +2(a +y — 1) — %(r —o+1)>0, thatis, r <2f+0—1
and r < %(H+a+y—1)+a—1.
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Hence we obtain

I< C12H+2(a+y—l)—%(r—a+1)‘ (25)
Next we estimate /7. Applying Lemma 1, (21) in Lemma 2 and the elementary inequality
(x + p)7 <2971 (x7 + y) (26)
for 0 < ¢ <1 and for any x, y > 0, we arrive at
® sz [T d o
H aa+y(t_ w)_Ea,a+y(t_C) H HA /rfg EEa a+y(9)d0H
r—u+1 1w r— u+l
— (] ()]
HA /H E) ](9)d9” 5/ HA E) 1(9)”019
t=¢ a a
< C/ 9a+y—2—ﬁ(r—6+l)d9 — C/ (- U)a+y—2—27}(r—a+l)dv
t—w ¢
w ot+)/717£(r70'+l)7l -1
=C/ (t—v) 2 2(t—v) 2dv. 27)
¢
Ifa+y—1—21(r—0'+1)—l/2<0, then
() #)
H (Euﬂ(ﬁ—y(t - Eaﬂa+y(t - g))”
< C(t — )™ 3o / (t—v) 3do
¢
- 1 1
=200 - ™ HT S - 0 — (- 7]
< —w™THT T - o, 28)
Thanks to (12) and the fact (w/¢)7~1/2 < 1, we arrive at
_1 _L 3,1 2
Il SCCIZ_I/ / - w)a+y 1- ﬁ(r o+1) (L;)H 2(w—§)H_5+§dw> de
2
SC/ / (= w7 H T o aw) e
0 ¢
t a
=C/ - 4)2[H+n+y—l—ﬁ(r—o’+l)1—lBz(a +y-Li_ i(r ot 1),H)d4’
0 2 2B
=Ct2H+2(a+yfl)fﬁ(r*0'+l)B ( aty— % _ ﬁ(r c+1), [.[)7 (29)
where we require a +y — 1/2 — %(r—a+ 1) > 0, that is, r < i—ﬂ(1/2+a+y— D+o—1.
On the other hand, if a +y — 1 — %(r—¢7+ 1)—1/2 >0, then
()]
H aa+y(t_w) Eaa-ﬂ/(t_g))H
<C(t - é,)a+y—1—27’(r—o'+l)—§ / (t - U)_%dl)
— 1
<Clu— ™ TTHT S - o, 30)
Consequently,
2 ! ! a+y—l—i(r—zf+1)—1 w -1 H—§+l 2
1<y [ ([ a-0™ H(D) "= dw)
0o \Je ¢
t a t 2
<c / A / (w=""dw) d¢
0 ¢
-C /t(t _ é,)Z[H+a+y—]—%(r—o'+l)]—ldC _ C12H+2(a+y—l)—%(r—o'+]) (31)
0
In both cases, one has by (29) and (31)
11 < Ct2H+2(a+y—1)—%(r—a+1). (32)
Combining (25) and (32), we obtain for the case H € (0,1/2)
H —1-Z (r—c+1
H / ES (- {)dW”(g“)“L un 5€1 roetrmlo g oot e 0, T
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Case 2: H € (1/2,1). In this case, by the kernel function K (z,¢) in (9), (21) in Lemma 2 and the integral identity (22), we have

t t a
1 SC(%/O (/C (%)Hf%(w_g)Hf%dw)z(,_§)2(a+y—1)—ﬁ(r—c+l)dé,
<C/0 2H 1 /( —{)Hﬁidw> (- C)Z(aer D-%0- a+1)d€

—C/ (¢)2H l(t_§)2H+2(a+771)7ﬁ(r75+1)71dé,
0

2H+2(a+y-1)— % (r—o+1)

=Ci B(2-2H,2H +2(a+y—1)—%(r—o‘+1)), (33)

wherewerequlrer—o-+1<2ﬂand2H+2(a+y—1)——(r—a+1)>0 ie,r<2f+o—-1andr< ﬁ(H+a+y—1)+a—1
Furthermore, noting that (27) we obtain

r= u w —2— 2 (r—
HA +1 ED (- w)-EL (,_C))H sc/ (1 — o) F ey,
¢

a,aty a,a+ty

— C[; [(I _ C)a+y717ﬁ(rﬂ:+l)
a+y—1—ﬁ(r—a+l)

fat+y—1- %(r — o+ 1) >0, using the fact (w/&)7~1/2 < (1/¢)H-1/2 it follows that

a
at+y—1— 2% (r—o+1)

—(t-w) 1.

11 <CC}, /’H/Y(t—C)aﬂ_l_%“_ﬁl)(%)m%(w—C)H_%dwuzdg
<C/0 (g)w 1 _C)Z[a+/ 1= 35 (= a+1)JH/( H_%dezdg

t
=C/ (é)szl(t _ C)2[H+a+y—l—27i(r—o‘+l)J—ldC
0

2H+2(n+y—1)—%(r—0'+l)

=Ct B(2—2H,2H+2(a+y—1)—%(r—0'+1)). (34

Wherewerequ1r62H+2(a+y—1)——(r—6+l)>0 that is, r<—(H+a+y—1)+a—1
Ifa+y—1——(r—0'+1)<0 then

11 <cc, /’H/I(z—w)"”"l_ﬁ(’_”“)(%)"”%(w—C)H‘%dwuzdc
<C/ 2H IH/(’_ a+y 15— g+1)( CHi%dLUHZdC

=C/ (Z)ZH—I(t _ ¢)2[H+a+y—l—ﬁ(r—oJrl)]—ldC
0

XBZ((Ot+y—l)—%(r—a+l)+1,H—1/2)

2H+2(a+y—1)— % (r—oc+1)

=Ct B(2—2H,2H+2(a+y—1)—%(r—0'+1))

XBz((a+y—l)—%(r—0+1)+1,H—1/2), (35)
wherewerequire2H+2(a+y—1)—%(r—a+1)>0and(a+y—1)—;—ﬂ(r—a+1)+1>0, that is, r < %(H+a+y—1)+o‘—1 and

r< Z‘I—ﬂ(l+a+y—1)+a— 1.
Together with (33)-(35), we also get for the case H € (1/2,1)

| / EL - 0aw )| <M e 0,7,

L (QU’

The proof is thus completed. []

In view of the Banach contraction mapping principle, the existence and uniqueness of the mild solution to (1) is provided in the
following theorem.

Theorem 1. Let « € (0,1), p € (1/2,1], y € [0,1], 0 € (0,1], and p € [2, ). Let Assumptions 1-6 be satisfied. Then there exists a unique
p-fold integrable mild solution u : [0,T] — U to (1) such that

sup [[ull ) < o0 (36)
r€[0.T}

for every t € [0,T1.
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Proof. We will use the contraction mapping principle to prove this result. For convenience, we let
V,={u:10,T1 > U, sup E[|lu®]|’] < oo}
1€[0,T]
equipped with the norm
lullf, = sup E[llu@®I’].
r 1€[0,T]

It is easy to verify that (U, || - ||1/,,) is a Banach space.
Now we define a mapping F : U}, » VU, such that

t t
F)(®) :=EY) (uy + /O ES (1 = O f(C u@)dg + /0 EY —0dw Q)
=Fo@®) + Fw)(@) + F, (1) (37)

fort € [0,T] and u € U,.
We need to state that the mapping F is well-defined. First of all, according to (19) (4 = v = 0) in Lemma 2 and Assumption 6,
it follows that

1
C(E [||“o||p])” = C”“O“LF(.Q;U)’ (38)

IFoOll L, 00y = )Effi(t)uo”

<
L (Q:U)

which indicates ¥, € V), for any 7 € [0, T].
For F;(u)(t), we take =0 and v = 0 in (20) of Lemma 2 and apply (5) to derive

IF@ON L0 = (& [IF@0O17])7 = (& /0 B c>f<¢,u<c>>dc\|”])fl’

<(:l(/ |
<c(x[( /0 a— o) ])?

t
<c /0 (= O IO 0,

B0 - o7 Guon|c)'])’

t
< C/ (G C)“_ld5<1 + sup ||u(f)||Lp(g;U)>
0 1€10.T]

Ca
< S+l

Hence, for any u € v, and ¢ € [0, T, it holds

sup [IF @Ol 0y < CA + llully) < oo. (39)

1€[0,T]
As for F,(t), by means of Lemma 4 with r = 0, we have

H+a+y—1-2% (1-0)
1701, @) < Ct ¥,
which gives

sup [Fo0llr, 0wy < 0 (40)
1€[0.7]

for any # € [0,T].
Next, we prove that the mapping F is contractive. To this end, we introduce an equivalent norm on the space V. For p € R, let

lully, , := sup e llullL @)
Y S P&

It is easy to verify that the norms || - ||Up, pand |- ||Up are equivalent.
For any u,v € U, according to (37), (20) (4 =0,v =0) of Lemma 2 and (3) of Assumption 5, one can get

[|F)(@®) — ?(v)(t)llem;U) < |Fiw@) - Fy (v)(t)IILp@U)
<
< /0 |

t
SC/O =) - £, VDL, )48

EL) (1= O @) = FE ), 0 8

t ‘
SC/O =0 u@) - U(g)”Lp(Q;U)dg < C/O (t =0 b de |Ju - U”Vp'p,
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that is,

¢
IFw® = FOOI L @u) < C/O (t = &) Lerfd¢u - vl ,

An application of Holder inequality with % + é =1 implies that

t t 1 t 1
/ (=) lerfdg s(/ (1= e ) (/ enriag )"
0 0 0
Tla=Dv+1 1 1 1
</ -— Vi~ (pHPt _ 1 H ,
_((a—l)v+1> <l4ﬂ( ))
where we can always choose 1 < v < ﬁ such that (a — 1)v > —1.

As a result, for p > 0, there holds

Tla=Dv+1 ) 1 1

IF@0 = PO, 00 < C(Gopray) (5 (=) lu=vlly,

T@=Dv+l % 1

We can choose p > 0 large enough so that the mapping 7 is contractive on the space U, with respect to the norm || - ||1/M. Therefore,
there is a unique fixed point u € U, and it is a unique mild solution to (1). The proof of this theorem is now completed. ]

4. Regularities of the solution

This section is concerned with spatial and temporal regularities of the mild solution to (1). These results will be used in the error
analysis of semidiscrete and fully discrete approximation. Let us begin by proving the regularity property of the mild solution in
space.

Theorem 2. Let a € (0,1), p € (1/2,1], y € [0,1], 6 € (0,1], and p € [2, ). Let Assumptions 1-6 be satisfied. Then the mild solution u
of (1) satisfies for any t € [0,T]

sup |lu(®|lz @ur) < 0,
1€[0,T] ’
where r is defined in Assumption 5.

Proof. According to Theorem 1, (1) has the unique mild solution

t t
u(t) =E¥) (g + / EX) (1 = Of C.u@)dS + / ES - 0dwh )
’ 0 ? 0 ’
=S5y + S (w)(@) + Sy (1) 41)

forany t € [0,T] and u € U,
Applying (19) in Lemma 2 with 4 = v = r and Assumption 6 leads to

1
_ o) P\
LU (E[‘Ea,l(t)uo‘r])
1
<C (E [lupl?])? = Cllugll . :07- (42)

Similarly, we use (20) (4 = r,v =0) in Lemma 2 and (5) to obtain

)]
Eo[’1 (Hug

IS0z, 0 =]

151D g0m, = (E (1S, 1)) 7 < (e[( /0 t EV) (i - c>f(c,u<c>>|rdc)”])%

t 1
a—1-Lr P1\» C a—Zr
<(2[( [ e- o o))" < ST+ ol
0 a — z—ﬂr
which implies
sup [|S1 Ol (@.pr) £ CA + llully,) < oo. (43)
1€[0,T] ’ ’
Moreover, Lemma 4 immediately indicates

15,0l @0 < € TTTET < (44)
Collecting estimates (42)—(44) we complete the proof of this theorem. []

In order to show temporal regularity of the mild solution, we first investigate regularity property of stochastic integral in time.

10
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Lemma 5. Let a € (0, 1), p € (1/2,1], y € [0, 1], o € (0, 1], and p € [2, ). Let Assumptions 1-4 be fulfilled. Let r be defined as Assumption
5. Then there exists a constant C > 0 such that

I /0 Ef (= OAW (@) - /0 EL (6 = 0aw )

LP(Q;U)
§C(t2—t1)ﬁ, 0<t, <t, <T. (45)
Proof. It is obvious that
O Hpy _ O o "
[ /0 E (0= 0AW ) /0 Efony 0 =W Q| o0
_ O "
_”/,l Eoas (2 = OIW (C)”LP(Q;U)
5]
O g g "
| [ ® 0B w - 0)w o,
=T +11.
It follows from Lemma 4 that for 0 <#; <1, <T
_ ) _ H _ H+a+y—l—%(l—o)
I _”/rl ES, (- 0aw @), ) €=
=C(t, — 1) D ) )T < Cty 1) (46)

We now estimate /. By the stochastic integral (14), Lemma 3 and Assumption 4, there holds

5]
1r=| / (B, (2= O~ B @ = 0)aw @

= / PN CEDE EEF;HOI—-))(odW@)HL(QU)

17 2 1/2
K (4 (B =B p0) [ )
-

In the followmg, we w111 divide two cases H € (0,1/2) and H € (1/2,1) to show II. We first consider the case H € (0,1/2).
Denote

Dt,1,0) =B, (1, = O —BL), (1, - ).

a,a+y

Then it follows by (11) that
/ &5, (4% (B 0= =B =) 0)
= 2
S/O ||Kan 11, 04 @(05,10,0)| e

N e 0Ky (w.0) |1
+/ H/ A (cp(zz,tl,w)—<p(r2,tl,¢))’§—dw|) ¢
0 ¢ w
=11, + 11,

2

a¢

In terms of Lemma 1, (21) in Lemma 2, one has the following estimate

|45 0t 11.0] = |45 (B 02— 0~ BL - )
=[a= /,1: B ury @0 <€ ,lZ(U—C)“"l‘ﬁ“‘“”(u—cﬁ‘ldu. 47)

fa+y—1- %(r — o0+ 1) <0, then the elementary inequality (26) yields

1 =& ) ar _
|47 @210 <ca, - H" ”H)/ w-0%"do
n

<Cly — 1) P (1 = O™ w D (48)

Thus, by (48), the first equality in (9), (22) and (23), I1, is estimated by

ot _ & (e ar
11, sC/ (LY = 2Ny = P G, ) T de
0

1 151 3 1 2 —1)=&(r— e
+c C“”’(/ wai(w_g)Hﬁdw) el [ TR,
0 ¢

11
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ar 2H+2(a+y— 1)—ﬁ(r—rr+1) o
<Ct,—1)71, B(2—2H,2H+2(a+y—l)—E(r—a+l))

ar 2H+2(a+y—1)— % (r—c+1)
+ Clty—1)7 1, ’ B2(1-2H,H +1/2)

x B(ZH,2H+2(a+y—1)—%(r—6+1)) <Clt—1)7,

where we require 2H +2(a¢+y — 1) — %(r—0+ 1)>0,ie.,r< %(a+y— D+o+ §2H— 1.
Similarly, if a +y — 1 — ;—ﬂ(r— o+ 1) >0, then

1-o . ) ar _
”ATqb(zz,zl,g)H <C(ty - ) Tu" "*”/ w-0%"dv
n

<Clty — 1) (1, — 07172 D, (49)

Therefore, we also have

ot 2H-1 _ Aaty—1)= & (r—o+1 ar
11, sC/ (El) (t; = Oty — V5 Vg, — iy T g
0

| | 3 1 2 D=2 (e ar
+ c/ gl—z”(/ w”‘i(w—c)”‘fdw) (ty — OV D T e
0 ¢

@ 2H+2aty—1)-5(r—o+1)
<C@ -1 71, B(2-2H,2H)

+ Clty —11)7 R g o 1 172)
<Clty—1))7 .
We continue to estimate /1,. Note that
|47 @11, 10) - @021, )|
|47 (6L, 02 - ) - 0~ w) - B, 6 - O +EL (- 0)|

a,a+y a,a+y

1452 ) )
_HA ? /t (Eaa+y l(”_w) Eanry l(n_C))drIH
1
ty rn—¢ l—o y w I T
< / / |47 €L, ©)|aan < / / (- 0)"7 5 dudy
a,a+y—2
o Jn-w n J¢
—C orw a+y—2—%(l—a)—% _1
= (n—v) (n—v) 2dvdn
<C / (- w)"*’ 21— / (n— )" 2dudy
1 2 1_g)=L
<C(w- C)f/ (=B gy

=C(w-¢)? / (= )™ H T 5 gy

Ifot+y—1——(r—o‘+l)—l/2<0 then we have

(50)

HA%G@(zz,z] ,w) — D1y, 11, C))H

1 e it 2 ar _
<Cw = )2 (ty —w)* 77172 2/ - w)¥ dn

ar =& (p— — 1
SC(IZ _ ll)zﬂ (11 _ w)aJrr 1 2ﬂ(r o+1) 1/2(w_€,)§' (51)

Applying (51), (12), (23), and the fact (w/¢)7~1/2 < 1 for H < 1/2, we arrive at

IIz—/ H/ AT @110 = D0, 11, 00 T g
a '1 a+y—1-Z (r—o+1)-% Jw \H-1 H-34] 2
<= [ ([ - B ()1 )
0 ¢
z 1 i (J(+}'—]—i(l‘—o'-+—l)—l H-1 2
<C =7 [ [ =0T R - o e ) o
0
r 2H+2(a+y— 1),,(, c+1)

<CB2(a+y—l—ﬁ(r 0'+1)+ 1 )(12—11)%

ar
<C(t, =17,

12
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where we require a+y—1—21ﬂ(r—o+1)+1/2>0and 2H+2(a+y—1)—%(r—o‘+1)>0, that is, r < %ﬁ(a+y—1)+(7+§—l and
r< za—ﬁ(a+y—1)+0'+%ﬂH—l.
In addition, ifa+y—l—%(r—a+l)—l/220, then

a 1
BT - )1, (52)

|47 @011, 0) = @131, )

2'% aty—1-
<Clty — 1)) 7 (ty — w)

As a result,

ST Ky (w, 2
112=/0 ”/: A (di(tz,t],w)—(D(tz,t],C))#dw“ ¢

w

ar

a1 n e (rgaly— L _1 3,1 2
sc<r2—zl)ﬂ/ (/ (ry =) () - 0 R ) g
0 ¢

ar 2(a+y71)7%(r75+1)71 al i Hel 2
<Clty—1) 7t /0 (/{ (w-0"" dW) ac

<C(ty—1,)7 .
Based on the above estimates 11, and IT,, we obtain for the case H € (0,1/2)
11 <Ct,—1)¥. (53)

For the case H € (1/2,1), with the help of (48), (13), and (22), we get

1
II =” / (Efxl,};ﬁ-y(tZ —C)—Egﬁﬂ(n —C))dWH(g)”
' Ly(:U)

<ol ([ i, (4°F 200095 0= ) 0 ) |

i ar 1)=& (e
SCH (/ (ty 1) (1) _c>2(n(+y D=5 r-0+1)
0

[SIE

Ly(2R)

1

1 1 5 ) !
X(</§ (%)H Z(W_C)H ;dw) dC) ”LP(Q;R)
<Clty — 1) I ( /Ot](zl - é‘)z(a+771)7%(’*0+1)(tE])ZH—l
X(/;l(w—g)”‘%dw)zdg )]

1
<t = F|( [ -0 E P )|

¢ Ly(2R)

=

L,(2R)

ar H4a+y—1- ﬁ(rﬂ)ﬂrl)

<C(ty — 1)1, B2(2—2H,2H +2(a+y - 1)~ %(r—6+ 1)

<Cty — 1%, (54

where we require 2H +2(a+7 — 1) — 2(r — o + 1) > 0, that is, r < %(a+y—1)+a+ %H—l.
In the same way we derive by (49)

o /Otl (B (62 = O =EL, (1 = 0)aw )|
<c|| (/”(z2 I P !
0
1 1 B )
X(/C (%)H Fw-0" gdw) dC) H@(Q;R)

<Cly - tl)%tzw—l—ﬁ(r—ﬁl)”(/Ofl (%)211—1 (/(tl(w _ C)H_%dw>2dg) ”

a
yflfﬁ(rfo%l)

L,(@:U)

[NIE

=

L,(@:R)
ar

<Clty - 1)1, 1 B2 —2H,2H)

<C(ty—t)%. (55)

13
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Combining the estimates (46), (53)—(55) we obtain the desired result. The proof is completed. []

Now we are in a position to present temporal regularity of the mild solution to (1)

Theorem 3. Let a € (0,1), p € (1/2,1], y € [0,1], 6 € (0,1], and p € [2, ). Let Assumptions 1-6 be satisfied. Then the mild solution u

of (1) satisfies
llu(ry) = w00y < €ty = tl)mm(aﬁ}

forall0 <t <t, <T.
Proof. In view of the mild solution formula defined in (41), we have
[lu(ry) — u(tl)”Lp(_Q;U) <UISo(r) - 50(’1)||Lp(g;u) + 1S, @)(r) = S (”)(tl)”Lp(.Q;U)

+ [1S,(1) — Sz(tl)”Lp(Q;U)'

By using (17), (20) in Lemma 2 with 4 =2p and v = r and Assumption 6, it has

150(t2) = So(tDl @0y = [BY) (o = EL e |
)

< 7] - wEou
1

ar
<C(ty =t |lupll Ly(@:07)-

Ly(@:0)

2 - o
¢ < C/ Ca ! zﬂ(zﬂ r)d¢||“0||Lp(Q;Ur)
t

Ly(2:U) 1

Obviously there holds
151@)12) = Sy @D L 2.0

) 1
= /0 EY) (1, — O f (G u( ) - /0 B~ O u(@)i |

L(Q:U)

4 / "B 0 - O o)

Ly(2:U)
n
()] —_ Y —E® —
+|| /0 (B0 = O = B0 = O) G|,
For the first term, it follows from (20) (4 = 0,v = —1) in Lemma 2 and (5) that
t 5]
()] —
[ /1 B, = O Cuenic], < / |

2
EY) (12 = O f (€. u©)|
1) - c
<C [t = O IGO0, < St = 10" + il
1

L,,(Q;wd(:

For the second term, by (18), (20) (u =0,v = —1) in Lemma 2, and (5), one can get

| /o ) (EL) (1 = O = EL) 1y = 0) f (G u@)e |

L,(2:U)

| /Ox, /trz BV w- 0 u@)dwdc|,
1

L,
h rh
n Jo

t ot
SC/ /0 (w— C)a_2||f(§, M(C))”LP(.Q;U)dde
1

Q)

EY)_ (w0 fCu©)| d¢dw

a,a—1 LP('Q;U)

c «
Sm(fz 1)1+ ”“”U‘p)~

Thus, the above two estimates result in
151@)(t2) = S1 @) 2y < Clty = t)*

forall0<t <1, <T.
In addition, Lemma 5 immediately gives

15:(12) = St Dl @iy < C1 = NER

Together estimates (58), (59) with (60) completes the proof of Theorem 3. []
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5. The semidiscrete FEM

Let 7, be a shape regular and quasi-uniform triangulation of the domain D c RY,d = 1,2,3 and hy denote the diameter of the
finite element K in the triangulation 7;. Let the mesh size h = maxgcy, hx denote the maximal diameter of all element K. Let
V, € H?,1/2 < p < 1 be the piecewise linear finite element space of associated with the triangulation 7j,,

V), = {v, € H (D) : v,|¢x € P/(K),YK € T},},

where P,;(K) is the space of linear functions on the finite element K.
Next, we define L,-projection Py, the fractional Ritz projection R, and the fractional discrete Laplacian Aﬁ on the space V.
The L,-projection P, : L,(D) — V,, is defined by, for any v € L,(D),

(Pyo, 1) = (v, 1), Yy €V
The fractional Ritz projection R, : H? — V), with 1/2 < § < 1 is defined by, for any v € H?,
(APP2R, v, AP ) = (AP20, AP ), Wy € V.
The operators P, and R, satisfy the following approximation properties:
I1Pyo = vll + WP AP (Pyo — o)ll < Ch*Jol,. Yo € HY, s € [5.26],
and
IR,v — vll + WP | AP/2 (R0 — v)|| < CH|vl,, Vv € H?, 5 € [, 20].
The discrete Laplacian A, : V), —» V), is defined by
(Apv, y) = (AI/ZU,A]/ZJ(), Vo, y € Vp,
and further denoting /1;’ and qb;? are the eigenvalues and eigenfunctions of the discrete Laplacian A,, i.e.,
Apd =090 j=1,2,... My,

where M), is the dimension of the finite element space V.
Similarly, the fractional discrete Laplacian Az 1V, >V, with 1/2 < <1 is defined by

(sz, )= (Aﬂ/zv, Aﬁ/z)(), Yo, y €V},

By using the eigenvalues Aj’ and eigenfunctions qﬁj’, we can introduce the discrete norm on the finite element space V), by, for
s ER,

My,
122, = DM (¢ Yy €V “
j=1
Based on the above preparation, the semidiscrete finite element approximation for (1) reads as

_, dwH
Df 1y () + Ay () = Py £ (1, (1) + P"( #Do; .

<
1) 0<i<T, (62)

where u,(0) = Pyu,.
As for the continuous problem (1), there exists a unique mild solution u,(#) of the semidiscrete problem (62) which is expressed
by

t
up(t) = EX(0) Pyug+ /0 ESW(t = O P, £(£,up(O)dS
t
+ /0 EP (1= OPaw (), (63)

where the operators Eff ih)(t), Eyf;,h)(t) and Efl’i’fﬂ:y(t) are defined from V), to V,, by

My
EMN0 7 = Y By () 7. el
j=1

My
ESP () 1= Y 1 By o (A1), ¢80,
=

Mp,
A . _
BV (01 1= ) 7 By (1) (1 g1
j=1
We remark that the semidiscrete solution operators in (63) have also the similar smoothing properties as Lemma 2 and their
proofs can be referred to [20].
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Lemma 6. Let « € (0,1), p € (1/2,1] and y € [0, 1]. Let | - |, . s € R be the discrete norm given by (61). Then for any u € R,v € R and
t > 0, one has

ﬂh)(t);() <Ct 25 V)I;(Ivh, 0<u—v<2p, 64)
E(ﬂh)k(t)}(‘ <O T 0<u—v<4p k=012, 65)
) +y—l—k— 5= (u-v)
Eiﬂa+y k(t))(‘y,h < c* 35 kv |}(|v,h’ 0<pu—-v<2p,k=0,1,2,.... (66)

We demonstrate the following results which will play an important role in the error estimates of the semidiscrete approximation,
see [20].

Lemma 7. Let 0 < v < u < 2p. Then there hold

|80 - BP0 R, ) x| < cna 541, vxe 1, (67)

B2 - ELP@OR,)x| < crret ™54, vxe 1Y, (68)

A (ED @0 —EPD p,)| < creve W 0<v<l. 69)
fxﬂ;+y El’ia}fzy h wr-lm gk

Theorem 4. Let a« € (0,1), f € (1/2,1], y € [0,1], 6 € (0,1], and p € [2, o). Let Assumptions 1-6 be satisfied and x € [0, r], where r is
defined in Assumption 5. Then there exists a constant C such that

— X (2p—x) _
llu@®) = u, Ol 0y <CHP1™2 = lugll 0w + CH¥~¢

+ cprTTetrTlm gt e o). (70)

Proof. Subtracting (63) from (16), it follows that

_ )] (CR h)
0Ol = [0 - 2P0

I3
+ / (D)0 = 01 €@ ~ B = Py £ )|

Ly(@:U)
+ ”/ Eflﬂ;"'y Egtﬂa;-l:}/(t —C)Ph)dWH(C)” o) =L+ L+ 71
The first term I, is estimated by using (67) and Assumptlon 6
_l(p® (B.h) 26~ 55 (2h—x) .
1= |00,y Sl o

For the term I,, we apply (68) in Lemma 7, (3) in Assumption 5 and (5) to derive

L /0 (EL, ¢ = OFC.u@) = ELP (= 0P, £ (@)l |

L,(@:U)

< /O (B0~ 0 - B89 - 0P, €t

L,y(2:U)

+ /0 t ESP @ = O, (G (@) = £ up©)ee |

L,(Q:U)

t a
<cr?e [ =0 TEF OO 0008
t
+ € 0= 0" 0D = S

<c(1+ s WOl a0 )W [Ca-oraz

€0,

+ C/o (t—C)'l_1||u(C)—“h(C)”Lp(.Q;U)dC

<Ch= 4 C /O (= O Nlu(@) = up(©)ll . (,d¢- (73)

It remains to estimate the term I3, which is similar to the proof of Lemma 4. In fact, using stochastic integral (14), Lemma 3,
Assumption 4, and (69) (u =r—oc+1,v=1-0¢) in Lemma 7 we obtain

_ ® B
I ” / Ea a+y Ea a+r(t - é‘)Ph)dVVH(é‘)“Ll,(.Q;U)

| [ ->—E;’?z.’2y<r—~>Ph><¢>dw<o\l%<g;w
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EYM (t1—P,) >(C)H2d§) i H

= (g®
<c” / ”K A “(ED, (- )-ELP
L,(QR)

)=

|

, a 1- (r—o ] 2
< / I - o ) Lom’
Note that
/ K= ™50 < / s s Ll
0
LIC PN

+/ ”/ ((t_w)a+y—l—ﬁ(r—0'+l)_(I_é,)aer—l—ﬁ(r—nJrl)) L
0 ¢ w

7l 2
= 13 + 13.
In the following, we separately consider cases H € (0,1/2) and H € (1/2, 1). For the case H € (0,1/2), I can be estimated by

= / I |)KH<z,¢>(t—o“” =50 g

<2, / [(5) e bam B g

+ 20 —H)z/0 |)¢%‘”(/; w3 = 02 dw) @ - T TEY| ae

a
SCIZH+2(a+y 1) ﬂ(r a+1).

Meanwhile, one finds

a a
tx+y—1—27](r—o'+l) —- é,)a+y—l—ﬁ(r—a+l)

t—w)
v aty—1— & (r—o+1)- 1 1
=/ =) 2(t—v) 2dw.

¢

Analogue to the discussion of (28) and (30) we thus arrive at

t t a a
=/ ”/ ((t _ w)a+y—l—ﬁ(r—a+l) — _é,)a+y—l—ﬁ(r—o'+l))
0 ¢

0K i (w, 2 =%
y H( C)de dé,sct2H+2(a+y =G0t

Jw
For the case H € (1/2,1), it is evident that

s = /O a0 0T g

t t
SCi/O(/{(%)”‘%w—c)”‘%dw)z(r

2H+2(a+y-1)— % (r—o+1)

_ g)Z((lﬂ/—l)— % (r—o‘+1)dé,

=Ct

and

t t a a

132 :/ H/ ((t _ w)a+y—l—ﬁ(r—a+l) — _C)a+y—l—ﬁ(r—a+l)>
0 ¢
y 0K g (w, C)deng < CAH A= D= 5 (=0t
ow - ’
Together these estimates we deduce that
74

a
13 Schr1H+a+}/_l_ﬁ(r—U+l).

A combination of the estimates (72)—(74) yields

— L 2p-x)
) = w1 2y SCH1 3 llug 1 e,
+ Chzﬁ_e +Ch,tH+a+y—l—zﬁ(r o+1)
1
+ C/ = O Mu@) - Uh(§)||LP(Q;U)d§- (75)
0

Applying the Gronwall inequality ([14], Lemma A.2.) to the above inequality which completes the proof of the theorem. []
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6. Fully discrete scheme

Let 0 =1, <t; < -+ <ty be the uniform partition on the time interval [0, 7] and denote by 7, = nt withz=T/N and 0 <n < N.
H _wH
Let U} » uy(t,) be the approximation of u,(t,). Let f" = f(t,_;, U,’Z"l) and f0 = 0. Let gk = M,k =1,2,...,N and g’ = 0.
Then, the fully discrete scheme for (1) is to seek U",n=1,2,..., N such that

c n
S - i s S
k=0 P o
0
Uy, = Phug,

where the weights ' and ", n=0,1,2, ..., are generated by

[se] o0

(1-2)%= Za)(n’x)z", (1-27= Zwﬁ,‘”z".
n=0 n=0

Let U};’ denote the solution of the homogeneous problems of (76), that is,
n
- (@) 17k 770 Prin
¢ o U -U)+A U =0,
l;) n—k 7 h h nZh 77)
U = Pyuy.

For error estimate of the fully discrete scheme (77), we can refer to Theorem 3.5 in [46] to obtain the following result.

Lemma 8. Let u(t,) and U ,» be the solution of homogeneous problem of (1) and its fully discrete approximation (77), respectively. Then
there holds for 0 < q <28,

—Z2p—q)
1,

~ —1+2q
lut,)-Ur<C(t, ¥ o+ R |ug) - (78)

Applying the discrete Laplace transform on both sides of (76) we can obtain
n—1 n—1

Uy = &Py +7 ) Ry P f* ™ 4730, P n> 1, 79
k=0 k=0

where &) P,uy = U}/, and

i R,z" =1+ zt7! (r‘“(l —2)* + Aﬁ)_l , (80)

n=0

3 0, =1 +zc (ro(l— 2%+ A"} (1 = 2. (81)
4 h

=

For the aforementioned R, and Q,, it is easy to prove the following two lemmas, or see Lemmas 4.4 and 4.6 in [16].

Lemma 9. For any 0 < s < 1, it holds

a
575

and || (0P~ R, By|| < ity 7'

a—1-%5
<t 7

s
2
”Ah R” n+l

Lemma 10. For any 0 < s < 1, it holds

aty—l-s5s a+y72721s

<t 7" and ”AE (ELD (t,,)—Qn)Ph“ <cr "t

n+1 aaty n+l

|4ie.

As in the continuous case, the semidiscrete solution also satisfies the same regularity properties in time and space, and their
proofs are analogue to Theorems 2 and 3.

Lemma 11. Let a € (0, 1), p € (1/2,1], y €[0,1], o € (0, 1], and p € [2, ). Let Assumptions 1-6 be satisfied. Then the mild solution u,(t)
of the semidiscrete problem (62) satisfies for any t € [0,T]

sup ”uh(t)”Lp(Q;Ur) < o0,
t€[0,T]

where r is defined in Assumption 5.

Lemma 12. Let a € (0, 1), p € (1/2,1], y € [0,1], o € (0, 1], and p € [2, o). Let Assumptions 1-6 be satisfied. Then the mild solution u,(t)
of the semidiscrete problem (62) satisfies

lan(12) = un(tll gy < Cle = 1)™" ! (82)

for all 0 <t; <t, <T. Here r is defined in Assumption 5.
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Finally, we give error estimate of the fully discrete scheme (76) in L,(£2; U) with p > 2, which is our main result in this section.

Theorem 5. Let a« € (0,1), f € (1/2,1], y € [0,1], 6 € (0,1], and p € [2, ). Let Assumptions 1-6 be satisfied and x € [0, r], where r is

defined in Assumption 5. Let u(t,) and U ,’l' be the solutions of (1) and (76), respectively.
1. If H € (0,1/2), then

— X 2p-x) —1+Z K
2, 2
[lu(z,) — U;:”LP(.Q;U) SChzﬁf,, d ”uolle(Q;UK) +Ct, g T””O”LF(Q;UK)
H+aty—1- 35 (r-c+1) infa, 2 L
+ ChP= 4 Ci', % +omMeyn ),

2. If H e (1/2,1), then

(2p—x) 5

n 2 7% —lHge
lu@,) — U, ”LP(Q;U) <Ch™1, ”u()”Lp(,Q;U’f) +Ct, T””O”LP(Q;UK)

. H+a+y—1— 2 (r—c+1) : ar
+ ChZﬁ—e + Cl’l,tn 28 + CTmln{a, Zﬂ}.

Proof. We insert u,(z,) and split the error into
ut,) — Uy = u(t,) — uy(t,) +u,(t,) = U

By using Theorem 4 one get

— 52 (2p—K) _
lluty) = up @)l @y < CHP 1, gl e + P

H+a+y—1=55(r—c+1)
+ Ch't, g .

Subtracting (76) from (63), we derive

n (.h) n
Nan(@) = Upll o0 < “ <Eft’1 ) = g") PhuOHLp(.Q;U)
n—1

+ ” /0'" ECD(t, = 0P, f (€ up(©))dS ~ T;Rn_kphfkﬂ H

Ly(@U)
I n—1
+ ”/ ELS = OPaW () =7 Y 0, Pig™| =T+I1+111.
0 k=0 L,(@:U)
The first term [ in (86) is bounded by Lemma 8

—1+Z
2
<, allugllpuoe)-

R (G AR AL

The second term 17 in (86) is dominated by five additional terms as follows

n—1

11| /0 "B, - OP S (O — ¢ LS

Ly(U)

=H§/{: (ELP @, = P, (& uy(©)) — Rn,kHP,,f(tk,l,U,’l“l))dCHme;U)
1 k; /k t_kl ELI (1, — 0P, (£ up () - f(§,u,,(tk_1)))dC”Lp o
+ ”lg/fkt—kl ESP (1, = OP, (& upte_p) — f(lk_l’uh(tk_l)))d§‘|LP(Q;u)
+| g /7:1 (B, = O - Ef P, - tk—l))th(tk_l,Mh(lk_l))dé'”LP(Q;U)
+ ”’g/t:l (EL" G, _tk—l)_Rn—k+1)th(fk_l,uh(tk_l))dCHLp(Q;U)

n tk

=10 + I+ I + 11, + 1.
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Now we estimate each term separately. For I1,, applying (65) (u = 0,v = 0) in Lemma 6, (3) in Assumption 5 and Lemma 12
lead to

n tk
1, < Z/ (
k=17 1k-1

n 1
SZ/ , _g)ail”uh(g)_uh(tk—l)“Lp(Q;U)dg
k=171

£t

Ly U)

n t ar ar Iy ar
<Y / - O - T dE < e / (1, — O)*~'dg < Cr . 89)
k=171 0

The term 11, is bounded by using (65) (¢ =0,v =0) in Lemma 6 and (4) in Assumption 5

n N
11, SZ/ |
k=17 1k-1

n 1 ar
<C Z/ t,— O+ “uh(tk—l)”Lp(Q;U))(g — ¥ d¢
k=171k-1

(FCuntim) = Fticrsuntim)) |, 04

Ly(2:0)

ar rﬂ
<cli+ s Ol eo)e |6, -0
t€[0,T] 0
=S+ sup Nup®lly )T < Cr¥. (90)
a +€[0.T] P

For the estimate of I1; we use (65) (4 = 0,v =0) in Lemma 6, the linear growth condition (5) and the elementary inequality (26)
to get

(B.h)
<
11 Z/ /’_’k lEa,a71(9)d9phf(fk_1’”h(tk—l))HLp(Q;U)dC
" e ¢
<C(1+ sup ””h(t)”Lp(.Q;U))Z/ / (t, — w)*2dwd¢
1€(0.T] k=1 151 et
o [l anl-® [C e
<cti+ s Ol eo) Y [ 6=0""5 [ a,- 0w
1€[0,7] k=171 fg-1

LA a—1-2r ar
<+ s 1Ol a0 Y / -0 H - Fa

c_ 21’ 3 3
<——t, T+ Sup ey Ol L, 0:0))7 ] <Cr 7. 91

- ﬁ tel0.
For I1,, Lemma 9 and the linear growth condition (5) yields, noting a > %,

II4<Z/ E(ﬂh)(t =t ) = Ry ) P f (o upy (8 1))”

L (QU)

<c(+ Sup ||uh(t)||Lp(Q;U))Z/ 172 vd¢

<c<1+ sup. ||uh(t)||Lp(QU)) Z/ - k+lrdC+/ THng)
[

<C(l+ sup ”uh(t)”Lp(Q;U))</ Ca_zrdé’+‘r”>
1€[0.T} c

<C(+ sup |luy @l @) < CT° (92)
t€[0,T]

In view of Lemma 9 and (3) in Assumption 5, the final term I/5 can be estimated by

11 <Z/
<CZ/ ol g ”uh(tk D -Uk!

<Cr 1; ’n—k+1 ”uh(tk—l) - U’l:_l HL,,(.Q;U) ' "

Ryt Pa(f thorowntie ) = . UFD)| @n®

Ly(2:0)
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To summarize our estimates (89)-(93) we show that

[1<Ct% +Ct+Cr 2 e [t = U7 - (94)
wes

It remains to estimate the term I71. Let

Ok +1(8) = Op_gi15 € € (By_ys 1]

It is clear that

n—1
1= /0 ELD (1, = OPAWH () — 2 Y 0, Py
k=0 Ly(2:U)

:”/0 EPY @, —C)PdeH(C)—Z/tk Q,,_k+1(C)P,,dWH(§)“
k=1"1k-1

L,(20)
=”/t Eiﬁ;ﬁy(t _C)_Qn—kﬂ(O)PdeH(C)H
Ly(20)
=| / (B 1, =) = 0, O) RO Q)|
L(2:0)
1
<c|( /0 |, 4,7 (B2, —->—Qn_k+.<~>)Ph](c>\|2dc)2(|L(QR)

1

o[k 1o 2 3
:C”<Z/ ”K Ht, [A : El(xﬂa?y(t - ')_Qn—k+1)Ph](C)H dC) H
k=1<1k-1 L@
1

sc”(i/f I, [AT (ELY @, —.)—Ef,’f;fﬂf,(zn—tk,l))P,,](g)‘|2d¢)2(|
k=1Tk-1

L,(@:R)
" 1 1o 2 3
«|(X / K5 (47 B =1 = O B €0) |
k=17 "1k-1 LP(Q;R)
=111 +I11,. (95)

In the following, we treat I11, and II1,, respectively. Indeed, the estimate of I11, works similarly as Lemma 5 and 111, as
Lemma 4. Denote

P, 0) =EPN 1, -0 —EPP @, —1,_)).

a a+y a,a+y

Then I11, is transformed into

1

1111_0” Z/ (K T (z,,,tk,w))P;,(C)”de)z”

L,@R)

1
<| 2/ |08, Wt 0] ac) |

L,(@R)
l
+C” Z/ ”/ A, i F ()t ) — Pty l,g)) ( ” dg) ”
L,(2R)

=11+ 111 96)

We separately consider cases H € (0,1/2) and H € (1/2,1) for the term I11,.
Case 1: H € (0,1/2). Note that

47 a0 = 4,7 (8220, -0 - B 0 =)
faF [ e 0wl
<c / (=0 5 .

Th—
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Ifa+y—l—%(r—a+l)<0, then
Le +y—1—2 (r—o+1
|47 ¥t 0 < cC—rp¥B @, - o ETY,
andifa+y—1—ﬁ(r—a+1)20, then
”ATW(zmtk_l,r:)H <SCE =t )Pty — 1) T,

Hence, in two cases, 111 11 can be evaluated by

[STE

1111—0” Z/ ‘KH(tmC)AIT”’(fn”k—l":)”2d€)

Further, owing to the fact

| <Cr. 97)
L,(2R)

HAFTQ%, 1) =¥ty 151, 0)|

=

=

1—
2 (w8 (B.h) (B.h) (B.h)
=4, (B2 1y — )~ BP0, 1) - L —O+ELD @ —1)|

a,a+y a,atyn

w _ ar 1
=C/ (l,, _ U)aﬂ/ 1- (r+1 0)— 2 (l )Zﬁ 2 dv.
¢

We need to investigate the cases — < 1/2 and > 1/2, respectively.
When < 1/2, one has

1 a
=4, (B2, )~ EP 1, - 0))| < € = o
¢

o
4,7 @t 0) =¥t O < €5 (1, — )™ T HOI T -

1fa+y—1——(r+1—0')—1/2<0 and

s

% ;l a+y—]—21(r—a+l)—% 1
4,7 @t w) =¥t 0| < Cev @, - O w=0)?

ifa+y—1—i(r+1—0')—1/2>0
Consequently, for the case — ﬂ = <1/2, 11 2 is estimated as

”’12=C“(kzi‘1/r: ”/gtk A b0 =¥y 11,0

0K

% aw,{)
ow

When > 1/2, it holds

[STE

2 ar
du| d¢ ) <Cr¥. (98)

”L,,(Q:IR)

1—

HA z Wt tygn ) =Pt ty I,C))H

—1-Z 1—6)—= ar 1
<C / (1, — 0TI g,
¢
=& (r= 1_1 w ar 1
SC(I,,—LU)OH—V 35 (r=o+D) 2/ (t,—v)¥ 2dv
¢

1= & (— _1 ar_ 1
Sc(tn_w)aﬂ/ 1 2/7(’ o+1) Z(tn_g)zﬂ 2(W—¢)

aty—1-=

o 1 1 SN 1
=2 2 (w=0)3 (1, — w) B3 (4 _ )3

ar _1 | a 1 1
53— = at+y—l—5-(r—o+1)—5 1
<CT% 273(1, — w) % (w—¢)2

a 1
fora+y—1—ﬁ(r+l—o)—5<O,and

HAFTGwaw 1o 10) = ¥t ¢>>|)

<CT25 2‘['2(1' §a+y 1- 7(r o+1)— 2(1,0 é,)z

for a +y — (r+l—6) % 0.
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Thus, for the case — > 1/2, 1115 2 is estimated as
nr _c“ / ” / T Pty ty o 0) =Pty ty 1. 0))
k=171k-1
0Ky (w, )
y aw, ¢

ow
Case 2: H €(1/2,1). In this case, 111, can be directly estimated by

(99

w\-—

de ¢ ) <Cr

” Ly(2R)

1
1o 2 2 ar
1, = c” Z/ (KH,n (4,2 q/(t,,,zk_l,.))(g)” dc:) ” <Ce. (100)
Ly(2R)
Therefore, in both cases, we are able to get by (97)-(100),
min(%,%) .
I, < cfﬂ . ifH€(0,1/2), (101)
Cr%, if H e(1/2,1).

Next we show the estimate for 771, as done by Lemma 4. Firstly, I11, is turned into
1
~ 1

I, =C“ Z/ ”K ;ZT (EL (@, —fk—1)—Qn—k+1)Ph](§)”2d§)2”
L,(@2R)
1

<c|( Z / ”Kﬂ(zn,m%(Egﬁa@y(z -rk_l)—Qn_kH)Pthdg)zH (102)
Tk-1 Ly(2R)

We again discuss separately cases H € (0,1/2) and H € (1/2,1) for IT1,.
Case 1: H € (0,1/2). In terms of Lemma 10 one has

/ Kt 00,7 (ES2 —rk_l)—Qn_kH)PthdC

1y 1 2
52b2H/ “(En)H Z(In—c:)"‘fA 3 (EPD @, —tk_l)—Qn_kH)Ph” ¢

t—1

1 e iy [ g3 g1
+2b2(——H)2/ 2 / 2(w—-¢)"2d

g [ e ([ o)

_ 2
xAT(E””” , —tk,l)—Q,,,kH)P,,H ¢

aa+y

gt H- oL atr=2-£(1-0) |
e 1 L T e A

k-1

I ST AV -1 aty=2-35(1-0)

+ C/ ”gz (/ w3 (w—-¢) 2dw)(tn—tk_1) 51,
Tk—1 ¢

Tk t _1 1 X1 ar ar

SC/ [ 2w -0, - "

-1

2
fac

a¢

ar ar
1-

S [ e e,
+CAI|’§ (/ Yw-0f 2dw>(tn o) 2% 7]

SCT% /tk “(IZW)H—%U" _ C)H_%(tn _ C)a+y—l—ﬁ(r+l—5)

Tk—1

+ Crt 7 / “4‘2 (/tﬂ wH_%(w—g‘)H_%dw)(l,, —§)a+77172lli(r+17”) ’
¢

Thus there holds

a¢

2
az

d¢.

111, <Cz7. (103)
Case 2: H € (1/2,1). By using again Lemma 10 which yields

1

nn<c| Z/ ‘KH(tn,g)AlT(E‘(Iﬂa’ﬁy ;k71>_Qn,kH)Ph|jzdc)§”
k=1

L,(2R)
1

<CCH” Z/ / v(w C) zdw(t"_tk—l)a-w_z_%(l_o—)T)zdc)z
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1

< - (/OI”(%)ZH_I (/{’n(w B C)H_%du))z(t,, B §)2(a+y—1)—%(r—a+l)d§>§

= e (104)
Therefore, from (103) and (104) one has

11, <Cr%. 105,

Gathering the estimates (101) and (105) for 71, and I11, results in

min(%,%) .
111 < C'rﬂ , ifH e€(0,1/2), (106)
Ccr, if H e(1/2,1).

Together the above estimates (87), (94) and (106) for I, I and I11, respectively, we conclude that
1. If H € (0,1/2), then

—1+ZX . ar 1
2 min{a, 55,5}
lun(t) = Upll @y < Cty tllugll @) + C7 %2

n
-1 k-1
+ Ce Y itk | - Ui

“ L,(2:U)

—l+ gk min{a, 2,1} < 1 k
- _ .55 a—
=ct, 7 tlugllyue +Ce W2 4 Cr g‘) 14 a0 - U ”L,,m;m .

2. If H € (1/2,1), then
—lt55K min{a, 3% }
lup () = Ul @) < Cty 7 lluoll @0y + C7 ¥
n
C (o1 “ t _ k! ”

ter ; et |40 (Fie) = U Ly(2:0)

_H'%K min(a,;i} o a1 k
=ct, 7 tlugl e +Cr L kaz(,)’n_k Huh(tk) -u} ”L,,(Q;w ,

Hence, the discrete Gronwall inequality ([14], Lemma A.4.) implies the require result and the proof of the theorem is finished. []

7. Numerical simulations

In this section, we shall consider the numerical scheme (76) for solving the following stochastic time fractional PDEs: with
a€ 0,1,y €l0,1],

CDZ,,”(’s x) — Au(t,x) = f(u(x,1)+gt,x), 0<t<T,0<x<1, (107)
u(0, x) = uy(x), (108)
u(t,0) = u(t,1) =0. (109)

Here f(u) = sin(u), uy(x) = x(1 — x) and

dWH (¢, x I dpii@
f+ = Dyl X vl e —2, (110)

t,x) := gD
g(t,x) RLY, a1

m=1
where ﬂ,fl’(t),m = 1,2,... are the fractional Brownian motions with Hurst number H € (0,1). When H = 1/2, ﬂ,ﬁ’(t),m =1,2,...

2
are standard Brownian motion. The functions e, (x) = \/5 sinmrx denote the eigenfunctions of the operator A = —;7 with

D(A) = H(} (0, 1) n H2(0, 1). Further y,,,m = 1,2, ... are the eigenvalues of the covariance operator Q of the stochastic process W (f),
that is

Qem = 7mem'

The two cases below are especially interesting:
Case 1: the white noise case, e.g., y,, = m™# with f; = 0 which implies that

tr(Q) = iym= im_ﬂl = il:oo. (111)
m=1 m=1 m=1
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Case 2: The trace class case, e.g., y,, = m~#1 with g, > 1, which implies that

tr(Q) = i?m = im7ﬁ1 < 0.

m=1 m=1
Let v = u — uy. Then (107)—(109) can be written as the following

eDj vt x) = Av(t, x) = Aug(x) + I (0@t x) + up(x)) + g(t, x), (112)
0(0,x) =0, (113)
u(t,0) = u(t,1) = 0. (114)

Since the initial value v(0, x) = 0 in (112)-(114), it is easier to consider the numerical analysis for the time discretization scheme
of (112)-(114). From now on, we shall consider the fully discrete schemes for solving (112)-(114).
The system of (112)—(114) can be written as the following abstract form

cD§ u+ Au = —Aug + F(v@) +up) + @),  v(0)=0. (115)

Let 0 <ty <t; < - <ty =T be a partition of the time interval [0, 7] and r the time step size. Let 0 = xj < x; < --- < x;, =1 be
a partition of the space interval [0, 1] and & the space step size.
Let S, C Hé (0, 1) be the linear finite element space which is piecewise on the partition {x;} Zo defined by

S, ={x €CI[0,1] : y is the piecewise linear function on [0, 1]
and y(0) = x(1) =0}.
The finite element method of (112)-(114) is to find v, () € S}, such that, for any y € S,
(CDS’,Uh(f)a)O + (Vu,0, Vi) = = (Vug, V) + (f (1) + 1), 2) + (&), 2), (116)
un(0) = Pyug, 117)
where P, : L,(0,1) - S, denotes the L, projection operator defined by
(P,,U,)() = y), Vyes,.

Let V" ~ v (1,),n=0,1,..., N be the approximation of v, (,). The fully discrete scheme is to find V" € S}, with n = 1,2, .
such that

(T—“ >, Vj,;() +(VV" V)
j=1
== (Vue. V) + (F (V" +ug) . 2) + (g (t,) . 1), Yx €S, (118)
v =o, 119)

where the weights wﬁ"’) and g(7,,) are defined in (76).
Let A, : S;, - S, be the discrete analogue of the operator A defined by

(Apw.x) =(Vy,Vy), Yy €S, (120)
Then we have
n
N WO VI AV == Ay + f (V' ) 2 (1), VO =0 (121)

Jj=1
Let ¢, (x), 95(x), ..., @p_; (x) be the linear finite element basis functions defined by, with j =1,2,..., M- 1,

X—X;_|
s X <X <X,
Xj=Xj-1
X=X
(x) =<4 2L
@;(x) P X; <X <Xjyp,
0, otherwise.

To find the solution V" € S;,,n=0,1,..., N, we assume that

M-1
= Z a:’,,(pm
m=1
for some coefficients az,k = 1,2,...,M — 1, which are to be found. Choose y = ¢;,/ = 1,2,....,M — 1 in (118), we have, with
n=12..,N,

M-1 M-
‘“Zw_, [Z (@ 21) ] Z Vo, Vo) a
m=1 m=1
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M-
Z qum,qu, a + (f (V"’1 +u0) ,(p,) + (g (tﬂ),(p,) s (122)

where V=1 = 3 11 a o,

To geta)y,n=1,2,....N from (122), we also need the initial 0‘2. which can be obtained by
M-1
0
ug = Pyuy = Z X, P
m=1

To solve (122) by MATLAB, we need to write (122) into the matrix form which we shall do now.

Denote
of (f (V"_l(xl)-f'uo(xl))y(ﬂl)
a' = a; R (f(Vn_l(xz)jf‘uo(xz))»(ﬂz) ,
-1 -t (f (7" Cen—n) + uoGear—1)) s @ar-1) (M=D)x1
and
(8 (1a) - o1)
g = (8 ’n:)’(Pz)
(g (tn) ’(pM—l) (M=D)x1

After some simple calculations, we may get the following mass and stiffness metrics,

201
poe
—1 =
M= (@ @) iy = | © 1 ’
0 18
3 J(M-Dx(M-1)
and
2 -1 0
M-1 1] -1
S=((V¢m»v¢1))m,z=1=z | ’
0 -1
(M=1)x(M~1)

respectively. Then (122) can be written as the following matrix form, n = 1,2, ..., N,

n
Y w, Ml +Sa" = -Sa’ + 1" +¢", o’ given. (123)
j=1
Denote A, = M~!S. Then (123) can be written as, withn=1,2, ..., N,

n
Y w, ol + Ay = —Au® + M7+ Mg, o given, (124)
j=1
which is the matrix approximation form of (121). Hence a",n = 1,2, ..., N can be calculated by the following formula

= (wy +7"Ay)”" <—TaAha0 + MO+ Mg - ) wn_ja"—f> , (125)
=

where o' is given.
By Theorem 5, we see that
min{a, &

1), if He 1)

“¥itmed,

Crt
Cr

the temporal convergence order = min{a

where r = min{2f + o — 1, %(H +a+y—1)+0—1}. In particular, when ¢ = 1 (the trace class), we obtain

CpminteHrar-L3) i g e ©, 1

) 55 )

CTmin(a,H+a+y—l)’ ifH e (%’ 1).
In our numerical simulations, we set ¢ = 1 (the trace class), which is equivalent to choosing #;, > 1 in (111). Specifically,
we take f; = 2. We also consider different parameter sets to estimate the convergence rates toward the solution of the equation.

the temporal convergence order =

26



Z. Li et al. Communications in Nonlinear Science and Numerical Simulation 152 (2026) 109182

Table 1

The convergence orders with H = 0.3.
a b4 t=1/4 1/8 1/16 1/32 Order
0.6 0.4 4.2604e — 1 3.4743e — 1 3.1338e -1 2.1560e — 1 0.32(0.30)
0.7 0.4 2.338le -1 1.7264e — 1 1.4263e -1 9.3493e — 2 0.42(0.40)
0.8 0.4 1.2193e - 1 8.2402¢ — 2 6.1490¢ — 2 3.9531e -2 0.51(0.50)
0.9 0.4 1.0633e — 1 7.1027e -2 5.2168e —2 3.362% -2 0.52(0.50)

Table 2

The convergence orders with H =0.4.
a y T=1/4 1/8 1/16 1/32 Order
0.6 0.5 1.3627e -1 9.6224e -2 7.8592¢ -2 4.9649¢ — 2 0.48(0.50)
0.7 0.5 1.1663e — 1 8.0523e -2 6.4457e — 2 4.0222e -2 0.51(0.50)
0.8 0.5 9.9692¢ — 2 6.7280e — 2 5.2663¢ — 2 3.2469 — 2 0.53(0.50)
0.9 0.5 9.2118e -2 6.1469¢ — 2 4.7537e -2 2.9138e -2 0.55(0.50)

A plot of the error at T=1 against log2 (A t)

log2(error)

-7 -6.5 -6 -55 -5
log2(A t)

Fig. 1. The experimentally determined orders of convergence with « = 0.9 and y =0.4 and H = 0.3 in Table 1.

A plot of the error at T=1 against log2 (A t)
T T T T

-8.5 -8 -75 -7 -6.5 -6 55 -5
log2(At)

Fig. 2. The experimentally determined orders of convergence with « =0.9 and y =0.5 and H =04 in Table 2.

Table 3

The convergence orders with H = 0.5.
a b4 t=1/4 1/8 1/16 1/32 Order
0.6 0.2 2.9601e — 1 2.4981e — 1 2.1691e — 1 1.4711e — 1 0.31(0.30)
0.7 0.2 1.8143e — 1 1.3707e -1 1.0986e — 1 7.0327e -2 0.42(0.40)
0.8 0.2 1.0923¢ — 1 7.2998¢ — 2 5.3337e -2 3.2405¢ — 2 0.53(0.50)
0.9 0.2 9.8312¢ -2 6.4115¢ —2 4.5953e -2 2.763% -2 0.61(0.60)

Furthermore, we examine cases with varying Hurst parameters to assess whether the numerically observed convergence orders align
with the theoretical predictions stated in Theorem 5. The values in brackets indicate the theoretical orders.

We set N,s =2’ and T = 0.1, and define the reference time step size as dt,; = T/N,e- To compute the reference solution v,
we choose a spatial step size of 2~ = 27 and a time step size of dt,s = 277. To examine the temporal convergence behavior for
various values of H, «, and y, we consider a range of time step sizes given by 7 = « - dt,.;, where x € {2°,24,23,22}. As shown
in Tables 1-4, the numerically observed convergence orders align well with the theoretical predictions in all cases. The numerical
results also indicate that the convergence orders improve as the parameters «, y, and H increase, reflecting the enhanced regularity
of the solution with larger values of these parameters. (See Figs. 1-4).

8. Conclusion
In this paper, we study numerical approximation methods for a stochastic semilinear subdiffusion equation driven by fractionally
integrated additive fractional Brownian motion (fBm). We establish the existence and uniqueness of the mild solution using the

Banach contraction mapping principle and conduct a thorough analysis of its spatial and temporal regularity. A semidiscrete scheme
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Table 4

The convergence orders with H = 0.6.
a y r=1/4 1/8 1/16 1/32 Order
0.6 0.5 5.9732¢ -2 3.8982e —2 2.8460e — 2 1.6682e — 2 0.61(0.60)
0.7 0.5 3.7565e¢ — 2 2.1594e -2 1.3684e —2 7.5050e — 3 0.72(0.70)
0.8 0.5 2.2088¢ — 2 1.1822¢ - 2 6.7937¢ -3 3.5575¢ -3 0.82(0.80)
0.9 0.5 8.9305e — 3 4.5422¢ -3 2.8387e -3 1.3431e -3 0.91(0.90)

A plot of the error at T=1 against log2 (A t)
T T T T

log2(error)

log2(A't)

Fig. 3. The experimentally determined orders of convergence with « =0.9 and y =0.2 and H =0.5 in Table 3.

A plot of the error at T=1 against log2 (A t)
T T T T

4
S 6 —«eference line J
g
I — /
B ]
-10 L L L 1 I I
-8.5 -8 -7.5 -7 -6.5 -6 5.5 -5

log2(A t)

Fig. 4. The experimentally determined orders of convergence with « =0.9 and y =0.5 and H = 0.6 in Table 4.

is then constructed using the Galerkin finite element method (FEM), and corresponding error estimates are derived. Furthermore,
we propose a fully discrete scheme by approximating the time-fractional derivative with a convolution quadrature based on the
Griinwald-Letnikov scheme and analyze its convergence. Optimal convergence rates for the fully discrete scheme are established.
Finally, numerical experiments are presented to confirm the consistency of the simulation results with the theoretical predictions.
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