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ABSTRACT. Primitive axial algebras of Monster type are a class of non-
associative algebras with a strong link to finite (especially simple) groups.
The motivating example is the Griess algebra, with the Monster as its
automorphism group. A crucial step towards the understanding of such
algebras is the explicit description of the 2-generated symmetric ob-
jects. Recent work of Yabe, and Franchi and Mainardis shows that any
such algebra is either explicitly known, or is a quotient of the infinite-
dimensional Highwater algebra H, or its characteristic 5 cover .

In this paper, we complete the classification of symmetric axial al-
gebras of Monster type by determining the quotients of H and H. We
proceed in a unified way, by defining a cover of H in all characteristics.
This cover has a previously unseen fusion law and provides an insight
into why the Highwater algebra has a cover which is of Monster type
only in characteristic 5.
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1. INTRODUCTION

Recently several finite simple groups, such as 3-transposition groups and
many of the sporadic groups including the Monster, have been realised as
automorphism groups of axial algebras of Monster type (o, 3). In fact, the
originating example of an axial algebra is the Griess algebra, which has
the Monster sporadic simple group as its automorphism group. The Griess
algebra turns out to be an axial algebra of Monster type (i, 3—12) Almost
all Jordan algebras are axial algebras of Monster type and Matsuo algebras,
which are related to 3-transposition groups, are also examples. There is a
hope that a full classification of these algebras will lead to a more unified
approach to (a large portion of) finite simple groups, including the sporadics.

As for many algebraic structures (semisimple Lie algebras being one no-
table example), a full classification of the 2-generated objects is a key step for
the development of the general theory and its applications. This is made ev-
ident by the key role played by the classification of the primitive 2-generated
axial algebras of Monster type (i, 3%) (called Norton-Sakuma algebras) in
the theory of Majorana representations [9, 2, 11]. Norton-Sakuma algebras
were first classified by Ivanov, Pasechnik, Seress, and Shpectorov in [10], ex-
tending earlier work of Norton [17] (for the Griess algebra) and Sakuma [20]
(for certain types of OZ-type vertex operator algebras of central charge 1/2).
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It was Rehren in [18, 19] who first introduced the generalisation to Mon-
ster type («, ) and began a systematic study of the 2-generated algebras.
He concentrated on the symmetric algebras — those which admit an auto-
morphism switching the two generators. He generalised the eight non-trivial
Norton-Sakuma algebras to eight families of examples. Implicit in his anal-
ysis is a case division into a gemeric case and two critical cases o = 203
and a = 40 — this is made explicit by Franchi, Mainardis and Shpectorov
in [5]. Joshi introduced some new families of Monster type (253,3) (the
critical case a« = 2) in [12, 7]. In an unexpected development, Franchi,
Mainardis, and Shpectorov in [4], and independently Yabe in [23], found the
infinite-dimensional 2-generated Highwater algebra H, which is of Monster
type (2, %) (and falls into the other critical case).

A major breakthrough came from Yabe, who gave in [23] an almost com-
plete classification of the symmetric 2-generated primitive axial algebras of
Monster type in characteristic other than 5. The remaining case was con-
sidered by Franchi and Mainardis in [3], who introduced a characteristic 5
cover H of the Highwater algebra and showed that all the cases not included
in Yabe’s classification are factors of 7. Putting these all together we have
the following:

Theorem 1.1. [23, 3] A symmetric 2-generated primitive azial algebra of
Monster type (o, B) is isomorphic to one of the following:

1. a 2-generated primitive axial algebra of Jordan type «, or B3;
2. a quotient of H, or H in characteristic 5;
3. one of the algebras in a family listed in [23, Table 2].

The 2-generated primitive axial algebras of Jordan type were classified by
Hall, Rehren and Shpectorov in [8] and are of dimension at most 3. Every
algebra in case (3) above is known and of dimension at most 8. In contrast,
the Highwater algebra H and its cover # have infinite dimension.

In this paper, we complete the last step of the classification of the sym-
metric case by classifying all the quotients of the Highwater algebra H and
of its characteristic 5 cover H. Moreover, we give explicit bases for the ideals
and so also the quotients.

This is important as a full understanding of the symmetric case, including
the quotients of the Highwater algebra, is crucial for completing the clas-
sification in the non-symmetric case. Indeed, a 2-generated non-symmetric
algebra ((a,b)) is an amalgam of two symmetric subalgebras ((a,a™)) and
{(b,07)), where 7, and 7, are the Miyamoto automorphisms associated to
a and b (see below). This approach is successfully employed by Franchi,
Mainardis and Shpectorov in [6] to complete the critical case « = 28. We
expect the classification in the generic and other critical case to also follow
using this technique.

Before discussing our results, we briefly recall some definitions (details can
be found in Section 2). An azial algebra is a commutative non-associative
algebra A generated by a set X of azes. These axes are primitive semisimple
idempotents, whose eigenvectors multiply according to a so-called fusion
law F. When the fusion law is Co-graded (which the Monster fusion law
M(a, B) is), then we have an algebra automorphism 7, called a Miyamoto
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tnvolution, associated to each axis a € X. The group generated by all these
automorphisms is called the Miyamoto group.

In order to give a unified proof of our main result for the Highwater algebra
and its characteristic 5 cover, we introduce a new algebra # which is a cover
of the Highwater algebra in all odd characteristics'!. By Theorem 1.1, in
characteristics other than 5, this cannot be an axial algebra of Monster
type (o, ). In fact, we show that # has a new fusion law F with entries
{1,0, %, 2, %} (note that in characteristic 5, % = 0). This algebra has a basis
given by axes a;, 1 € Z, and additional elements s; and pr ;, for j € N and
r =1,2. For the multiplication, see the full definition in Definition 3.2.

In Remark 4.8 we shall see that, in characteristic 3, H is neither of Monster
type nor 2-generated. Therefore, for the rest of this section, we shall assume
that the characteristic of the ground field is strictly higher than 3.

Theorem 1.2. The algebra H is a symmetric 2-generated primitive azial
algebra with fusion law given in Table 1.

5 1

1300 | 2 !

5 1

113 2 1

555 5 1

2 2 2 2 2

5 5 5 1

0 3020032 3

5 5 1

2 222,01 3

1 1 1 1 1 5

223l 2| 3 |202

TABLE 1. The fusion law F for A

In Proposition 3.8, we show that the full automorphism group Aut(#)
of H is isomorphic to Dy, and it acts naturally on the indices of the set of
axes X = {a; : i € Z}. In particular, there is an automorphism 7.5, which

switches the two generating axes ag and a; and so # is indeed symmetric.
The Miyamoto group Miy(H) = (r; : i € Z) = Dy, has index 2 in Aut(H).
The algebra H has a distinguished ideal J given by the subspace (pr ; :

JjENr=1,2).

Theorem 1.3. J is an ideal of’}:L and the quotient 7:[/J is isomorphic to the
Highwater algebra H. In characteristic 5, H coincides with the characteristic
5 cover of the Highwater algebra defined in [3].

So our algebra # is indeed a cover of the Highwater algebra as claimed.
Thus classifying the ideals, whence the quotients, of H will simultaneously
classify the quotients of the Highwater algebra and its characteristic 5 cover.
By [13], every ideal in an axial algebra is invariant under the action of the
Miyamoto group. In fact, we show a stronger result for 7 which will prove
crucial in classifying the ideals.

INote that H does not exist in characteristic 2 (more generally, axial algebras of Mon-
ster type in characteristic 2 are associative, see [22] or [4, Lemma 2.1]).
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Theorem 1.4. All ideals of H are Aut(?:l)—invariant. In particular, every
quotient of H and so also every quotient of H is symmetric.

Using a sort of Euclidean division algorithm on 7:[, we show the following.
Theorem 1.5. Fvery ideal of’;’:l s principal.

This has the following important consequence which highlights the dis-
tinguished nature of the ideal J. Note that, by definition, J has infinite
codimension.

Corollary 1.6. An ideal I < has finite codimension if and only if it is
not contained in the ideal J. Every non-trivial ideal which is contained in
J has finite codimension in J.

Based on this, we split our ideals into two classes, those which are con-
tained in J and those which are not.

Consider first an ideal I which is not contained in J; this has finite codi-
mension in H. In particular, the images of the axes in H /I span a subspace
of some finite dimension D and so we say that [ has axial codimension
D. Using the fact that I is Aut(#)-invariant, we show that there exists
T = ZZD:O aa; € I, for some o € F where ag # 0 # ap. Moreover, x gen-
erates an ideal of axial codimension D. Since any ideal containing x can be
recovered by finding the corresponding ideal of the finite-dimensional quo-
tient H /(z), we restrict ourselves to classifying the minimal ideals of axial
codimension D.

For such an ideal I = (), we find two key observations which characterise
the tuple of elements (ag,...,ap). For the first, we show in Proposition
3.10, that 7 is a baric algebra. That is, there is an algebra homomorphism
A: H — F which is given by A(a;) = 1 and A(s;) = 0 = A(pr;). This
immediately gives a (Frobenius) symmetric bilinear form (-,-): H x H — F
defined by (y, 2) = A(y)A(2). Using standard results from [13], we show that
any proper ideal I of H lies in the radical H+ = ker(\) of the form (-,-).

Thus if
Z a;a; + Z Bjs; + Z Ve kDr

is an element of I, then Y  «a; = 0. In particular this has to hold for the
coefficients of x. This is our first key observation. For our second key
observation, we use a minimality argument and the Aut(?fl)-invariance of I
to see that there exists ¢ = +1 such that a; = eap_;, forall i =0,...,D.
We say that x and the tuple («p,...,ap) are of e-type.

In fact, these two key observations are the only two restrictions on the
generator x = Zi’;o aja; of such an ideal I. We define a tuple («a, ..., ap) €
FP*1 to be of ideal-type if ag # 0 # ap, Zz"io a; =0, and («ag,...,ap) is
of e-type, for ¢ = +1.

Theorem 1.7. For every D € N, there is a bijection between the set of
ideal-type (D + 1)-tuples (v, . ..,ap) € FPH up to scalars, and the set of
minimal ideals of axial codimension D of H given by

D
(gy...,ap) — (Z aiai> )
=0
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Moreover, in Theorem 9.6, we give an explicit basis for each such ideal
and hence all the maximal quotients of .

Since the Highwater algebra A is isomorphic to H /J, no non-trivial ideal
of the Highwater algebra corresponds to an ideal contained in J and so the
above results explicitly describe all the quotients of H with maximal axial
codimension. To complete the classification of the symmetric 2-generated
primitive algebras of Monster type, we now turn to classifying the ideals of
our algebra # which are contained in J. Recall that J = (prj:J €Nyr=
1,2).

Theorem 1.8. There is a bijection between the set of tuples (Bs, . .., B3) € F¥,
for k € N, up to scalars, and the ideals I C J of H, given by

k
(B3 Bak) = Z BsiP7 3
=1

Again, in Theorem 7.2, we give an explicit basis for each such ideal I
contained in J.

We end the paper by describing all isomorphisms between quotients of
H (and hence also of the Highwater algebra H) and other symmetric 2-
generated algebras of Monster type (those in cases (1) and (3) of Theorem
1.1).

Theorem 1.9. The only isomorphisms between quotients 0f7:£ and M (2, %)—
azial algebras in cases (1) and (3) of Theorem 1.1 are with 3C(2), S(2)°,
§(2)°, IY5(2,3,p1), for p € F, IY5(2,%) and 6A(2,3) in characteristic 5,
(and their quotients).

(See Section 11 for the explicit ideals for each isomorphism.) All the above
isomorphisms are with algebras A which are M(2, %)—axial algebras. The

other possibility is if the quotient of # also has a grading with respect to
the eigenvalue 2 € F and if A is a M(3,2)-axial algebra. In Theorem 11.9,
we determine all such examples and find that the only possibilities for such
isomorphisms are with 3C(2), 6Y(5,2), or IY5(2, 3, 1) and the quotient must
be a quotient of the Highwater algebra H.

The paper is organised as follows. In Section 2, we give a brief overview of
axial algebras. Our main actor # is introduced in Section 3, where we show
that it is a cover of the Highwater algebra and determine its automorphism
group. In Section 4, we prove that # has the fusion law given in Table 1 and
hence is an axial algebra. We give its Frobenius form and some preliminary
results on ideals in the brief Section 5. We show in Section 6 that ideals of
H are Aut(H)-invariant. Ideals contained in .J are classified in Section 7,
showing also that they are principal. Principality of the remaining ideals
is shown in Section 8. Ideals which are not contained in J are classified
in Section 9, where we also give explicit bases for them. Two important
families of examples are given in Section 10 which allows us to show our
exceptional isomorphisms in Section 11.
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2. BACKGROUND

For an algebra A over a field F and X C A, we will denote by (X) the
linear span of the set X and by (X)) the subalgebra generated by X.

For an element a € A, denote by Ay(a) = {v: av = Av} the A-eigenspace
for the adjoint ad,. For ease of notation, for N C IF, define

Ax(a) == P Ax(a).

AeN

A fusion law is a pair F = (F, *) where F is a non-empty set and x: F X
F — 27 is a symmetric map. It will be convenient to extend the map * to
subsets of F in the obvious way.

Given a non-associative algebra A over F and a fusion law F C F, an
F-azis (or simply an azis when there no ambiguity in the choice of F) is an
idempotent element a of A such that

(Ax1) ad,: v — av is a semisimple endomorphism of A with spectrum
contained in F;
(Ax2) for every A\, u € F,

Ax(@)Apu(a) € Ayp(a) = @ Ay
VEAXLL
Furthermore, a is called primitive if
(Ax3) the l-eigenspace of ad, is (a).
An azial algebra over F with a fusion law F is a commutative non-
associative F-algebra A generated by a set X of F-axes. If all the elements
of X are primitive, A is called primitive.

For an abelian group T, a T'-grading of the fusion law F is a map gr: F —
T such that, for every A, p in F

gr(Axp) C {gr(Ner(p)}

A T-grading of F is a finest grading if every other grading of F factors
through the grading 7. By [1, Proposition 3.2], every fusion law admits
a unique finest grading. A T-grading gr is adequate if the image gr(F)
generates 1. So we may always assume that our grading is adequate. We
are most interested in the case where T' = Zy. Taking Zo = {+,—}, for a
Zo-grading gr, denote by Fy and F_ the full preimages via gr of + and —
respectively. For every axis a of A, a grading on the fusion law induces a
grading on the algebra: for e € {+, —}, we set

Ac(a) == As.(a).

A straightforward computation shows that the map that negates A_(a)
and induces the identity on A4 (a) is an involutory algebra automorphism
called the Miyamoto involution associated to the axis a (see [16, 10]). The
group generated by all the Miyamoto involutions associated to the axes in
X is called the Miyamoto group Miy(X) (see [13]). Note that the Miyamoto
group is not always the full automorphism group of the algebra, as is the
case for the algebra # considered in this paper.

An axial algebra A is 2-generated if there are two axes a and b in A
such that A = ((a,b)). Further, we say that A is symmetric if there exists
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an involutory automorphism f of A (which might or might not be in the
Miyamoto group) that switches the two generating axes a and b.

The fusion law M(a, 3) in Table 2 is called the Monster fusion law (in
the table, we omit the set symbols for the entries A x u and so in particular
empty entries correspond to the empty set). Manifestly, this fusion law is
Zo-graded, with F, = {1,0,a} and F_ = {#}. We say an axial algebra A
is of Monster type («, 3) if it has the Monster fusion law M (a, ).

10| « I5]
1)1 « I}
0 0] « I}

allalall,0 B
BB B |1,0,«a
TABLE 2. Fusion law M(a, 3)

A Frobenius form on an F-algebra A is a non-zero symmetric bilinear form
k:AxA—=TF

that associates with every element of A, that is, for every z,y, z in A,

k(z,yz) = k(zy, 2).
From the above formula it follows immediately that the radical of a Frobe-
nius form on A is a (two-sided) ideal.

3. THE ALGEBRA 7:[

In this section, we will define the main actor in this paper, the algebra H
which will be a cover of the Highwater algebra in all characteristics. We first
give a definition in the style of the characteristic 5 cover of the Highwater
algebra as given in [3] and we then introduce a second definition with respect
to a different basis. This new basis will be more useful for us throughout
the rest of the paper, simplifying many arguments. We will show that in
characteristic other than 3, the two definitions are equivalent. (Since the
Highwater algebra is not 2-generated in characteristic 3, this will not matter
for our goal.)

Throughout the paper, we adopt the following notation. Let F be a field
of characteristic not 2. For r € Z, we denote by ¥ € Zg the congruence class
r + 3Z.

Define 6: Zs — F by 6(0) =0, 6(1) = 1 and §(2) = —1.

Definition 3.1. Let A be an algebra over F with basis {a; : i € Z} U {s5,
J €N}U{s13;,833; 17 € N}. We set 55, =0 and s7; = s5,; when j ¢ 3N.
Define the multiplication on H by

1. a;a; = %(az + aj) + S7,ji—j|

2. aisy; o= —Fai + §(aij + airg) + 3575 + 01— T)(s7_1; — s741)
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3. s7jsg = %(Sw + Stk) éZz 012( Ji—k T 3w+k if {i,j} £ 3N
4. sa3jSpar = 1 T2 k(s 3h 55,31, =5 (a45),3h) Zh:\g—k|,j+k(36,3h+
Sb,3h 5—(a+b),3h)

Note that if {@,b,¢} = {0,1,2}, then —(@ + b) = ¢, but if b = @, then
—(a+0b) =a.

It is clear that if char(F) = 5, then H is precisely the cover of the High-
water algebra as defined by Franchi and Mainardis in [3]. They showed that
there is an ideal J = (s5,; — 83,57, — 55, : J € 3N) and H/J = H. So
in characteristic 5, the differences of the s7; span J and thus play a funda-

mental role in 7. We mirror this by defining some new elements of # in
any characteristic other than 3.

e 1 E _ .
S] =3 S’V‘,]
TEZL3

.- 1 _ _
Prj =3 (5?—1,]‘ 3?+1,j)

rj = Pryly T Py
Note that if j ¢ 3N, then s; = S5 prj = 0 and so z7; = 0. Also
> ez, Prg =0 and so ) o ;275 = 0 also.
We now give our second definition which has a more natural basis.
Definition 3.2. Let # be an algebra over F with basis
B:={a;:i€Z}U{s;:jeN}U{pry:T € {1,2} and k € 3N}
We set so = 0, prj = 0 for all 7 € Zs if j ¢ 3N, p5; = —pi; — Pz, and
Zrj = Pri1j — Pr_1, (note that 27; = 0 whenever j ¢ 3N). Define the
multiplication on H by
H1 a;aj = l(ai + aj) + 5i—j] + 23 Ji—j]
H2 a;sj := — i P+ 3(al —j+ait;) + 33] 2,
H3 a;prj ‘= QVJ P_(@+7),5
H4 sjs;:= 3(83 + 1) — 3(S|j l| + Sj+l)
H5 siprg = §(0rj + Pri) — 3(Prj—k| + Prjtk)
1
H6 prnpiy = iz —(F+D),h T Z—(F+¥),kz) — 8(Z_ ) hk| T 24D k)
where i € Z, j,l € N, h,k € 3N and 7,t € Z3.

Note that, as Pr_1; T Prj+pr1; =0, we have 3pr; = Zp_1j T ZFlj
We now immediately justify our use of the same letter H for both algebras.

Lemma 3.3. Suppose that char(IF) # 3, then the algebras in Definitions 3.2
and 3.1 are isomorphic. The isomorphism is given by

. . 1 _ _
a; — a;, 3 5 57,5,  Drj 3(3771,3‘ S?+1,j)‘
TEZs3

Note that the inverse maps a; — a; and sz j — sj + 25 ;.

Proof. This is immediate from checking the multiplication. U
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Where we do not rule out characteristic 3 going forward, we will use the
second definition. R

For all characteristics H is a cover of the Highwater algebra, extending
the definition in [3].

Lemma 3.4. Let J be the subspace (zrm,pg’j :j €N) of H. Then J is an
ideal of'i':[ and the quotient 7:l/J 1s 1somorphic to the Highwater algebra H.

Proof. From H3, H5, and H6 it is c}ear that AJ C J and so J is an ideal. It
is now straightforward to see that 7 /J = H from the definition of H (see [4,
Section 2]). O

We begin by determining the automorphism group of H. For k € %Z, let
Ty: Z — 7 be the reflection in k given by i + 2k —i. Then D := (70, 71),)
is the infinite dihedral group acting naturally on Z. Let sgn: D — Z* be
the sign representation of D. That is, sgn(p) = —1 if p is a reflection and
sgn(p) = 1 if p is a translation.

Definition 3.5. For p € D, define ¢,: H — H to be the linear map given
by
;7" = ap, s;70 =sj,  pri’” = (senp)pm

Note that we have zf;; = Z7p jo-

Proposition 3.6. For every p € D, ¢, is an automorphism of H and
the map p — ¢, defines a faithful representation of D as a subgroup of

automorphisms of H.

Proof. By the above formulas, the products H2-H6 are preserved by ¢,.
For H1, observe that the action of D on Z preserves distance, whence |i —
jl = |i? — j°| for all i, € Z. It is then clear that ¢ is an injective group
homomorphism since every ¢, acts non-trivially on {a; : i € Z} if p # 1. 0O

By an abuse of notation, from now on we identify ¢, with p, in partic-
ular 7; € Aut(#H). To determine the automorphism group of H we use the
following fact.

Lemma 3.7. If char(F) # 3, then the only non-trivial idempotents in H are
the a;’s, i € 7.

Proof. The proof is analogous to that of [4, Lemma 2.3]. O

Proposition 3.8. If char(F) # 3, then Aut(#) = D.

Proof. The proof is a modified version of [4, Proposition 2.4], which we
sketch here. Since char(F) # 3, we may use Definition 3.1. By Lemma 3.7,
Aut(#) permutes the non-trivial idempotents {a; : i € Z} and so it permutes
the set of s7; = a;a;—3(a;+a;). For the pair (7, k), where 7 € Zg and k € N,
we define a graph I' ) with vertices {a; : i € Z} and an edge between a;
and a; if and only if sz = aja; — %(ai +a;). It is easy to see that if k ¢ 37Z,
then I'7 ) has exactly k connected components, while if k € 3Z, 'z ) has

% connected components. Since two graphs I’(@k) and I'g;) are isomorphic

if and only if £k = [ € 3Z, it follows that Aut(H) fixes every sz, if k & 3Z
and permutes the set {sg, 87, 53} when k € 3Z. O



10 C. FRANCHI, M. MAINARDIS, AND J. MCINROY

In Theorem 1.2 we will show that, for every i € Z\ {0}, a; is an axis and
the Miyamoto involution 7,, associated to a; coincides with the reflection 7;.
Similarly, the automorphism swapping ag with a; (usually denoted by f in
the context of symmetric axial algebras of Monster type) is T1. We let 0;,

for j € Z, be the automorphism of A induced by the translation on Z by j.
We record in the next lemma the products with 27 ; which will be useful
later.

Lemma 3.9. Fori € Z, j € N, h,k € 3N and {7,t} C Z3, we have the
following.
1. Ay § =
2. Sj2F k=
3. 27 :§( 7+ 7*)—3( =1 F + =17 )
Prazgr = g \P—(F40),h T P—(74+0) k g\P_(7+1),|h—k| T P—(7+1),h+k
4.z nzgy = _%(Z—(F—i—f),h + 27t n) T %(z—(F+Z),|h—k| + 2 (5 48) htk)

Proof. These follow immediately from the multiplication in 7. O

We close this section with the following observation. Define A: H—TF by
A a;) =1 and A(sj) = 0 = A(pr,) and extend linearly.

Proposition 3.10. The map A is an algebra homomorphism and so H is a
baric algebra.

Proof. This follows form the definition of the multiplication in Definition 3.2.
O

As an immediate consequence, the map (-,-): H x H — F, defined by
(z,y) = AM(x)A(y), is a Frobenius form.

4. THE FUSION LAW

Let F be the fusion law on the set {1,0, %, 2, %} C F described in Table 1
on page 3. In this section we prove Theorem 1.2.

Theorem 1.2. If char(F) # 2,3, then H is a symmetric 2-generated prim-
itive axial algebra with fusion law F given in Table 1.

We begin by showing that ag is an F-axis. By the action of Aut(#),
this implies that, for all i € Z, a; is an F-axis. Similarly to [4] and [3], we
consider an ‘i-slice’ of the algebra. Let

i
U' = <ao,a—i,ai,sialﬁ,z‘»%¢>

Note that, if i ¢ 3N, then p;; = 0 and U’ is 4-dimensional. Otherwise, if
i € 3N, then U’ is 6-dimensional. Since ad,, preserves U’, for all i € N, and
H= > ien UY, we restrict to U? to find the eigenvectors of ad,,. For i ¢ 3N,
the analysis is the same as in [4] and ad,, is semisimple with eigenvalues 1,
0, 2 and % So let i € 3N. Then the action of ad,, on U?, with respect to
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the basis (ag, a—_;, a;, S;, Piis pii), is represented by the following matrix

1 000 0 O0
s 301 1 -1
031 1 -1

000 2 -1
0o 000 -1 2

which has eigenspaces

1. U = (ao), Ut = (w;), Us = (v;), UL = (2;) and Ut = (w;, w;), if F
has characteristic other than 3 and 25; ’

2. Uli = (ao, i), Ué = (u), Ug = (v;), and Ui = (w;, w;), if F has
2
characteristic 3 (since % =1);
3. U = (ao), U§ = (ui,z), Us = (v;), and Ul = (w;,w;), if F has
2

characteristic 5;

where

u; = 6ag — 3(a—; + a;) +4s; + 425,

v; = 2a9 — (a—; +a;) —4s; — 425,

Wi = a_; — a;

i =DP1; — P2 = %0,

Wi = p1,; +P3; = —Po,
Notice that, in any characteristic other than 2, if i € 3N, (ao, i, vi, w;, 2;, ;)
is a basis for U*. On the other hand, when i ¢ 3N, since p1; = pa; =0,
z; and w; are zero and (ag, u;, v;, w;) is a basis for U'. We set H; := (ag),
oy = (wi | i €N), Hoi= (2 | i €N), Hy = (v; | i € N) and H,, :=
(w;, w; | i € N). Moreover, define Ht := H1BH, BH,. DH, and H™ := H,.
Finally, it will be convenient to set ug := vg := wg := 29 := Wy := 0. We

immediately have the following.

~ ~ A~

I:emmfi 4.1. With the above notation, H = H1 ® 7:lu O H, D 7:11, & 7:[10 =
ANCE

Lemma 4.2. The involution Ty acts as the identity on HH and as minus
identity on H™. In particular, HT is the fived subalgebra of o, HTH™ C H™
and H-H- CHT.

Proof. This follows immediately from the definition of ¢, (Definition 3.5),

since ¢, is an algebra automorphism. U

Recall from Proposition 3.10, that 7 is baric with respect to the algebra
homomorphism A\: H — F defined by A(a;) = 1 and A(s;) = 0 = A(prx)-

~

We can use this to refine the condition that H=H~ C H™.
Lemma 4.3. We have H~H~ - 7:[1,, &5 7:lz @ 7-21,.
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Proof. 1t is immediate to see that, for every n € {u,v,z,w} and = € 7:177,
A(z) = 0, whereas A(H;) = 1. Since X is an algebra homomorphism and
H~-H~ C HT, the result follows immediately. O

To calculate the fusion law, it will be convenient to use different elements,
which generalise those in [3]. We set ¢y := 0 and, for i € N, we define

C; = QCLQ — (a_i + ai)
which allows us to rewrite u; and v; as

u; = 3¢; +4s; + 4z;

Vi = C; — 45i — 4Zi.

In order to calculate the products of such elements, we also introduce the
following. For 7,5 € N we define

Cij = —2(ci +¢j) + ¢li—j| + Citj
tij = —2(8; + 85) + 8|i—j| + Sitj
w5 = —2(u; + uj) + Uy + Uitj
vij = —2(v; + vj) + Vi) + Vi
zij = —2(zi + 25) + 2ji—j| + Zits-

Firstly, note that all the above expressions are symmetric in ¢ and j.
Secondly, u;; € ?:[u, Vi € 7:[U and z;; € 7:[Z To calculate the products
of our basis vectors, we begin by computing the products with our new
elements.

Lemma 4.4. For alli,7 € N, we have

1 e — 2ti,j + 221'73' if 1 € 3N
- GGy 2tz,] + 222'7]‘ — 3(’Z|’L—]‘ + Zl'+j) otherwise
. %C@j if i € 3N
2. a8y = 3¢ — 32, otherwise
g Ci,j J

0 if i € 3N

3. CZ'ZJ' = .
32 otherwise

Proof. A straightforward computation gives:
CiCj = (2(10 — ((1_1' + ai))(2a0 — ((1_]‘ + aj))
=4dap — 2 B(aﬂ' +ag) + si + 25, + $(a; + ag) + s; + Zﬁ’l}
-2 [%(ao + a_j) + s+ 25,5 + %(ao + aj) + s + Z@J}
—+ [%(G_Z’ + CL_j) -+ S}i—j] + Z_7,|i—j| + %(al -+ a_j) + Si+j + 27i4j
+3(ai + aj) + sty + 2-ri45 + 5@ + a5) + sj_j + 23—
= —4(31' + Sj) + 2(£\i—j| + 5i+j) — 4(Zﬁ,i + Zﬁ,j)
+ 27 i) T 2_3)i—j| T Zni+i T Z—5i+j
= 2t + 2zij — 2(2g s + 20,45) T Zli—j| T Z—ifi—j| T Zits T Zvits-
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Since z5 itz +2a; =0 if ¢ & 3N, the result follows. For the second
assertion we have
CiS; = [20,0 — (a_i + ai)]S]‘
_ 3 3 3. _
=9 [—Zao +gla—j +aj) + 555 — ZO’]}
3 3 3
— [-3a—i + §amizj +aivg) + 555 — 2]
3 3 3
— [—1ai+ 50y + airy) + 555 — 2]
3 3 3 3
= —16 — 16 T 5Ci—j| T §Ci+j — 2455 + 4 + 2y
As above, the result follows. For the third assertion we have
cizj = [2a0 — (a—; + ai)}zaj =
_ 3. _ 3, ) _ (3, .
=2 (izo,j + Zo,j> - (220,3‘ + zm) <zzo,j + Z—m)
=225 — Zij — Ao
and the result follows as in the previous case. O

We can also express the products of the s;’s and z;’s in a compact form
using our new elements.

Lemma 4.5. For alli,j € N, h,k € 3N we have
1. SiSj = —%ti,j
2. ZhRk = %Zh,k
3. s;izp = —%z@h.

Proof. This is immediate from the definition of ¢; ; and H4 and the definition
of z; ; and Lemma 3.9. O

We now use our new elements to rewrite u; ; and v; ;.

Lemma 4.6. For alli,7 € N, we have
1. Uj5 = 302',]' + 4ti,j + 4Zi,j;
2. Uz‘,j = Ci,j - 4ti,j — 4zi,j-

Proof. By the definition of our basis elements we have
wij = —2(3¢; +4s; + 42;) — 2(3¢; + 4s5 + 4z5)
+ (Bejij| + 4sj—j) +42pi—j)) + Beiry + 45y +4zigy)
= 3c;; + 4t + 4z 5.
and similarly for v; ;. O

We may now determine the fusion law, by finding the products between
the elements which span the different parts.

Lemma 4.7. For allt,7 € N, we have

1 3u; j if ij € 3N
S U =
o u; ; — 21z ;  otherwise

—3’[)7;’j if 1j € 3N
2. U;Vj = N o .
—3v;j — 15z;; otherwise
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3 o — —Uj 4 if i € 3N
S —u;; + 3% otherwise
0 if 1 € 3N

4. Uizj = ' .
12z; otherwise

5. Uz'Zj =0
Proof. By the definition of u; and Lemmas 4.4 and 4.5, we have
Uiy = <3Ci + 4s; + 42:2')(36]' + 48j + 4Zj)
= 9CZ'C]‘ + 12 (Ci(Sj + Z’j) + cj(si + Zz))
+ 16<8i8j + sizj + 852 + ZiZj)
= 9Ci7j — 6ti7j + 9CiCj + 16(82'2’]' + 85z + ZZ‘Zj)
Ifi,j ¢ 3N, then z; = 0 = z; and (z);_j| + 2i+;) = 2ij. By Lemma 4.4, ¢; ; =
2ti7j+2zi,j_3(2|ifj|+Zi+j) = 2t; j— 7z ; and hence u;u; = 9¢; j—6t; j+18t; j —
92;; = 3u;; — 212, ;. Now suppose that i € 3N and j ¢ 3N (by symmetry
the case where i ¢ 3N and j € 3N is equal to this). By Lemma 4.4 and
Lemma 4.5, we get UUj = QCZ'J'—Gti,j+18ti,j+182’i,j—62:2'7]' = Sui’j. Finally, if
1,7 € 3N, we get UjUj = 901'73'—Gti7j—|—18ti’j+182’i,j—621"3'—62’1',]' —1—621"]' = 3um~.
For the second and third formulas we have
UiV = (3Ci +4s; + 421')(Cj — 4Sj — 4,2]')
= 3CiCj — 12@(5]' + Zj) + 4Cj($i + Zz) — 165i8j — 165i2j
- 168]'21‘ - 162:1'2:]'
= 6t;,; — 3¢ j + 3cicj — 16(Si2’j + 552 + zizj)
and
’Uivj = (Ci — 4SZ' — 422‘)(63' — 4Sj — 4zj)
= CiCj — 4 (CZ'(SJ' -+ ZZ') + cj(si + ZZ))
+ 16(Si$j + sizj + 852 + ZZ'Z]')
= —3Ci7j—6ti,j + cicj; + 16(SiZj + S5z + ZiZj)
and the result follows from Lemma 4.4 and Lemma 4.5 as in the previous
case. The last two claims follow in a similar way. O

We may now prove the main result of this section.

Proof of Theorem 1.2. It is clear from the multiplication that ag is an idem-
potent and, by Lemma 4.1, ad,, is semisimple with eigenvalues 1, %, 0, 2
and % The fusion law follows from Lemmas 4.3, 4.7 and 3.9 and so ag is

an F-axis. By Proposition 3.6, using the action of Dy, (which is Aut(#) if
char(F) # 3), a; is an F-axis, for all i € Z. Therefore H is a primitive axial
algebra with the fusion law given in Table 1.

Observe that, for every i € Z, the map 7; is precisely the Miyamoto
involution associated to the axis a;. The fact that H is 2-generated and
symmetric follows in a similar way to [4, Theorem 2.1] and [3, Theorem 6],
but is more involved. Since 7p maps a1 to a—1, {ag,a1)) = {ag,a1,a_1)).
Now ((ag, a1,a—_1)) is invariant under T whence ((ag,a1)) is invariant under
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x| 1| 0 %
11 3
0 1
sa]rslons

TABLE 3. The fusion law for H when char(F) = 3

Aut(H) = <T(),T%>. However, Aut(#) acts transitively on the a;, so a; €
(@0, a1)), for all i € Z. By H1, s; + z; € (ao,a1)), for all j € N, 7 € Zs.
As ) rez, #rj = 0 and char(F) # 3, we may take linear combinations to get
s, 275 € (a0, a1)), for all j € N, 7 € Z3. Finally, taking linear combinations
of z5; = p1j; —pg,; and 27, = p3; — Py; = P1; + 2p3 4, We get py;,p3; €
{ag,aq)) for all j € N. O

Remark 4.8. Finally, we consider the case where char(F) = 3; then 2 = 1

and 2 = % However, the five part decomposition and the multiplication

between those parts remains true, so 7-2, with respect to the set of axes
{a; | i € Z}, is an axial decomposition algebra as defined in [1]. One can
show that it is also a (non-primitive) axial algebra with the fusion law in
Table 3. Unlike the Highwater algebra, the idempotents a; do not satisfy
the Jordan type fusion law, so # is not a Jordan algebra (see [21, p. 33]).
Moreover, every pair of axes a;, a; generates a 3-dimensional Jordan algebra
(ai,aj, sji—j| + 2)i—j|), which is isomorphic to the algebra §(2)O using the
notation from [14] (this was called C1°°(F,by) in [8, Theorem (1.1)]). In
particular, # is not 2-generated anymore — it is not even finitely generated.

Hence for the remainder of the paper we will assume that char(F) # 2, 3.

5. THE FROBENIUS FORM AND THE RADICAL

In this short section, we prove some preliminary results about ideals of A.
Recall from the end of Section 3 that # has a Frobenius form (-, -) defined
by (z,y) = AMx)A(y). Hence we may apply some general results from [13]
about ideals in axial algebras with a Frobenius form to H.

We can split ideals into two classes: those which do not contain any axes
and those which do. The radical is the unique largest ideal which does not
contain any axes.

Lemma 5.1. The radical 0f7:[ 18 a codimension 1 ideal spanned by the set
{ai — Qj, Sk, Prk 1, €Z,keNT € Zg}.

Proof. Since (-,-) is a Frobenius form on A such that (a,a) # 0 for each
axis a, by [13, Theorem 4.9], the radical equals the radical of the Frobenius
form. g

Ideals which contain an axis are controlled by the projection graph.

Lemma 5.2. The projection graph for H is connected.
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Proof. We have (a,b) = A(a)\(b) = 1 for all axes a and b. So, by [13, Lemma
4.17], the projection graph is undirected and connected. (]

Corollary 5.3. Every proper ideal 0f7:[ is contained in the radical, in par-
ticular no proper ideal of H contains any axes.

Since every proper ideal [ is contained in the radical, we have the following
result which we will use frequently.

Corollary 5.4. Let I be an ideal of 7:[, v € 1. If we write v as a linear
combination of the basis B of Definition 3.2, then the sum of the coefficients
of the a;’s is 0.

We finish this section by noting two results which will be important for
us. Firstly, by [13, Corollary 3.11], ideals of an axial algebra are invariant
under the Miyamoto group, so we get the following.

Lemma 5.5. Fvery ideal 0f7:[ s T;-invariant, for every i € Z.

Secondly, the decomposition of the algebra into eigenspaces induces a
decomposition of an ideal I into a sum of eigenspaces.

Lemma 5.6. Let I < A be an ideal of an F-axial algebra A and a € A be
an azxis. Then I = @, 7 I\, where I = I\(a) = I N Ax(a) for all X € F.

6. INVARIANCE OF IDEALS UNDER AUTOMORPHISMS

As we have seen, in an axial algebra, every ideal is invariant under the
action of the Miyamoto group. For H, the Miyamoto group is an index 2
subgroup of the full automorphism group. In this section, we show that
ideals of H are in fact invariant under the full automorphism group.

Theorem 6.1. If char(F) # 2,3, then all ideals of H are Aut(H)-invariant.

Corollary 6.2. If char(F) # 2,3, then every quotient of H is a symmetric
2-generated axial algebra.

Proof. Let I<H. By Corollary 5.3, no axis is contained in J. So the quotient
H/I is generated by the images ag = ap+ 1 and a; = a1 + 1. Since I/ C I,
1/, induces an automorphism of 7 /I which switches the two generators. [J

We will prove Theorem 6.1 via a series of lemmas using the following
strategy. Let I be a proper ideal of 7. We must show that 17 C I for all
o€ Aut(?‘:[). By Lemma 5.6, I = @, 5 I, where Iy := Iﬂ”;’:[)\(ao). So,
since an automorphism is a linear map, it suffices to show that 1, C I for
all A € F. In fact, by Corollary 5.3, no non-trivial ideal contains an axis, so
I = 0 and we only need to consider A € F \ {1}.

Recall that (Miy(X), 1) = Aut(H). Since ideals are invariant under the
action of the Miyamoto group, it is enough to show that I,° C I, for some
element o € Aut(#) such that (Miy(X),o) = Aut(#). For some values of
A the most convenient choice for o is 71/, itself. However, for other values, it
is more convenient to use 73, = 715,"" instead. (This is because, for j € N,

Ts, fixes 25 ; and swaps 27 ; and 25 j.)
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For each A € F\ {1, 3}, we will show that for all z € Hy,
7 = F)\(x)

A~

where F), is contained in the subalgebra of Endp(#) generated by the adjoint
maps and the elements of the Miyamoto group. Since these map I, and
hence Iy, into I, the result follows. When A = %, the argument is similar
except that we further split Hs /> into two direct summands and treat each
summand separately.

Finally, since F) is linear, it suffices to show that % = F)(z) holds for
z in a basis of H,. We must pay special attention to the characteristics
where any of %,0, 2,% coincide. In particular, since we already assumed
char(F) # 2,3, the only possibility is in characteristic 5, where % =0, in
which case the 0-eigenspace is generated by the u;’s and the z;’s.

From the definitions we immediately have the following.
Lemma 6.3. For every i € N we have
1. 2,732 = z

..7'3/2 ~
2. w;" = —w;.

Corollary 6.4. If char(F) # 5, Is/QAut(m clI.

Proof. Since char(F) # 5, we have 7-25/2 = H. and the result follows from
Lemma 6.3(1). O

We now compute the action of 735, on the u; and v; eigenvectors for ag.

Lemma 6.5. For every i € N,

1. u;™? = 6as — 3(&371‘ + (13+Z') +4s; + 4Z6,i7

2. UiT?’/Z = 2&3 - (agfi + CL3+1') — 451' — 4zﬁ,i?

3. czi = 5(—2ui + W™ +wTRT) = —2u0; 4 072 4 0; 70
Proof. The first two formulas follow immediately from the definitions of u;, v;
and T7s5,. For the last formula, assume first that ¢ > 3. Then |3 —i] =3 —
and we have

35 = —2(c3 +¢;) + ¢i—3 + Ccit3

—261' — 2(2&0 — (a,3 + ag))
+ 2ap — (az—i + a;—3) + 2ap — (a—3—; + aiy3)
= —2¢; + 2a3 — (a3—; + a34;) + 2a_3 — (a—3-; + a_34;)
= —2¢; + ¢;™2 + ;73270

A similar argument holds for ¢ = 1,2, 3. Since s; and zj; are invariant under
T35 and 19 and ¢; = %(ul —4s; — 4z5,) = v + 4s; + 425, we get the last
claim. 0

We may now write identities for u;™/2 and v;™/2, giving us the endomor-
phisms Fjy and F5.
Lemma 6.6. For every ¢ € N we have
Low™2 = u; — Jazu; + Sa_gu; + szu; + 23us,
f 7 1 1 1
2. v;"2 = 1503V — 1530-3V; + 3830; + 3230;.



18 C. FRANCHI, M. MAINARDIS, AND J. MCINROY

Proof. For the first claim, multiply u; by a3 and use Lemmas 3.9 and 6.5,
to get

asu; = as (301- + 4s; + 4z57i>
= 3¢i+ 653+ 6253 — 3(s)i—g + 23,5—3| + Si+3 + Z30+3)
—3a3 + 3(a3—i + azyi) + 6s; + 625,
= 1(3¢; +4s; + 425,) — $(6az — 3(ag—; + aszyi) + 4si + 425,)
+6(s3 + 5i) — 3(s)i—3) + si+3) + 6(253 + 25,,) — 3(25 ji—3) + 25,4+3)
= %(Uz —w;??) — 3tz + 23,)-
Apply the map 79 to the above equality (noting that t3,7 = t3; and 23, =
z3,) and sum this with the above equality to get
(1) azu; + a—gu; = u; — 3 (w2 4+ u;7R) — 6(ts,; + 23,).

Similarly, multiply u; by s34+ z3 using Lemmas 3.9, 4.4, and 6.5, and we get
(s3 + 2z3)u; = (83 + 23) <3Ci +4s; + 4z57,~>

= 2cs3i — 3(t3,i + 234)

= —fui+ (0" +u) = St + z).

We sum this last equation with % of Equation (1) to obtain
(2) t3; + 235 = —%5573ui — %(agui + a,gui).

Finally, the result for u; follows by substituting this expression for t3; + 23 ;
in the expression for asu; and rearranging. The proof for v; is obtained
analogously, by taking a suitable linear combination of the expressions for
asv;, (azv;)™ and szv;. O

Corollary 6.7. LA"H) C 1.

Proof. Since Hy = H.,, the result follows from Lemma 6.6(2). O

We now consider the case where A = 0. If char(F) # 5, then IpAnt®) ¢ 1
follows immediately from the Lemma 6.6(1). However if char(F) = 5, then
5/2 =0, so the 0-eigenspace is H,, @ H. and has basis given by the u;’s and
the z;’s.

Lemma 6.8. If char(IF) = 5, then, for all x € ?:[u @ 7:[2,
2732 = x + 2a_3x + $3% + 23%.

Proof. If x € 7:lu, the result follows immediately by Lemma 6.6 (note that
% = 2 in characteristic 5). Whereas for H,, we have a_3z; = (agz;)™*2 =0,
s0, by Lemma 4.5 and Lemma 6.3, z;+2a_32;+S32;+232; = z;°2+04+040 =
23, O

Corollary 6.9. TAut() 1.

Proof. If char(F) # 5, then Iy = INH,, and the result follows by Lemma 6.6(1).
If char(IF) = 5, the result follows by Lemma 6.8. O
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It now remains to consider the case where A = % Here, the %—eigenspace
H,, has a basis given by two different types of vectors, w; = a_; — a;, for
i € N, and w; = py; +p5; = —ppj, where j € 3N. We first compute w;™/
(here in fact it is more convenient to use 71, rather than 73,).

Lemma 6.10. For every i € N we have

4

w; M2 = gao(alwi) — %slwi — %wi — 2(0,1’[1)2' — %wz) + %(alwi — %wi)Tz—Tzﬁ_

Proof. We begin by calculating

S1w; = sl(a_i — ai)
= —2wi+ $(a_is1 + a1 —aii1 —ai1)

Now, noting that 71/, acts on indices of the a;’s by j — 1—7j and 71,79 acts by
translation by —1, we have w;"2 = a;41 —a—;11 and w;""2™ =a_;_1 —a;_1.
So the above is sjw; = —%wi + %(wiﬁ/ﬁo — w; "),

Also by calculation ajw; = %wi + Sit1 — Sji—1 + 21,41 — 21— = %wi +

Si+1 — Si—1+ 27,1 — 274_1, as © > 1. Multiplying by ag, we get

ao(alwi) = %aowi + ao(SiJrl —8;—1+ 2741 — ZT,Z’—I)

= Jwi+ 3(ai1+ai1 —aip1 —ai1) + 3(sip1 — sic1)

_ _ 3. _ _ 3. RV
—20,i+1 T 20,i—1 T 5%Ti41 T 23,041 — 2%Ti—1 — #2,i—1
1 3 2\ L 3
= qwi + 5w +w ") + 5(sip1 — si-1)
+ 3 (21— 275 1) — (2501 — %551 — %5501 + 2301
2(FT i1 — #Ti-1 0,1 — R0,i—1 — %241 T %241

. _ Q- _ IV — . _ - _ IV T2 —

Note that sit1 — si-1 + 25,41 — 2541 = (si41 = sic1 + 270 — 21,1)7 =
1 o 1

(a1w; — 5w;)™ and similarly, s;11 —s;-1+ Z5i41 = A51 = (@1w; — w;) ™™,

_ o o _ — 1o \T2 o 1o \Tem1

so that 25,11 — 25,1 = 22,11 + 2,1 = (Gawi — jwi) (a1w; — qwi) ™.

We can now combine these two expressions with those for s;w; and ag(ajw;)

to get the result. U

When char(F) = 5, the formula in Lemma 6.10 holds also for the w;’s:

Lemma 6.11. Suppose that char(F) = 5. Then, for every i € N, we have

W] = tag(ard;) — Esi; — Ay — 2(ar; — $;) + E(arw; — S

: ; )7277'27'1'

Proof. Since w; = —pg;, by H3, we have

. — — _3 — _5 _ - _ -
aw; = —a1pg,; = —3Pg; +P3; = —5P5; — Pi; = —Piz = —W;

)

and hence
SN =Ty ST (e TYANTI
ag(a1w;) = —agw; * = —(a1w;)"? = —(—w; )" = w;
By H5, we get s11; = —s1p5,; = —opg; + 2 (0) = 2
s 1W; 1%71 4190,1 S 1 Wi
Now observe that 79 and Tijy have the same action on \S; := (s;,p1,;,P3,)-
Hence 9m and 7 21 = T0T1 also have the same action on .S;. In particular,
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. ~ T ~ ~T
noting that 1, ”* = p1,; and so ;' pgll =py; = W; — w,;'”, we have

(alwi o %U‘}i)T277'27'1 — (_@ZI/Q . %u?i)n@ . (_12)17'—1/2 o %w‘)n/g‘rl

o 1=Tip BT L
Wi — 5w; " = (=W — W
1T - e Tl
=—w; — 3w, " — (W +w; "+ 30;)
~ T
= —2w, "

Thus, the right hand side of the required expression is

%ao(aﬂz}i) — %Sl’LDi — %71)2' — 2(@111% — %’LDZ) + %(alﬁ)i — %ﬂ‘)i)ﬁfmﬁ
= day; — Wy — da; - 2(—w;, " — Jwy) — S,
= (2= 5@ =le/2- D

Corollary 6.12. If char(F) =5, then I;Aum clI.
2
Proof. The result follows from Lemma 6.10 and Lemma 6.11. O

When the characteristic is not 5, we will show that we can in fact further
decompose I% as I% = I, ® Iy, where I, := I N{w; : i € N) and Iy :=

I'n(w;:j € 3N). Recall that, for k € Z, 0, = (7'07'1/2)k and 0 maps a; to
ai+ for all i € Z, fixes s; and maps pr; to Prik o for all j € Nand 7 € Zs.
In particular, 0o, = 016, € Miy(X).
Lemma 6.13. For every i € N, j € 3N, k € N\ 3N we have

1. w; + w ’ 4+ we“ =

2. ifi ¢ SN, 5iW; = iw];

3. skwi:—%wi—i—( +w ).

Proof. This is immediate from the definitions. U

Lemma 6.14. If char(F) # 5, then I, = I, & I 3.
2

Proof. Let x € I, and write + = w + W, where w € (w; : ¢ € N) and
2
W € (wj : j € 3N). We must show that w,w € I. By Lemma 6.13, we have
IL‘02 + 27072 + $94 + IE074 — w@g + ,wéLz + w94 + w974
+ 0% + @2 + 0 @

= 3w+ (52 + s4)w — 20

= 2w+(82+34)(w+w)—%d;—2w

= (524 s4)(w+ @) + 3w — I
Since I is invariant under the Miyamoto group and 6y, € Miy(X), for k € Z,

we have 272 4+ 20-2 4 2% + 294 — (s + s4)z = Jw — %ﬁ) € I. Hence,
ow = %w — %u? + %(w + @) € I. Therefore, since the characteristic is not 5,
w and hence w are both in I. g

Corollary 6.15. If char(F) # 5, then If“tﬁ CclI.
2

Proof. By Lemma 6.14, we may decompose I1 as I, & Iy. By Lemmas 6.10
R R 2
and 6.3(2), IA"7 and I2"* are both in I. O
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Proof of Theorem 6.1. The result follows from Corollaries 6.4, 6.7, 6.9, 6.12,
and 6.15. 0O

7. IDEALS IN J

In this section, we characterise ideals contained in J. Recall from Lemma 3.4
that J = (p7 ;,pz; : j € N). Every element x € J can be written in a unique
way as

3k
r = Z Br.iPF.j
j=1
re{1,2}
with 37, € F and Sr 3, # 0 for some 7 € {1,2}. We define the p-level of x

to be l,(x) := 3k and B1 3kP7 3 + B3.31P3 31 to be the tail of z. Furthermore,
for « € J of p-level 3k we define the J-degree of x as

deg;(z) :== 3k + Z I
re{1,2}
Br,370

so deg;(pys,) = 3k + 1/4, deg;(p33),) = 3k + /2, and deg;(p1 3, + P33) =
3k + 3/s. In particular, I,(z) = |deg ()], for x € J.
Note that the J-degree induces a total order on the set {ps;: j € 3N,7 €

{1,2}}.
Theorem 7.1. There is a bijection between the set of tuples (Bs, . .., B3) € F¥,
for k € N, up to scalar multiples, and the ideals I C J, given by

k
(B3, ..., B3k) — (x), where x:= ZB3JPT,SJ'

i=1

and the inverse is given by taking the tuple of coefficients of an element of
minimal J-degree. In particular, all ideals I C J are principal.

This theorem will follow from the next theorem.
Theorem 7.2. Let x := Z?Zl Bsjp1 ;- Then I = (z) has basis given by
x,x™, six, (s;2)™
for all i € 3N.

Note that, after scaling, z has tail P73k 2™ has tail P3.3ks Si% has tail
PTakri and (s;z)™ has tail ps 5, for i € 3N. So we have an immediate
corollary.

Corollary 7.3. Let I be a non-zero ideal of H contained in J and let x
be a non-zero element of minimal J-degree in I. Then I has codimension
2(k —1) in J, where l,(x) = 3k.

Proof. By Theorem 7.1, I is generated by x, which we may assume has tail
P13 and now by Theorem 7.2, the image of {]fl73h,p§73h :1<h<k-1}is
a basis for J/I. O
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We now prove the above two theorems via a series of lemmas, beginning
with Theorem 7.2.

It is clear from the definition of the J-degree that in every ideal I C J,
there is a unique element x, up to scaling, of minimal J-degree.

Lemma 7.4. Let x be an element of minimal J-degree in I C J. Then,
3k

T = Zj:3 Bjp; for some B; € F.

Proof. We may write x = Zj"il,?e (13} Br,jpr j, for some Br; € F. First,

we claim that, for the tail, 5573,6 = 0. For a contradiction suppose not. If

P13, = 0, then 2™ has tail —f5 3,p7 5, and so has lower J-degree than z, a

contradiction. So suppose that 51319 and BZ% are both non-zero. Then z™

has tail —B7 3,07 35 + B5 31 (P1 3k T Pa3k) = (B3 — B1.3%)PT 3 + B3 3kP5 31, and

S0 Bi;k(x—l—xﬁ) has tail py 3;,+2p3 3. Hence igk(x+x“)+2 i;k(m—l—wﬁ)%ﬁ

has tail —3py 3, a contradiction as above. So f3 3, = 0.
Now suppose there exists j € 3N such that 55,]' # 0. Then, 2™ has tail

—B1,1P1 k> and, similarly to above, its level j part is (657 =B )]rl i+ B5.p3 ;-
So 0 # x4+ ™ € I has J-degree strictly less than z, a contradiction. O

Before proving the theorem, we need the following lemma.
Lemma 7.5. For alli,j,k € 3N, @,b € Zs3, we have
sk(sjpa,i) = (SkSj)Pa,
Py r(sipai) = (0 8i)Pai

Proof. We prove the second of these. The first follows from an analogous,
but easier argument. Let ¢ = —(a + b). By H5, we have

%lfb,k(sjpa,i) = 8p5, [2(pai + pay) — (Paji—j + Paiti)]
=2 [Spg,kpa,i + 2(25k + 225) — (% )j-k + ZE,j—i—k)}
— [2(zek + 22ji—51) — (22 li—j|—k| T Z&,|i-jl+)
+2(2ek + Zeits) — (Zefitj—k| T+ Zeitith)]
=2 [SPg,kPa,z’ +2(2e + zei) = (%)i—j) + Zz,z‘+j)}
— 225, j—k| + 7e4) + 2(22j4k + Ze4)
— (% imjl k| F Zefi-ji+k T Zafiti-kl + Zeitih)]
= 8(2(ppp +15.5))Pai — [2(2e -k + 2ea) + 2254k + 2e)
(% |livjl—k| + Zejivjltk T Zaliti—k T Zeititk)]
If the sum in the square brackets is equal to 8(p57|j7k‘ + pg’jJrk)paﬂ;, then

the above is equal to 8 (2(p5,k +pg,j) — D j—k| +p57j+k) Pa,; and hence the

result follows. This is equivalent to the two sets A := {||i — j| — k|, |i — j| +
k,li+j—kl,i+j+k}and B :={||j—k|—il|, |7 —k|+i,|j+k—i],j+k+i}
being equal. Since s;pg; is symmetric in ¢ and j, without loss of generality
we may assume that ¢ — j > 0. The result now follows after a case analysis
on the parity of j — k. U
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Proof of Theorem 7.2. Let B = {x, 2™, s3;z, (s3;2)™ : i € N}. First, note
that by H5, s3jz has J-degree 3(i + k) + 1/4 and so (s3;z)™ has J-degree
3(i+ k) 4+ 1/2. So it is clear that B is a linearly independent set. Moreover,
since by Theorem 6.1 ideals of H are invariant under Aut(#), it is clear that
B C ().

So to show that B C (z), it suffices to show that (B) is closed under
multiplication by H and so is an ideal. Since (B) is clearly invariant under
the action of Aut(’ﬂ), it is enough to show that ajz, spx, priz, a;j(s3iz),
sk(ssix) and pr i (s3ix) are in (B), for all j € Z, i,k € N, 7 € {1,2}. By H2,
for [ € 3N, we have

ajP1) = 3PTL ~ P-1-30 = 3Py P,
and hence a;jz = 3z 4+ 27 € (B). Similarly, aj(s3;x) = 3 (s3z) + (s3:2)7 €
(B). For sg, note that if k ¢ 3N, then by H5, sz = 22 € (B). Again
similarly, sy (s3;z) = 2(sg;z) € (B). If k € 3N, then by definition, s,z € (B).
By Lemma 7.5, s3x(sziz) = (ssrs3i)x € (B), for all k € N. Now we consider
prk. For [ € 3N, note that Z_(r4T)y = P71 — P17l = —p%l“”/Q_T(%”ﬂ.
Now, by H6, for k,l € 3N, we have

_1 _ _ 1 _ _
prP1y = 1 i)k T 2y )) — 3oty ety T 2Ty hert)
1 T(1—r)/2—T(2—r
= —L(sppyy) a2

Hence, p;rz = —i(sgz)"0-n/277@-n/2 € (B). Finally, by Lemma 7.5,
Pri(83i2) = (prrs3:)z, for all k € 3N, which is in (B) by H5 and the above
results. Therefore, (B) is closed under multiplication by H and hence B is
a basis for the ideal (x). O

We can now complete the proof of the remaining theorem.

Proof of Theorem 7.1. Let I C J. Then I contains an element x of minimal
J-degree which is unique up to scaling. It is clear that (z) C I, so we
must show that I = (z). Suppose for a contradiction 0 # y € I\ (z). By
Lemma 7.4, x = Z?Zl ﬂgj]%l73j, for some f3; € F, and we may scale so that
B3 = 1. Since x has minimal J-degree in I, y has J-degree strictly greater
than z. Now, by Theorem 7.2, (z) has a basis B := {x, 2", s3,x, (s3,2)™ : 1 €
N}. Note that the tails of the elements in B are P13k P23k PT,3(k+i)> P2,3(k41) >
respectively. So by taking a suitable linear combination b of elements of B,
we obtain an element z := y — b € I with J-degree strictly less than that
of . Since y ¢ (x), z # 0, which is a contradiction. Hence I = (x) as
claimed. O

We close this section with an observation which will be used in Section 8.

Lemma 7.6. Let I be a non-zero ideal 0f7:[ contained in J and let x be a
non-zero element of minimal J-degree in I. Then I = (') for every element
x' of I with the same p-level as x.

Proof. Suppose that x has tail 57 5,p7 55, and let 2’ be an element of I of p-
level 3k. By arguing as in the proof of Lemma 7.4, we see that (z') contains
an element 2" with tail 81 3;p7 3;,- Then z—2" has p-level at most 3(k—1) and
the minimality of x implies = 2", whence I = () = (") C (/) C 1. O
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8. IDEALS ARE PRINCIPAL
Our goal for this section is to prove the following.
Theorem 8.1. Fvery ideal in H is principal.

We already showed in the previous section that ideals that are contained
in J are principal. So for the remainder of this section, let I be an ideal of
# which is not contained in J.

We will choose a nice candidate y for a generator of the ideal I and then
use a sort of Euclidean division algorithm to show that every other element
x € I is in fact in (y).

We begin by defining a partial order on %, which we will use to define
our candidate y. Every element x € # can be written in a unique way as

T =2+ Ts+ Typ

where z, € (a; |1 € Z), zs € (s; | i € N), and =), € (pr; | i € 3N, T € {1,2}).
We call z, the a-part of z, x4 the s-part of x, and x, the p-part of z. Finally,
we call x5 + z, the a’-part of z. We define the a-length, or just length, of =
to be lo(x) = m — 1+ 1, where z, = >.", &ja; and oy # 0 # . Similarly,
if

k !
(3) T :Zﬁjsg', Tp = Z Br,3iPr,3;

J=1 j=17=12
we define the s-level of z to be l;(x) := max{j € N : ; # 0} and we
have already defined the p-level of x to be [,(x) := max{j € N : 35, #
0, for some 7 = 1,2}. If n = max{ls(z),l,(z)}, then we call

571371 + 5T,nm,n + 5§,np§,n

the tail of x.
We can now define a partial order on H by setting

Tz < y — (la(fﬁ)als(x)»lp(x)) < (la(y)vls(y)7lp(y))

with respect to the lexicographic order on Z x Z x Z. The following lemma
is immediate.

A~

Lemma 8.2. [,, l5, I, and so < are invariant under the action of Aut(H).

A minimal element of I is a non-zero element of I minimal with respect to
the order <. An element is called a-minimal if its a-part is non-trivial and
it is minimal (with respect to <) with this property. An element is called
as-minimal if its a-part and s-part are both non-trivial and it is minimal
with this property. An element is called pure a-minimal if it has non-trivial
a-part, trivial a’-part and it is minimal with this property. Note that, by
the above Lemma 8.2, being minimal, or (pure) a-minimal, or as-minimal
is Aut(#)-invariant.

We will now see that I contains elements with non-trivial a-part and so,
in particular, a-minimal elements of I exist.

Lemma 8.3. Fvery ideal I of H not contained in J contains an element
with non-zero a-part and trivial a’-part.
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Proof. Let us show first that I contains an element with non-trivial a-part.
Let z € I\\J. If  has non-trivial a-part, we are done. Otherwise x = x4+,
where z; # 0 as x ¢ J. So, x4+ 2% 4+ 2% = 3z, € I. Now, by H2, we see
that y := agzs € I has non-trivial a-part. Since 03 fixes the s-part and the
p-part of y and maps a; to aji3, for all i € Z, y — y%% € I has non-trivial
a-part and trivial s-part and p-part. O

We now want to see that as-minimal elements exist. To do this we prove
the Folding Lemma which will also be useful in later sections. Here and
from now on we adopt the following useful notation.

Notation: Where we have a sum of elements z, = Z?il a;a;, for exam-
ple, we may ease notation and write x, = ., a;a; instead by adopting
the convention that «; := 0 for ¢ < [ and ¢ > m. We also do this for sums
of s;, or pr ;. Note however that any sum is still always finite.

Lemma 8.4 (Folding Lemma). Let x =), ., aja;. For k € Z, we have
apTr — %Z‘ = Z ai(s‘i,m + ZE,\Z'—M) = Z(Ozk,i + ak-JrrL')(Si + ZE,@')
1EL 1€EN
and so
(akx _ %$)1+91+92 =3 Z(ak_i + ak—l—i)si
1€N
(apx — %:U)G*l_el =3 Z(ak—i + Qpti)Dg
1€N

Proof. By Lemma 5.4, Y .., o; = 0 and so, by H1, we get

1.,
apr — 5T = Z ai(8|i_k| + ZE,|z’—k\)

€L
= i(skoi+ 25 ) T Y ulsick + 25,)
i<k >k
= Z Ozk,j(Sj + ZE,j) + Z Oék+j(8j + ZE,j)
jeN jeN
=Y (W + ) (55 + 25 ,)-
jeN
Recall that s; is fixed by the action of Aut(’}:[). Now, since zﬁj1+91+92 =
2+ 21y + 2y = 0 and 2770 = 2 75— 2 g5 = 3pry, the results
follow. 0

So by Lemmas 8.3 and 8.4, there exists elements z € I with non-trivial a-
and s-parts and hence I contains as-minimal elements. Also by the above
two lemmas, note that I NJ # 0.

Lemma 8.5. Let y be an as-minimal element of I. If x € I has non-zero
a-part, then lo(x) > 1o (y).

Proof. Suppose that y is an as-minimal element and [,(z) < l,(y). By the
as-minimality of y, x5 = 0. Let y = Y"1, cvia; + ys + yp. Since I is Aut(H)-
invariant, we may assume that z = >  fa; + xp. Then y — %—:xem*” has
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non-trivial a-part with length strictly less that [,(y) and non-trivial s-part
(equal to ys), a contradiction. O

So every as-minimal element is a-minimal. In fact, the coefficients of the
a-part of an a-minimal element satisfy precise conditions. The following is
an adaptation of [23, Lemma 2.2].

Lemma 8.6. Lety € I be a-minimal (pure a-minimal), where l,(y) = D+1.

1. If x € I is another a-minimal (pure a-minimal) element, then up to
scaling and the action of Aut(H), z, and y, are equal.
2. Suppose y, = Zzpzo a;a;. Then there exists € = +1 such that, for

alli €{0,...,D}, a; = eap—;.

Proof. We prove the case where y is an a-minimal element; the pure a-
minimal case follows similarly. To prove the first claim, by scaling and
using the action of Aut(?rl), we may assume that y, := Zf): o @ia; and x4 =
ZZD:O Bia;, where ap = Bp. Now x — y has length strictly less than D + 1.
So by minimality, z, — y, = 0 and the result follows.

Let k := %; then 7, is the reflection in Aut(?—l) that maps ag to ap. So
Yy = Zi 0 @p—ia; + Yy is also an element of I with length D +1 and thus,
by the first part of the lemma, its a-part is a multiple of x,. So there exists
€ € F such that a; = eap_; for all : = 0,...,D. Hence ap = cap = e2ay

and € = £1 as required. O

For an ¢-minimal (resp. pure a-minimal) y, with y, = > ;" a;a;, define
o =0(y) = Tm -1 We can reword Lemma 8.6 as saying that there exists
e = #£1 such that yJ = ey,. In this case, we say that y is of e-type. Since
every a-minimal y is of e-type for the same value of €, we make the following
definition.

Definition 8.7. We say [ is of e-type if y is of e-type, for any a-minimal
element y € 1.

Let y be as-minimal in I; we now consider the p-part of y. By Lemma 8.4,
I'NnJ #0 and by Theorem 7.1, I N J is principal. Hence I N J = (e) where
e = ep has p-level 3h, for some h € N. Note that, by Theorem 7.2, for all
zelINnd,ly(z)> 3h.

Lemma 8.8. Let y € I be as-minimal. Then l,(y) < 3h.

Proof. By Theorem 7.2, for every j € 3N such that j > 3h, there exist
elements in (e) = I N J with tail pr;, for all 7 € {1,2}. It follows that
l,(y) < 3h by as-minimality. O

Corollary 8.9. Let y € I be an a-minimal e-type element. Then yp = eyp.
Furthermore, if e = —1, then ys € I.

loa

Proof. By Lemma 8.6, y7 = c€y,. Define z := y — ey?. Since yJ = ys,
z=ys—¢eyst+yp—eyy €1 lfe=1 thenz =y, -y, € INJ. By
Lemma 8.8, I,(2) < l(yp) < 3h. So z = 0 and hence y; = y,. If ¢ = —1,
then z = 2y + yp + g Since pr; + pry; + Pry; = pog; + Pra; + Pag; =0,
for every j € N and 7 € {1,2}, we have 6y, = 2z + 2" + 2% € I. Hence
ys € I and y, +yp € INJ. A similar argument as above on the p-level gives
Yp = —Yp as required. O
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A~

By Lemmas 7.6 and 8.2, I N J is generated by ¢9 for any g € Aut(H).
In particular, given an as-minimal element y and setting o = o(y), we can
always choose e € I N J so that e” # ce.

Definition 8.10. An element § € [ is good, if § = y + e, where y € [ is
as-minimal and (e) = I N .J such that e”®) # ce.

Note that §, = Y4, Us = ys and, as ¢ is still a-minimal, o(y) = o(y).
Moreover, every ideal I not contained in J contains a good element since it
contains an as-minimal element. We will show that y generates I. We begin
with the following.

Lemma 8.11. Let y = y+e € I be good, with y as-minimal and (e) = INJ
such that e”Y) # ce. Then e,y € (7).

Proof. Let I be of e-type. Define z := gy — ey? € (y). By Corollary 8.9,
Yp = EYp, 50 2 = Ys —cys+e—ce’. Ife =1, then z=e—¢e” € (g)NJ,
which is non-zero by choice, and so z generates I NJ by Lemma 7.6. Hence
e€(y)andsoy=y—ee€ (y) also. If e = —1, then z =2y; + e+ €7 € (7).
By Corollary 8.9, ys = ys € (y) and hence by a similar argument to before
we get e,y € (7). O

We now explore those elements of ideals which have non-trivial s-part.

Lemma 8.12. Let 2 € H with z, # 0 and ls(x) = k. Then, for each j € N
such that j >k, (x) contains an element x’ such that ls(z') = j. Moreover,
if © has trivial a-part, then x’ does too.

Proof. Decompose = x4 + &5 + xp and define 2’ = s;_jz. If (z) = H,
then the claim follows immediately. So assume that (z) # H: now by
Corollary 5.4, the sum of the coefficients of x, is zero. Hence by H2, s;_x,
has no s-part and as .J is an ideal s;_jx;, has no s-part. Then it is clear by H3
that s;_pxs has s-level j. Note that, as (s;,pr; : ¢ € N,j € 3N,r € {1,2}) is
a subalgebra of 7:[, if x has trivial a-part, then 2’ does too. O

We can now prove a first version of our Euclidean algorithm with respect
to the s-level.

Proposition 8.13. Let y € H such that ys # 0. Then, for every x € H,
there exist g € (y) and r € H such that . = q+r and l5(r) < l5(y).

Proof. We proceed by induction on lg(x). If [5(z) < ls(y) # 0, the claim
is true with ¢ = 0 and r = z. So suppose ls(x) > l5(y). By Lemma 8.12,
there exists 3 € (y) such that [(y.) = ls(z). So there exists A € F such that
ls(z — \y') < ls(z). Hence, by the inductive hypothesis, there exist ¢ € (y)
and r € H with I,(r) < I5(y) such that

r—\) =q+r.
Now we see that = (¢ + Ay’) + 7 and ¢ + Ay’ € (y) as required. O

With the above, we can now show another version of a Euclidean algo-
rithm with respect to the a-length and the s-level.
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Proposition 8.14. Let y be an elerpent with non-trivial a-part amj non-
trivial s-part. Then, for every x € H, there exist ¢ € (y) and r € H such
that © = q+r, la(r) <la(y), and ls(r) < ls(y).

Proof. Suppose first that Is(z) < ls(y). We proceed by induction on [, ().
If lo(z) < l4(y), then the result is trivially true with ¢ = 0 and r = =z.
So for the inductive step, assume that l,(x) > l,(y) and that the result is
true for a-length strictly less that l,(x). Suppose that y, = > ", aa; and

m—n

xq = Y Bia;, where oy, aum, B, B # 0. Since afn = an,, there exists
A €T, so that l,(z — Ay) < l,(x). Hence, by the inductive hypothesis, there

exist ¢ € (y) and r € # such that
r—My=q¢ +r
and l,(r) < la(y), ls(r) < ls(y). Therefore the claim holds with ¢ = ¢’ + \y
and r =r.
Finally, suppose that ls(z) > Ils(y). By Proposition 8.13, there exist

¢ € (y) and ' € H such that = = ¢ + 7' and I5(+") < Is(y). Now, by the

first part of the proof, there exist ¢” € (y) and r € H such that ' = ¢" +r
and the result holds with ¢ = ¢’ + ¢ and r = r. O

The following proposition now completes the proof of Theorem 8.1.

Proposition 8.15. Any good element of a non-trivial proper ideal I not
contained in J generates I.

Proof. Suppose ¥ is a good element in I, where y is an as-minimal element
and (e) =INJ, and let € I. By Lemma 8.11, e,y € (7).

By Proposition 8.14, there exists ¢ € (y) and r € #H such that x = g + 7,
where (1) < la(y) and Is(r) < ls(y). Then r = —qg € I. As y is as-
minimal, by Lemma 8.5, l,(r) = 0 and so r has trivial a-part. If [5(r) # 0,
then by Lemma 8.12, there exists ' € (r) C I such that l5(z') = l5(y).
Moreover, as r has trivial a-part, so does 7. Then some linear combination
of y and 7’ has minimal a-length, but s-level strictly less than that of ,
contradicting the as-minimality of y. So ls(r) = 0 and hence r € INJ =
(e) C (y). Since r € (y), we have x = g+ r € (y) C () as required. O

Corollary 8.16. Let I be an ideal of H. Then I has finite codimension if
and only if it is not contained in J.

Proof. Since J has infinite codimension, it is clear that every ideal contained
in it also has infinite codimension. For the converse, let I be a proper ideal of
# not contained in .J. By Proposition 8.15, I is generated by a good element
y = y + e, where y is an as-minimal element and (e) = INJ. Let x € H.
By Lemma 8.14, x = g+ r, where ¢ € I, l,(r) < l,(y), and l5(r) < l5(y).
By Theorem 7.2, there exists ' € I N J such that [,(r — ') < l,(e). Setting
2 =r —1', we see that x + I = 2’ + I and the result follows. O

9. IDEALS NOT CONTAINED IN J

In Section 7, we got a complete characterization of ideals contained in J.
To get a similar characterization for ideals not contained in J is much more
difficult, since the picture is more complicated. Hence, in this section we
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classify ideals not contained in J satisfying a certain minimality condition
and also give an explicit basis for such ideals.

Let I be an ideal of #. We define the azial codimension of I as the
(possibly infinite) dimension of the subspace of H /I generated by the images
of the a;’s (note that this is precisely the azxial dimension of 7:£/I defined
in [23, Section 2.2]).

If I is not contained in J, then, by Theorem 8.16, I has finite codimension
and so it has finite axial codimension. Conversely, since J has infinite axial
codimension, if I is contained in .J, then I has also infinite axial codimension.
Hence an ideal has finite axial codimension if and only if it is not contained
in J.

Lemma 9.1. Let I be an ideal of”)’:[ and assume I contains an element
T = Zi’;o aja;. Then I has axial codimension at most D.

Proof. Since I is Aut(H)-invariant, lezo aja;yj € I for all j € Z. So, for all
k € Z, there exists an element ap — Z?: 1 Bia; € I for some 3; € F. Hence,
the images of the axes in 7 /I span a subspace of dimension at most D. [

Corollary 9.2. Let I be an ideal of axial codimension D, then I contains
a pure a-minimal element T = lezo a;a; with ag # 0 # ap.

Proof. By assumption, the images of ag,...,ap in H /I are linearly depen-
dent, i.e. I contains a non zero element x = ZZD: o ia;. If either ag, or
ap were zero, then x would have a-length strictly less than D and so, by
Lemma 9.1, I would have axial codimension strictly less than D, a contra-
diction. O

Definition 9.3. Let I be an ideal of finite axial codimension D in H and
let x = ZZD:O a;a; € I, where ag # 0 # ap, be pure a-minimal. Then we
say I has pattern (ag,...,ap).

Such a pure a-minimal element z in [ is of e-type, for some € = +1 (cf.
Lemma 8.6). It also satisfies ZZD:O a; = 0.

Definition 9.4. A tuple (ap,...,ap) € FPT! is said to be of ideal type if
ag #0 # ap, ZZD:O a; =0 and (ag,...,ap) is of e-type, for ¢ = £1.

Since any ideal I with pattern (ap,...,ap) contains z := ZZD:O o;a;,
it must contain the ideal (z) generated by z. In other words, (x) is the
unique minimal ideal with pattern (ay, ..., ap). Hence we have the following
theorem.

Theorem 9.5. For every D € N, there is a bijection between the set of
ideal-type (D + 1)-tuples (o, . ..,ap) € FPHL up to scalars, and the set of
minimal ideals of axial codimension D of H given by

D
(g, ..., ap) — (Z aiai> .
=0

If I’ is a (non-minimal) ideal of pattern (ayg,...,ap), it contains some
minimal ideal I with the same pattern. In particular, I’ corresponds to an
ideal of the finite-dimensional algebra H/I.
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We now give an explicit basis for a minimal ideal with pattern (o, ..., ap),
but first we introduce some notation. If @ := («o,...,ap) is an ideal-type
tuple, for 7 € Z3, we define

QF 1= Z o = Z Q;
i€z, 1= =7

Since ZieZ a; = 0, we have ag+ap+az = 0.

Theorem 9.6. Let I be a minimal ideal of H with pattern (ag, ... ,op) and

T = Zi’io o;a;.
1. If ag = a3 =0, then I is spanned by

zp = a0 = Z Qi1 k fork eZ
IE€EZ
Yk = Z(akfi + yi)Si fork < [ 2]
ieN
pi(T) = Z(ak—i + Oék-&-i)pﬁi Jor k < L%J ;re{l,2}
€N

2. Otherwise, J C I and so I is spanned by the above xi and yy and
all P15 P2,5 for 7 € 3N.
The set of the elements listed above which are different from zero constitute
a basis.

Note that if I is an ideal with pattern (a,...,ap) where ag = a5 =0,
then we could still have that J C I. We have the following immediate
corollary.

Corollary 9.7. Let I be a minimal ideal of axial codimension D. Then 7:1/1
has dimension at most D + ng +2 L%J.

Proof. Let k = L%J By Theorem 9.6, 7:[/1' is spanned by the images of

Alyeey @Dy STy vy SkyPF3y -« - Prk, for 7 =1,2. O
We prove Theorem 9.6 via a series of lemmas. We will first show that all
the above elements are indeed contained in the ideal generated by x, then
we will show that the subspace spanned by them is an ideal.
Firstly, since I is Aut(’l:[)—invariant, it is immediate that zj = 2% isin I,
for k € Z. Secondly, by Lemma 8.4, I contains yg, pr(1) and pg(2) for all
k € Z. It remains to see when J C I.

Lemma 9.8. For all j € N, we have

six+ 3w — 2(z_j+ ;) = —3agpy ; + 307D ;-

Proof. By H2 and as ) ;., a; =0 , we get
sjx=—3z+3 Z ai(a;i—j + aij) — Z Q25
€L €L
= o+ §(aj+a) = ) ammy.
1€7Z3
Now, by the definition of 2; ; and since ag+ag+az = 0, we get Ziezg 07275 =
3ogpy ; — 3agpg ;-
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Corollary 9.9. If either ag, or oz is non-zero, then J C I.

Proof. By Lemma 9.8, as char(F) # 3, Qa1 ; — QP ; is a non-zero element
of I for all j € 3N. Then, Lemma 7.6 implies J C I. O

So all the elements listed in Theorem 9.6 are contained in I. We now show
that these elements span a subspace Y which is closed under multiplication
by H and hence [ is indeed equal to Y.

Proof of Theorem 9.6. First note that the subspace Y is closed under the
action of Aut(?:[) since its generating set is. Secondly, as «; = eap_; for all
i € Z, we have yp = eyp_x and pg(7) = epp—_k(7T), and hence these are in Y’
for all k € Z.

We begin by considering the products with the elements zj. Since a;z) =
a;ix%% = (a;_x)%, sjzp = (s;2)%, and pr = (pF_ij)ak by the Aut(H)-
invariance of Y we just need to consider the products with . By Lemma 8.4,
a;x = %x +y; +p;j(7) €Y for all j € Z. By Lemma 9.8 and Corollary 9.9,
sjz € Y for all j € N. For prj, by H3, prjz = — > 7 ip_4m); =
— 2 iezs P (i47),; Which is zero if a5 = a7 = az = 0. Hence, in all cases,
prjr €Y.

We now consider the products with y, = ;n(ar—i + agy)si. For prod-

ucts a;yg, again using the Aut()-invariance of Y, it suffices to just consider
aoyr- By H2, we have

aoye = —3 > (ki + okyi)ao + 5 Y (ki + apri)(ai + a;)
ieN ieN

+ 3y, — Z(ak—i + Qi) 25 ;-
i€N

As ) icp i =0, we have ), (ap—i +agyi) = Z#k a; = —ay. So, for the
a-part of the above, we have

2aag + Z(@k—z’ + agiq)(a—; + a;)
€N

= 2000 + Y cpri(ai+ai) + Y oppi(ai + a)
i<0 i>0

= Z agri(a_; + a;)

1€Z
= Z ozj(ak_j + (l_k+j).
JEZL

Noting that z_;™ = ., a;aj_;, we obtain

apyi = %(l‘fkn’ + k) + Sye — (pr(1) — pr(2))
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which is in Y. For the products s;y, we have

Ssiue =555 > (ah—i + Qipi)si

ieN
= (ki + Qi) (285 + 28 — 8)j_5) — Sj44)
ieN
= 20485 + 2yx — Z(ak—i + Qi) S|j—i| — Z(ak—i + Qpyi)Sjti
ieN ieN
where we again use that ), y(ok—; + arqs) = —ag. Now we rewrite the
last two sums by taking [ to be [j —i| and j +1
j—1
Ssiyr = —2aps; + 2yp, — Z(ak—j-i-l + Qpgj—1)s1
1=1
= (ki F Q) — D (Ot + k1)1
leN I>j

=2y — Z(ak—j—l + Qg j + Qg + Qpgjgi) 1
leN

=2Yk — Yk—j — Yk+j

which is in Y. Replacing s; by p7 ;, the same argument proves that pr jyi, €
Y forall j € N, r € {1,2}.
We are left with the products with py(7) = >, cn(@r—i + arii)pri. For

the products a;px(7), as above, by the Aut(#)-invariance of Y, it suffices
to consider agpy(F). By H3, aopk(T) = 3pi(F) — ipe(—(1+ 7)) € Y. Since
by H5, s;jpr; = siprj, it follows that s;py(T) = p,ry; € Y. Finally, setting

5= —(T+1), an analogous argument to that for s;y, and pr jy, shows that
8pz;pk(T) =2 (kG +1) = pe(3 = 1)) — (pr—; G + 1) = pr—(5 - 1))
— (PriG+1) = PG +1)) € V.

Finally, as Is(yx) = D — k = l,(px (7)), it is clear that the set of the elements
given in the theorem which are non zero constitutes a basis. (]

10. TWO FAMILIES OF QUOTIENTS

In this section, we detail two families of ideals and their quotients in .

Firstly, suppose that H /I is a quotient with finitely many axes. If H /1
has n axes, then ag — a,, € I. In particular, I, := (ag — ay,) is the minimal
ideal such that the quotient has n axes.

Corollary 10.1.
1. If 3tn, then J C I, and I, has a basis given by

a; — Qitn forieZ
5j — Sjtns Sjn forj €N
85 — Sn—j for1<j< {%1

and a basis for J.
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2. If 3| n, then I, has basis given by the above elements and
D735 = DF3j4ns Drjn forjeN;r=1,2
Dr.3j — Drn—3j for1 <j< [%—‘ ,r=1,2

Proof. The ideal I,, has pattern (ag,...,ap) = (1,0,...,0,—1). So a5 =
agz = 0 if and only if 3|n. By Theorem 9.6, J C I if 3 { n. In both cases
we have basis elements x; = ap — agy, for k € Z and yi. If £ < 0, then
Yk = S|k| — Sn—|k, if & = 0, then yo = sp, and if 1 < k < L%J, then
Yk = Sk — Sp—k- Note that y, = 0 if and only if n is even and k£ = 7,
hence we must exclude this case. Similarly, in the case where 3|n, we get
the corresponding expressions for the pg(7)’s. O

Define H,, 1= ﬂ/[n and H,, := 7:[/(J + I,). Then H,, is isomorphic to a

quotient of H,, and, since 7—2/ J =2 H, it is also isomorphic to a quotient of
H.
Corollary 10.2. For every n € N, H, is a primitive 2-generated azial
algebra of Monster type (2, %) of dimension n+ L%J If additionally 3|n and
char(F) = 5, then H, is a primitive 2-generated axial algebra of Monster
type (2, 3) of dimension n+ | 2] +2|%].

Note that I,, is generated by a —I1-type element . We now give an
example of an ideal of 1-type. Let L, be the ideal generated by 2a¢ —
(a—n + an).

Corollary 10.3.
1. If 3tn, then J C L, and L, has a basis given by

2a; — (@j—pn + Aitn) forieZ
8j = 28j4n + Sj+2n, Sjn forj eN
5j — 28p_j + Sop—j for1<j<n

and a basis for J.
2. If 3 | n, then L, has basis given by the above elements and

Dr,j — 2D7 3j4n + DF3j+2n, DFjn Jorj e N;r=1,2
Pr3j — 2Prn—3; + Pr2n—3; for1<j<n,r=1,2
Proof. The proof is obtained using Theorem 9.6 in an analogous way to
Corollary 10.1. O
We also set £, := # /Ly, and L,, :== H/(J+ L,). Similarly to the previous
case, L,, is isomorphic to a quotient of £,, and also to a quotient of H.
Corollary 10.4. For every n € N, L, is a 2-generated primitive axial
algebra of Monster type (2, %) of dimension 3n — 1. If additionally 3|n and
char(F) = 5, then L, is a primitive 2-generated azial algebra of Monster

type (2,%) of dimension 3n — 1+ 2|21 ]

Note that, according to the characteristic of F, £,, and L, may have
finitely or infinitely many axes. In fact, if char(F) = 0, they both have
infinitely many axes, whereas if char(IF) = p, one can show that they both
have pn axes.
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11. EXCEPTIONAL ISOMORPHISMS

In [23], Yabe classifies symmetric 2-generated primitive axial algebras of
Monster type (o, ) in characteristic not 5 (the characteristic 5 case was
completed by Franchi and Mainardis in [3]).

Theorem 11.1. [23, 3] A symmetric 2-generated primitive azial algebra of
Monster type («, 8) is isomorphic to one of the following:

1. a 2-generated primitive axial algebra of Jordan type o, or B;
2. a quotient of H, or H in characteristic 5;
3. one of the algebras listed in [23, Table 2].

We wish to know which quotients of H, or H, are actually isomorphic
to one of the algebras in cases 1, or 3 above. Clearly, we must have
(a, ) = (2,3). A direct check of [23, Table 2] gives the following list of
the symmetric 2-generated primitive axial algebras of Monster type (2, %)
(we use the notation from [14]):

1. 3C(2);

2. one( o)f the Jordan algebras (of Jordan type 3) S(6), for § # 2, 5(2)°,
or §(2)°;2

3. 1Y 3(2, %, w), for p € F, and the quotient IY3(2, %, 1)%;3

4. TY5(2, 3) and the quotient IY5(2, 3)*;*

5. in characteristic 7, 4A(2, %) and its quotient 4A(2, %)X;

6. in characteristic 5, 6A(2, %)

Note that, since every ideal I of # is contained in the radical which is
the kernel of the map )\, we have an induced weight function A on 7:[/1
and 7:1/ I must be baric. So, the only algebras in the list above which can
be isomorphic to a quotient of 7 are ones which are also baric. By [14,
Proposition 5.5], S(d) is simple if 6 # £2, so it cannot be baric. Also by [14,
Proposition 5.5], S(—2) has precisely two codimension 1 ideals, but in both
cases, one of the generators is contained in a codimension 1 ideal. Since
in a quotient of # neither generator is contained in the kernel of X, S(—2)
cannot be isomorphic to any quotient of #. The remaining possibilities and
their quotients do indeed all occur as quotients of H.

Theorem 11.2. The algebras 3C(2), S(2)°, S(2)°, 1Y3(2,4, 1), for p €
F, IY5(2, %) and 6A(2, %) in characteristic 5, (and their quotients) are all
quotients of .

In fact we will see below that all the algebras except 6A(2, %) are quotients
of the Highwater algebra H. The algebra 6A(2, %) in characteristic 5 is not
a quotient of the Highwater algebra H, but is a quotient of the cover A.

2These algebras were written C17(F2,b), CI°(F?,b) and CI°(F?,b), respectively, in [8].
Note also that 3C(3) = S(—1).

3These are the algebras II1(2, %, —2u — 1) and the quotient IT1(2, %, —3)* in [23, Table
2]. Note also that 3A(2,3) =1Y3(2,3,—3).

4These are Va(2, 1) and Va(2, )% in [23, Table 2]. Note that the algebra Vi(2, 1) is
defined in characteristic 5 and it coincides with Va(2, 3).

)2
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We will prove this theorem via a series of lemmas. Since the algebras in
the statement are finite-dimensional, their axes satisfy a non-trivial linear
relation. For each algebra A, we will exhibit an element 2 € # so that
H/(x) = A. In fact, in all but two cases, z has trivial s-part. For v € #, we
will write v for the image of v in A /I. For the proof we will require some
details about each of the target algebras. We do not give those here, but
they can be found in [14] and [23].

Lemma 11.3. We have Ho = Hy = 3C(2) and L1 = L1 = S(2)°.

Proof. By Corollary 10.1, 7:[2 = H5 has basis ag, a1, 81. Since a_; —a; € Io
for all 7 € N, the %—eigenspace for adg, is trivial and so Hs is a primitive
2-generated axial algebra of Jordan type 2. Hence, by [8, Theorem 1.1], it
is isomorphic to 3C(2).

Similarly, by Corollary 10.4, £; = £1 = (ag,ay) is 2-dimensional. Since
a_1 — a1 ¢ Ly, 79 induces a non-trivial automorphism on £;, so £; is a
primitive 2-dimensional axial algebra of Jordan type % and therefore must
be isomorphic to S(2)° by [8, Theorem 1.1]. O

We note that (1,0,—1) and (—1,2,—1) are the only two ideal tuples of
length 3 up to scaling (cf. Theorem 9.5).

The following gives a positive answer to an open question in [15, Question
4.5].

Lemma 11.4. Let I5 := (ag + da; — daz — a3) for § € F. Then the quotient
H/Is is isomorphic to IY3(2, %, p1), where § = —2p — 1.

Proof. By Theorem 9.6, (1 —6)s1 —s2, 5j+ 0541 — 0842 — Sj+3 and pr3; are
in Is, forall j > 0and r = 1,2. Hence a_1, ag, a, $1 is a basis for A := 7:(/I5.
(In particular, J C I5, evenif § = 0). Define ¢ := —2((6+1)ag+a—1+a1)+s1
and hence s1 = ¢ + %((5 + 1)ap + a—1 + a1). We claim that a_1,aop,a1,q
satisfy the same products as given by Yabe in [23, Section 3.2].

It is immediate that a;a;+1 = %(C_LZ + L_Zi_:,_l) + 51 = %(@Z + C_L,'_H) +q -+
3((6 + 1)ag + a—1 + @), where i = 0,—1, and a_1a1 = 3(a—1 + a1) + 82 =
sa_1+a1)+(1—0)51 = 5(@—1 +a) +(1—8)(q+3((0+1)ao+a—1 +a))
as required. It is a straightforward, but somewhat long calculation to show
that gz = 2(J + 3) for all z € A. O

Recall from Section 4, that vy = 2ag — (a—1 + a1) — 4s1 € Aa(ap).
Corollary 11.5. We have H/(v1) = 5(2)°.

Proof. Observe that ’U?/Z = 2a; — (a2 + ag) — 451 and so v?/z —vy=a_1 —
3ap + 3a; — az. Hence (v1) < (ap — 3ay1 + 3az — ag) = I_3 and so, by Lemma
11.4, 7:[/(111) is a quotient of B := IY3(2, %, 1). Note that the image v; of
v1 in B is non-trivial and so it is a 2-eigenvector for ag in B. Since the
eigenvalues of ag in the 4-dimensional B are known to be 1, 0, 2, %, Bs(ay)

. . . . _ . T
is 1-dimensional and hence is spanned by ©;. Since vll/ P~ € I3, we

have o1 = #,”* in B. However, (5;"%) = (51)™2 = By(ag)™* = By(a).
Therefore, as B is generated by ag and aj, (v1) is a 1-dimensional ideal in
B. Therefore, H/(v1) = B/(v1) is a 3-dimensional primitive axial algebra
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of Jordan type % From our list, the only possibility of dimension 3 is S (2)°
(and §; is the nilpotent element). O

From [23, Section 3.6], IY5(2, %) has basis (a_g, a1, Gg, a1, Gz, p1) and the
axes satisfy the relation a_o — 5a_1 + 10ag — 1041 + bas — ag = 0.

Lemma 11.6. Lety := a_92—4a_1+6ag—4a1+as and y; := y—16s1 +4ss.
Then (y1) C (y), H/(y1) = TY5(2, 5) and H/(y) =TY5(2, 5)*.

Proof. We just sketch the proof as it is similar to those above. Note that, by
Theorem 9.6, (y) contains the element —8s; + 2s2 and hence y;. Moreover
T =1 —yIl/Q = a_g2—5a_1+10ag—10a; +5as —as € (y1). By Theorem 9.6,
7:[/(96) is 7-dimensional with basis given by a_s, ..., as, 51, 52. One can now
check that giv € (i) in H/(x) for every v € {a_s,...,as, 51,52} and so
H /(y1) is 6-dimensional. Another calculation shows that the linear map from
H/(y1) to IY5(2, 1), sending @; to a; and 5 to py is an isomorphism. Finally,
by [23, Section 3.6], IY5(2, 3)* = 1Y5(2,3)/(a—2 — 4a_1 + 649 — 4a1 + G2)
and the result follows. O

We now consider the two exceptional cases in finite characteristic.

Lemma 11.7. Let F have characteristic 7. The algebras 4A(2,3) and
4A(2, %)X are not quotients of H.

Proof. Suppose for a contradiction that 4A(2, %), or 4A(2, %)X, is a quotient
of H. In both cases, the algebra has a closed set of four axes and so must be
isomorphic to some quotient H4/T of Hy. Also in both algebras, (a;, aiy2)) =
2B. So in Ha, dod = +(do + G2) + 52 € I. Now

ao(doaz) = 3ao + 5(5(ao + a2) + 52) — 30 + 3(a_2 + a2) + 352
= a9 + 259
is in I and hence ag = 2apas — ag(apaz) € I. By Theorem 6.1, a; € I and

sol = 7:l4, a contradiction. O

Finally, we consider 6A(2,3) in characteristic 5 (see also [3, p. 208]).
In [14, Table 1], we see that 6A(2, %) has basis ao, . . ., as, ¢, Z and ((a;, G;y3)) =
3C(2) with the third axis equal to ¢, for every ¢ modulo 6.

Lemma 11.8. Let F have characteristic 5. Then, 7:[/(ag —a; +az — a4+
p§,3) = 6A(2’ %)

Proof. Set x := ap — a1 + a3 — a4 + p53. By Corollary 10.1, He is 11-
dimensional with basis ay,...,as, 51, S2, 53, P13 and D33 One can check

that the linear map from Hg to 6A(2, %) defined by
a; — a; for i € {0,...,5},

=0 i=0
]?173!—>(A10—CAL2+CAL3—5L5, ﬁg’gl—> —ag + a1 — as + ay,
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is a surjective algebra homomorphism and Z belongs to the kernel I of this
map. Hence Z2 = §; + 5o — 53 € I and, by Theorem 6.1, also 2% € I. Since
z, 72, and %' are linearly independent, () has dimension at least 3. As I
has dimension 3, we get I = (z), whence H/(ag — ag, z) = 6A(2, 3). Finally,
note that ag — ag =  — ™ + 2% and hence (ag — ag, z) = (). O

This completes the proof of Theorem 11.2.

There are however other possibilities for isomorphisms with algebras on
Yabe’s list, namely if the quotient is isomorphic to an M(%, 2)-axial algebra.
Such a quotient A of H would have a fusion law which admits a Cy-grading
with respect to both % and 2.

Theorem 11.9. Let A be a non-trivial quotient of H with fusion law Fa
naturally induced from F. Suppose that gr: F4 — T is a finest adequate
grading of Fa such that gr(2) # 1p. Then A is isomorphic to a quotient of
one of

1. Hy 22 3C(2),

2. H/(a—1 — ap — a1 + az + 2s3) = 6Y(3,2),

3. H/I_5=1Y5(2,3,1), or

4. H/(3(a_1 — ag — a1 + ag) — 2s3), a 5-dimensional algebra.
In particular, A is a quotient of the Highwater algebra H.

Proof. Let A = ((@g,a1)) = H/I. By Corollary 6.2, A is symmetric and
hence adz, and adg, have the same eigenvalues. Since F4 is induced from
F, we have Fu C {1, g, 0,2, %}, with Axz, 1t € AxF p, but this containment
may be proper in some cases. By hypothesis, 2 € F4 and so Ay # 0.
In particular, A is not a quotient of S (2)° = H/(v1), where ag has trivial
2-eigenspace. Hence vy ¢ I.

If % ¢ Fy, then A%(do) = 0. In particular, wi € I and so A is a quotient

of H/(a_1 —ay) = Ha = 3C(2), by Lemma 11.3. Hence from now on, we
assume that % € F4q and wy; # 0. By Lemma 4.2, F has a Cs-grading
where % is graded non-trivially and so F4 also has a grading where % is
graded non-trivially. Moreover, as every grading factors through the finest
grading, gij 1= gr(%) # 11 (however g1, may have infinite order, or any
order divisible by 2).

Observe that if A € Axx, p for A\, u € F, then gr(\) = gr(\)gr(p) and
so gr(p) = 1. In particular, if % € 2x*r, %, then g := gr(2) = 17, a

contradiction. Hence 2 xr, % = () and so wyv; = 0 in A. Since

wivr = (a—1 — a1)(2ap — (a—1 + a1) — 4s1)
=(a-1—a1)— (a1 —a1) —4(=%(a_1 —a1) + $(a_2 4+ ap — ap — a2))
= —% (a—g —2a_1 + 2a1 — az),

we must have r := a_g —2a_; +2a; —ag € I. By Theorem 9.6, J C (r) C I,
and so As,(ao) = 0. Moreover, —s1 —2s2 + 53 and s; — 2841+ 2513 — Sj14
are in (1) C I for all j > 0. Hence, #/(r) is 6-dimensional with basis given
by the images of a_1, ag, a1, as, s1, s2. We will work inside 7:[/(7") for v e H,
we denote by © its image in H/(r). Note that iis and @5 are both non-zero.
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We split now into two cases: either 2 € %*f N %, or not. We have

wi = (a_1 — a1)?
4) =a_1+a; — (a—1+a1) — 2s2

= —282 = —%(UQ — 31)2).

Assume first that 2 ¢ %7, 2. Then @} € Ag(ap) and hence Equation (4)
implies vy € I. We claim that ©,”* = @5. We have &> = (29 — (a_2 +
dg))Tl/2 = 2a1 — (C~l3 + C~l_1) = 2a1 — (&_1 — 2a9 + 2a0 + (l_l) = 2ag9 —
((25171 — 2a1 + (lg) + &2) = 2ag9 — (672 + C~L2) = ¢y9. Hence 17;1/2 = 9 in
#H/(r) as claimed. Since @y is invariant under 79 and 7 f2, it is fixed by the
action of every automorphism induced by Aut(#) on H/(r). Hence @ is
a common 2-eigenvector for all axes ;. As H/(r) is generated by &g and
a1, (U2) is a 1-dimensional ideal. So #/(r,vs) is 5-dimensional. Note that
—%(’UQ +7r)=a_1 —ag— a1 + az + 2s9 =: x. Conversely, 29-1 — 2 =r and
—29-1 — 2 = vy and so (2) = (7, va).

We claim that #/(z) = 6Y(1,2). Let § now denote the image of y € H in
7:[/(.7}) Set by := ag, be := i(3do+2@1—@2—§1), by = %(C_l_1+a0+361—(_12),
d:=a1—bs = %(—C_L_l—c_lo—i-@l —i—C_LQ) and z := %52 = %(—C_L_l +ag+a; —6_12).
A calculation shows that (bg,bo, by, d, ) is a basis for 7 /(z) that satisfies
the multiplication table for 6Y(1,2) as given in [14] (and b; = @;). One can
check that the fusion law here is Cy x Cz-graded with generators g1, and go.

Assume now that 2 € %*;A % We have two subcases depending on
whether 0 € %*]:A % If 0 is in %*]:A %, then gy := gr(0) = g2 # 1p.
So, as we observed above, 0 ¢ 0 xr, 0, whence 0 xx, 0 = (. Hence, by
Lemma 4.7, we have u? = 3(—4uj + ug) € I. Setting y := —4duj + uo,
we have y — 4?1 = 3(—a_s + 5a_1 — 10ag + 10a; — 5az + a3) € I and so
%(y—y91)+7“+7“01 =4(a_1—3ap+3a1—az) € I. Let x := a_1—3ap+3a; —axs.
We claim that (z) = (r,y). Clearly (x) C (r,y). Conversely, we have
z + 2%-1 = r. By Theorem 9.6, —4s; + s2 € (z) and so y = 3(x — 20-1) —
4(4s1—s2) € (z). Hence (z) = (r,y) as claimed. By Lemma 11.4, (z) = I_3,
so H/(x) = IY3(2, %, 1) and A is isomorphic to a quotient of IY3(2, %, 1).
One can check that, apart from %*]:A % = {0,2}, we have A xx, pn = 0 for
all A\, 1 # 1. So the fusion law for IY5(2, 3,1) is Z-graded, with () = Z
and go = g2 = 912/2-

Finally, if 0 is not in %*]:A %, then w§ € As(ap) and hence, by Equation (4),
uz € I. Recall from above that 6;1/2 = ¢ in #/(r). Hence, similarly to

By, ly"* = @y and so (i) is a 1-dimensional ideal of H/(r). Let z :=
3(a—1 — ap — ay + az) — 2so = —(uz + 3r). So clearly (z) C (r,uz). Since
r — 291 = —3r and uy = —2x — 3r, we have () = (r,uz2) and hence H/(x)

is 5-dimensional. When A = #/(x), since 7, & = {2}, 247, 2 = {0}, and
0%, 0 = {0}, we observe that the fusion law is Cs-graded, with (gi,) = Cy

and go = 912/2. O

Note that the above algebras are graded by Co, Cy x Cy, Z and Ci,
respectively. For Ha = 3C(2), the set of three axes ag, a; and ag+ a1 — apax
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is closed under to the action of the Miyamoto group (with respect to the
grading Cs on the 2-part).

The fusion law for 6Y(3,2) is (C2 x Cs)-graded. Specifically, for an axis
a, there are three distinct non-trivial Miyamoto involutions associated to
a (and belonging to the axis subgroup corresponding to a; see [13, Defi-
nition 3.2]): the map 7,(2) inverting the 2-part and fixing the remaining
eigenspaces, the map Ta(%) inverting the %—part and fixing the remaining
eigenspaces and the product of these two. As 6Y(3,2) H/(a_1 —ag —
a1 + ag + 2s9), we see that X = {a; : i € Z} is generically an infinite set
of axes closed under the action of the infinite dihedral group (7(3),71(3))
(both these can be finite in finite characteristic). Hence taking only the Co-
grading with respect to the %—eigenspace, 6Y(%, 2) is a 2-generated M (2, %)
axial algebra with infinitely many axes.

However, taking just the Co-grading with respect to the 2-eigenspace,
6Y(1,2) is a 2-generated M(3,2)-axial algebra [23]. Its Miyamoto group
is (179(2),m1(2)) = S3 and the closure under the Miyamoto group of the
generating set {ao, a1 } has size 6 [14, Section 7.2] (the 6 in the name 6Y(3, 2)
gives the number of axes in a closed set of generators). Note that in this
case, it does not appear that the closure of {ag, a1} is a subset of X. Taking
the full Cy x Cy grading we would get a much larger set of axes closed under
the action of the Miyamoto group.

For the third and fourth cases above, we need to take a field with suf-
ficiently many roots of unity in order to exhibit the full Miyamoto group.
Recall from [13, Section 3| that for each axis a and character x € T, we get
a Miyamoto automorphism 7,(x) defined by v — x(¢)v where v is an eigen-
vector in a t-graded part. The axis subgroup T, := (7,(x) : x € T*) 2 T* is
isomorphic to a quotient group of 1" depending on the field. The fourth case
H/(3(a_1 — ap — a1 + ag) — 2s9) is Cy-graded, so taking a field which con-
tains 4'" roots of unity, we get the axis subgroup 7T, = C4 and the Miyamoto
group is as ‘large’ as possible. To exhibit the full Miyamoto group for the
third case, 1Y3(2, %, 1), in characteristic 0, we need to work over C.
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