Journal of Algebra 640 (2024) 432-476

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

journal homepage: www.elsevier.com/locate/jalgebra

Research Paper

Quotients of the Highwater algebra and its cover )

Check for
updates

C. Franchi®, M. Mainardis "*, J. M¢Inroy °

? Dipartimento di Matematica e Fisica, Universita Cattolica del Sacro Cuore,
Via Garzetta 48, I-25133 Brescia, Italy

b Dipartimento di Scienze Matematiche, Informatiche e Fisiche, Universita degli
Studi di Udine, via delle Scienze 206, I-33100 Udine, Italy

¢ Department of Mathematics, University of Chester, Parkgate Rd, Chester,

CH1 4BJ, UK

ARTICLE INFO ABSTRACT

Article history: Primitive axial algebras of Monster type are a class of non-
Received 2 October 2023 associative algebras with a strong link to finite (especially

Available online 15 November 2023

. simple) groups. The motivating example is the Griess algebra,
Communicated by Alberto Elduque

with the Monster as its automorphism group. A crucial step

MSC- towards the understanding of such algebras is the explicit
20D08 description of the 2-generated symmetric objects. Recent work
17C27 of Yabe, and Franchi and Mainardis shows that any such
17Dxx algebra is either explicitly known, or is a quotient of the
infinite-dimensional Highwater algebra H, or its characteristic
Keywords: 5 cover H.
Axial algebras In this paper, we complete the classification of symmetric axial
Finite simple groups algeb{as of Monster type by determining the quotients of H

Monster group
Jordan algebras
Baric algebras

and H. We proceed in a unified way, by defining a cover of H
in all characteristics. This cover has a previously unseen fusion
law and provides an insight into why the Highwater algebra
has a cover which is of Monster type only in characteristic 5.
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd /4.0/).

* Corresponding author.
E-mail addresses: clara.franchi@unicatt.it (C. Franchi), mario.mainardis@uniud.it (M. Mainardis),
J.McInroy@chester.ac.uk (J. MInroy).

https://doi.org/10.1016/j.jalgebra.2023.11.009
0021-8693/© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.jalgebra.2023.11.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2023.11.009&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:clara.franchi@unicatt.it
mailto:mario.mainardis@uniud.it
mailto:J.McInroy@chester.ac.uk
https://doi.org/10.1016/j.jalgebra.2023.11.009
http://creativecommons.org/licenses/by-nc-nd/4.0/

C. Franchi et al. / Journal of Algebra 640 (2024) 432—476 433

1. Introduction

Recently several finite simple groups, such as 3-transposition groups and many of the
sporadic groups including the Monster, have been realised as automorphism groups of
axial algebras of Monster type (o, /3). In fact, the originating example of an axial algebra
is the Griess algebra, which has the Monster sporadic simple group as its automorphism
)
Almost all Jordan algebras are axial algebras of Monster type and Matsuo algebras,

group. The Griess algebra turns out to be an axial algebra of Monster type (

which are related to 3-transposition groups, are also examples. There is a hope that a
full classification of these algebras will lead to a more unified approach to (a large portion
of) finite simple groups, including the sporadics.

As for many algebraic structures (semisimple Lie algebras being one notable example),
a full classification of the 2-generated objects is a key step for the development of the
general theory and its applications. This is made evident by the key role played by the
classification of the primitive 2-generated axial algebras of Monster type (%, 3%) (called
Norton-Sakuma algebras) in the theory of Majorana representations [9,2,11]. Norton-
Sakuma algebras were first classified by Ivanov, Pasechnik, Seress, and Shpectorov in [10],
extending earlier work of Norton [17] (for the Griess algebra) and Sakuma [20] (for certain
types of OZ-type vertex operator algebras of central charge 1/2).

It was Rehren in [18,19] who first introduced the generalisation to Monster type (a, §)
and began a systematic study of the 2-generated algebras. He concentrated on the sym-
metric algebras — those which admit an automorphism switching the two generators. He
generalised the eight non-trivial Norton-Sakuma algebras to eight families of examples.
Implicit in his analysis is a case division into a generic case and two critical cases o = 23
and « = 40 — this is made explicit by Franchi, Mainardis and Shpectorov in [5]. Joshi
introduced some new families of Monster type (243, 3) (the critical case a = 2f) in [12,7].
In an unexpected development, Franchi, Mainardis, and Shpectorov in [4], and indepen-
dently Yabe in [23], found the infinite-dimensional 2-generated Highwater algebra H,
which is of Monster type (2, 3) (and falls into the other critical case).

A major breakthrough came from Yabe, who gave in [23] an almost complete clas-
sification of the symmetric 2-generated primitive axial algebras of Monster type in
characteristic other than 5. The remaining case was considered by Franchi and Mainardis
in [3], who introduced a characteristic 5 cover H of the Highwater algebra and showed
that all the cases not included in Yabe’s classification are factors of 7L. Putting these all
together we have the following:

Theorem 1.1. [23,3] A symmetric 2-generated primitive azial algebra of Monster type
(a, B) is isomorphic to one of the following:

1. a 2-generated primitive axial algebra of Jordan type «, or 3;
2. a quotient of H, or H in characteristic 5;
3. one of the algebras in a family listed in [23, Table 2].
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The 2-generated primitive axial algebras of Jordan type were classified by Hall, Rehren
and Shpectorov in [8] and are of dimension at most 3. Every algebra in case (3) above is
known and of dimension at most 8. In contrast, the Highwater algebra H and its cover
# have infinite dimension.

In this paper, we complete the last step of the classification of the symmetric case by
classifying all the quotients of the Highwater algebra H and of its characteristic 5 cover
A. Moreover, we give explicit bases for the ideals and so also the quotients.

This is important as a full understanding of the symmetric case, including the quo-
tients of the Highwater algebra, is crucial for completing the classification in the non-
symmetric case. Indeed, a 2-generated non-symmetric algebra {(a, b)) is an amalgam of
two symmetric subalgebras ((a,a™)) and {(b, ™)), where 7, and 7, are the Miyamoto au-
tomorphisms associated to a and b (see below). This approach is successfully employed
by Franchi, Mainardis and Shpectorov in [6] to complete the critical case o = 23. We
expect the classification in the generic and other critical case to also follow using this
technique.

Before discussing our results, we briefly recall some definitions (details can be found
in Section 2). An azial algebra is a commutative non-associative algebra A generated by
a set X of ares. These axes are primitive semisimple idempotents, whose eigenvectors
multiply according to a so-called fusion law F. When the fusion law is Cy-graded (which
the Monster fusion law M(a, §) is), then we have an algebra automorphism 7, called a
Miyamoto involution, associated to each axis a € X. The group generated by all these
automorphisms is called the Miyamoto group.

In order to give a unified proof of our main result for the Highwater algebra and its
characteristic 5 cover, we introduce a new algebra H which is a cover of the Highwater
algebra in all odd characteristics.! By Theorem 1.1, in characteristics other than 5, this
cannot be an axial algebra of Monster type (o, ). In fact, we show that # has a new
fusion law F with entries {1, 0, %, 2, %} (note that in characteristic 5, g = 0). This algebra
has a basis given by axes a;, @ € Z, and additional elements s; and pr ;, for j € N and
r = 1,2. For the multiplication, see the full definition in Definition 3.2.

In Remark 4.8 we shall see that, in characteristic 3, H is neither of Monster type nor
2-generated. Therefore, for the rest of this section, we shall assume that the characteristic
of the ground field is strictly higher than 3.

Theorem 1.2. The algebra Hois a symmetric 2-generated primitive axial algebra with
fusion law given in Table 1.

In Proposition 3.8, we show that the full automorphism group Aut(’}:[) of H is isomor-
phic to Do, and it acts naturally on the indices of the set of axes X = {a; : i € Z}. In
particular, there is an automorphism 71/, which switches the two generating axes ag and

! Note that H does not exist in characteristic 2 (more generally, axial algebras of Monster type in char-
acteristic 2 are associative, see [22] or [4, Lemma 2.1]).
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Table 1 R
The fusion law F for H.
5 1
1 3 o 2 1
5 1
1|1 B 1
5|5 5 5 1
2 2 2 2 2
5 5 5 1
0 2 2,0 3,2 3
5 5 1
2 | 2 52 30 1
1 1 1 1 1 5
3 | 2 3 3 3,0,2

a1 and so H is indeed symmetric. The Miyamoto group Miy(H) = (r; : i € Z) = Dy
has index 2 in Aut(#).
The algebra # has a distinguished ideal J given by the subspace (pr; : j € N,r =

1,2).

Theorem 1.3. J is an ideal of7:[ and the quotient 7:l/J is isomorphic to the Highwater al-
gebra H. In characteristic 5, H coincides with the characteristic 5 cover of the Highwater
algebra defined in [3].

So our algebra # is indeed a cover of the Highwater algebra as claimed. Thus clas-
sifying the ideals, whence the quotients, of H will simultaneously classify the quotients
of the Highwater algebra and its characteristic 5 cover. By [13], every ideal in an axial
algebra is invariant under the action of the Miyamoto group. In fact, we show a stronger
result for H which will prove crucial in classifying the ideals.

Theorem 1.4. All ideals of H are Aut(’}fl)—invariant. In particular, every quotient of H
and so also every quotient of H is symmetric.

Using a sort of Euclidean division algorithm on #, we show the following.
Theorem 1.5. Fvery ideal of H is principal.

This has the following important consequence which highlights the distinguished na-
ture of the ideal J. Note that, by definition, J has infinite codimension.

Corollary 1.6. An ideal I < H has finite codimension if and only if it is not contained in
the ideal J. Every non-trivial ideal which is contained in J has finite codimension in J.

Based on this, we split our ideals into two classes, those which are contained in J and
those which are not.

Consider first an ideal I which is not contained in J; this has finite codimension in .
In particular, the images of the axes in H /1 span a subspace of some finite dimension D

and so we say that I has azial codimension D. Using the fact that I is Aut(#)-invariant,
we show that there exists x = ZZO a;a; € I, for some a; € F where g # 0 # ap.
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Moreover, x generates an ideal of axial codimension D. Since any ideal containing x can
be recovered by finding the corresponding ideal of the finite-dimensional quotient A /(x),
we restrict ourselves to classifying the minimal ideals of axial codimension D.

For such an ideal I = (x), we find two key observations which characterise the tuple
of elements («p,...,ap). For the first, we show in Proposition 3.10, that # is a baric
algebra. That is, there is an algebra homomorphism A: # — F which is given by A(a;) =
1 and A(sj) = 0 = A(pr,;). This immediately gives a (Frobenius) symmetric bilinear form
(-,-): HxH — F defined by (y, z) = A(y)A(2). Using standard results from [13], we show
that any proper ideal I of # lies in the radical #* = ker()\) of the form (-,-). Thus if

D aiai+ Y Bisi+ > Vrkbrk

is an element of I, then  «; = 0. In particular this has to hold for the coefficients of
x. This is our first key observation. For our second key observation, we use a minimality
argument and the Aut(?’:[)—invariance of I to see that there exists ¢ = £1 such that
a; =eap_g, foralli=0,..., D. We say that « and the tuple («o,...,ap) are of e-type.

In fact, these two key observations are the only two restrictions on the generator
r = Zio a;a; of such an ideal I. We define a tuple (a,...,ap) € FP*! to be of

ideal-type if ag # 0 # ap, Zio a; =0, and (ap,...,ap) is of e-type, for ¢ = +1.

Theorem 1.7. For every D € N, there is a bijection between the set of ideal-type (D +
1)-tuples (aq,...,ap) € FPHL wup to scalars, and the set of minimal ideals of awial
codimension D of’i:[ given by

D
(gy.-.,ap) — (Z aiai> .
i=0

Moreover, in Theorem 9.6, we give an explicit basis for each such ideal I and hence
all the maximal quotients of 7.

Since the Highwater algebra #H is isomorphic to 3‘:[/ J, no non-trivial ideal of the
Highwater algebra corresponds to an ideal contained in J and so the above results ex-
plicitly describe all the quotients of H with maximal axial codimension. To complete
the classification of the symmetric 2-generated primitive algebras of Monster type, we
now turn to classifying the ideals of our algebra # which are contained in J. Recall that
J={(pr; :j€eN,r=12).

Theorem 1.8. There is a bijection between the set of tuples (Bs, ..., Bs,) € F¥, fork € N,
up to scalars, and the ideals I C J of H, given by

k
(B3, Bak) = Z B3;p13;
j=1
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Again, in Theorem 7.2, we give an explicit basis for each such ideal I contained in J.

We end the paper by describing all isomorphisms between quotients of A (and hence
also of the Highwater algebra H) and other symmetric 2-generated algebras of Monster
type (those in cases (1) and (3) of Theorem 1.1).

Theorem 1.9. The only isomorphisms between quotients of’;‘:L and M(2, 5)-azial algebras

1
2

in cases (1) and (3) of Theorem 1.1 are with 3C(2), S(2)°, 5(2)°, 1Y3(2, 1, ), forp € F,

IY5(2,3) and 6A(2, 3) in characteristic 5, (and their quotients).

(See Section 11 for the explicit ideals for each isomorphism.) All the above isomor-
phisms are with algebras A which are M (2, %)—axial algebras. The other possibility is if
the quotient of # also has a grading with respect to the eigenvalue 2 € F and if A is a
M(3,2)-axial algebra. In Theorem 11.9, we determine all such examples and find that
the only possibilities for such isomorphisms are with 3C(2), 6Y(3,2), or IY3(2, 1,1) and
the quotient must be a quotient of the Highwater algebra H.

The paper is organised as follows. In Section 2, we give a brief overview of axial
algebras. Our main actor # is introduced in Section 3, where we show that it is a cover
of the Highwater algebra and determine its automorphism group. In Section 4, we prove
that 7 has the fusion law given in Table 1 and hence is an axial algebra. We give its
Frobenius form and some preliminary results on ideals in the brief Section 5. We show
in Section 6 that ideals of 7 are Aut(H)-invariant. Ideals contained in .J are classified
in Section 7, showing also that they are principal. Principality of the remaining ideals is
shown in Section 8. Ideals which are not contained in J are classified in Section 9, where
we also give explicit bases for them. Two important families of examples are given in
Section 10 which allows us to show our exceptional isomorphisms in Section 11.

2. Background

For an algebra A over a field F and X C A, we will denote by (X) the linear span of
the set X and by (X)) the subalgebra generated by X.

For an element a € A, denote by Ay(a) = {v : av = Av} the A-eigenspace for the
adjoint ad,. For ease of notation, for N C I, define

Apn(a) := @ Ax(a).

AEN

A fusion law is a pair F = (F,*) where F is a non-empty set and x: F x F — 27
is a symmetric map. It will be convenient to extend the map x to subsets of F in the
obvious way.

Given a non-associative algebra A over F and a fusion law F C F, an F-azis (or

simply an azis when there no ambiguity in the choice of F) is an idempotent element a
of A such that
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(Ax1) ady: v+ av is a semisimple endomorphism of A with spectrum contained in F;
(Ax2) for every A\, € F,

AN@)Au(0) € Aruula) = P A,

VEAXL

Furthermore, a is called primitive if
(Ax3) the l-eigenspace of ad, is (a).

An awial algebra over F with a fusion law F is a commutative non-associative [F-
algebra A generated by a set X of F-axes. If all the elements of X are primitive, A is
called primitive.

For an abelian group T, a T-grading of the fusion law F is a map gr: 7 — T such
that, for every A, p in F

gr(A*p) € {gr(Ngr(p)}-

A T-grading of F is a finest grading if every other grading of F factors through the
grading 7. By [1, Proposition 3.2], every fusion law admits a unique finest grading. A
T-grading gr is adequate if the image gr(F) generates T. So we may always assume
that our grading is adequate. We are most interested in the case where T' = Z5. Taking
Zo = {4+, —}, for a Zs-grading gr, denote by F4 and F_ the full preimages via gr of +
and — respectively. For every axis a of A, a grading on the fusion law induces a grading
on the algebra: for ¢ € {4, —}, we set

Ac(a) == Ar.(a).

A straightforward computation shows that the map that negates A_(a) and induces
the identity on A (a) is an involutory algebra automorphism called the Miyamoto invo-
lution associated to the axis a (see [16,10]). The group generated by all the Miyamoto
involutions associated to the axes in X is called the Miyamoto group Miy(X) (see [13]).
Note that the Miyamoto group is not always the full automorphism group of the algebra,
as is the case for the algebra # considered in this paper.

An axial algebra A is 2-generated if there are two axes a and b in A such that A =
{(a,b)). Further, we say that A is symmetric if there exists an involutory automorphism
f of A (which might or might not be in the Miyamoto group) that switches the two
generating axes a and b.

The fusion law M(a, ) in Table 2 is called the Monster fusion law (in the table, we
omit the set symbols for the entries A x 4 and so in particular empty entries correspond
to the empty set). Manifestly, this fusion law is Zs-graded, with F; = {1,0,a} and
F_ = {f}. We say an axial algebra A is of Monster type («, 3) if it has the Monster
fusion law M («, 3).
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Table 2
Fusion law M(a, 3).
1 0 « B
1 « B
0 0 a B8
a | a « 1,0 B
BB B B 1,0,

A Frobenius form on an F-algebra A is a non-zero symmetric bilinear form
kK:AxA—>TF

that associates with every element of A, that is, for every x,y, z in A,

k(z,yz) = k(xy, 2).

From the above formula it follows immediately that the radical of a Frobenius form on
A is a (two-sided) ideal.

3. The algebra H

In this section, we will define the main actor in this paper, the algebra H which will
be a cover of the Highwater algebra in all characteristics. We first give a definition in
the style of the characteristic 5 cover of the Highwater algebra as given in [3] and we
then introduce a second definition with respect to a different basis. This new basis will
be more useful for us throughout the rest of the paper, simplifying many arguments. We
will show that in characteristic other than 3, the two definitions are equivalent. (Since
the Highwater algebra is not 2-generated in characteristic 3, this will not matter for our
goal.)

Throughout the paper, we adopt the following notation. Let F be a field of charac-
teristic not 2. For r € Z, we denote by T € Z3 the congruence class r + 3Z.

Define 6: Z3 — F by 6(0) =0, §(1) =1 and 6(2) = —1.

Definition 3.1. Let 7 be an algebra over F with basis {a; : i € Z} U {so; 1 J €
N} U {573,523, * J € N}. We set s5, = 0 and sz; = sg; when j ¢ 3N. Define
the multiplication on H by

- aja; = 3(a; + aj) + sz)i—j|
- @isr = =10 + g(aij + aivg) + 3805 + 00— T)(s7_1; — Sry15)
(s7j + stx) — % Zm:0,1,2(5i7lj—k\ + sz,5+k), if {i,5} € 3N
o ._ 3 N B 3 -
- 563783k = 1 2nejk(Sa3h T Span = S_(a4b)3n) — § Done|j—k|j+k(Sa3n t Spap —
5—(a+5),3h)

[N S
»
S|
&
w
~
B
Il
oo

Note that if {@,b,¢} = {0,1,2}, then —(a@+ b) = ¢, but if b = @, then —(a + b) = a.
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It is clear that if char(F) = 5, then H is precisely the cover of the Highwater algebra
as defined by Franchi and Mainardis in [3]. They showed that there is an ideal J =
(5, — $3.5,51,; — 55,; : J € 3N) and H/J = H. So in characteristic 5, the differences of
the s7; span J and thus play a fundamental role in . We mirror this by defining some
new elements of % in any characteristic other than 3.

.._l§ .
S5 i=3 S7.j

TEL3
1

prj =3 (Sr-15 = Sr415)
rj = Prgiy — Pr-1,j
Note that if j ¢ 3N, then s; = s5;, pr; = 0 and so 27 ; = 0. Also > .7 pr; = 0 and

SO Y rez, #rj = 0 also.
We now give our second definition which has a more natural basis.
Definition 3.2. Let 7 be an algebra over F with basis

B:={a;:i€Z}U{sj:j e N}U{pri:7 € {1,2} and k € 3N}

We set so = 0, pr; = 0 for all 7 € Z3 if j ¢ 3N, pg; = —p7; — ps,; and Zrj =
Pri1j — Pr_1,; (note that 27 ; = 0 whenever j ¢ 3N). Define the multiplication on H by

H1 a;Qj = %(al + (lj) + $|i—j| + Zi,|i—j|

H2 a;Sj = 7%(1 + %(ai_]— + aiﬂ-) + %Sj — 27,5
H3 aiprj = 5Prj — P-(i47).i

H4 s;s;:= %(sj +s1) — 3(5‘3 ” +5j41)

H5 s;p7k := $(prj + Drk) — 2 (Prj—k| + Drjsk)

H6 prnpry = 5(2_ramyn + Z—(F-&-Z),k) — 5zt k] T Z— (4B htk)
where i € Z, j,l € N, h,k € 3N and 7, € Zs.

Note that, as p;_1; + prj + Pry1,; = 0, we have 3pr; = 2z;_7; — zr41,5. We now
immediately justify our use of the same letter # for both algebras.

Lemma 3.3. Suppose that char(F) # 3, then the algebras in Definitions 3.2 and 3.1 are
isomorphic. The isomorphism is given by

a; — a;, St 3 § S, Drj > 7(5*— SF+T,j)'
7€Z3

Note that the inverse maps a; — a; and sy — S; + 27 ;.

Proof. This is immediate from checking the multiplication. O
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Where we do not rule out characteristic 3 going forward, we will use the second
definition.

For all characteristics H is a cover of the Highwater algebra, extending the definition
in [3].

Lemma 3.4. Let J be the subspace (p1 ;,p3;:Jj € N) of H. Then J is an ideal of H and
the quotient 7f[/J is isomorphic to the Highwater algebra H.

Proof. From H3, H5, and H6 it is clear that AJ C J and so J is an ideal. It is now
straightforward to see that #/.J = # from the definition of # (see [4, Section 2]). O

We begin by determining the automorphism group of H. For k € %Z, let 74: Z — Z
be the reflection in k given by i +— 2k — 4. Then D := (79, 715,) is the infinite dihedral
group acting naturally on Z. Let sgn: D — Z>* be the sign representation of D. That
is, sgn(p) = —1 if p is a reflection and sgn(p) = 1 if p is a translation.

Definition 3.5. For p € D, define ¢,: # — # to be the linear map given by
a;?" = ap, 8;7" =55, prr® = (sg0p)p
Note that we have z;'i = Ze k-

Proposition 3.6. For every p € D, ¢, is an automorphism of H and the map P = ©p
defines a faithful representation of D as a subgroup of automorphisms of H.

Proof. By the above formulas, the products H2-H6 are preserved by ¢,. For H1, observe
that the action of D on Z preserves distance, whence |i — j| = |i? — j?| for all4,j € Z. It
is then clear that ¢ is an injective group homomorphism since every ¢, acts non-trivially
on{a;:1€Z}ifp#1. O

By an abuse of notation, from now on we identify ¢, with p, in particular 7; € Aut(”r':l).
To determine the automorphism group of # we use the following fact.

Lemma 3.7. If char(F) # 3, then the only non-trivial idempotents in H are the a;’s,
1€ 7.

Proof. The proof is analogous to that of [4, Lemma 2.3]. O
Proposition 3.8. If char(F) # 3, then Aut(#) = D.

Proof. The proof is a modified version of [4, Proposition 2.4], which we sketch here. Since

A

char(F) # 3, we may use Definition 3.1. By Lemma 3.7, Aut(#) permutes the non-trivial
idempotents {a; : i € Z} and so it permutes the set of sr; = a;a; — 3(a; + a;). For the
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pair (7, k), where 7 € Z3 and k € N, we define a graph Iz ;) with vertices {a; : i € Z}
and an edge between a; and a; if and only if sz = a;a; — %(ai +aj). It is easy to see
that if k ¢ 3Z, then I'(z 1) has exactly k connected components, while if & € 3Z, I'(z 1
has g connected components. Since two graphs I ) and I'(z;) are isomorphic if and
only if k =1 € 3Z, it follows that Aut(H) fixes every sry, if k ¢ 3Z and permutes the

set {5g.x, STk 534} When k € 3Z. O

In Theorem 1.2 we will show that, for every i € Z \ {0}, a; is an axis and the
Miyamoto involution 7,, associated to a, coincides with the reflection 7;. Similarly, the
automorphism swapping ag with a; (usually denoted by f in the context of symmetric
axial algebras of Monster type) is 1. We let 0, for j € Z, be the automorphism of H
induced by the translation on Z by j.

We record in the next lemma the products with zr ; which will be useful later.

Lemma 3.9. Fori € Z, j € N, h,k € 3N and {T,t} C Z3, we have the following.
L. aizrj = 3255 + 2-(m).j

2. sjzrk = §(zrg + 2 k) = §(2r -k + 2r,j4k)

3. prnzig = 30—ty n T Pt k) — 2Pty k] + P2y k)

4 zrnzip = —5(Z_ @iy n T 2—ari)n) T 2 (Zo (i), hmb] T 2= (D) k)

Proof. These follow immediately from the multiplication in H. O

We close this section with the following observation. Define A\: H — F by A(a;) = 1
and A(s;) = 0 = A(prx) and extend linearly.

Proposition 3.10. The map X\ is an algebra homomorphism and so H is a baric algebra.
Proof. This follows from the definition of the multiplication in Definition 3.2. O

As an immediate consequence, the map (-, -): HxH — F, defined by (z,y) = A(z)A(y),
is a Frobenius form.

4. The fusion law

Let F be the fusion law on the set {1,0, %7 2, %} C F described in Table 1 on page

435. In this section we prove Theorem 1.2.

Theorem 1.2. Ifchar(F) # 2,3, then Hisa symmetric 2-generated primitive axial algebra
with fusion law F given in Table 1.
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We begin by showing that ag is an F-axis. By the action of Aut(?’:l)7 this implies that,
for all ¢ € Z, a; is an F-axis. Similarly to [4] and [3], we consider an ‘i-slice’ of the
algebra. Let

.
U':= <a07a7i7 Qs si7pT’iﬂp§,i>

Note that, if ¢ ¢ 3N, then pr; = 0 and U’ is 4-dimensional. Otherwise, if i € 3N, then U®
is 6-dimensional. Since ad,, preserves U‘, for all i € N, and H = Y ieN U?, we restrict
to U’ to find the eigenvectors of ad,,. For i ¢ 3N, the analysis is the same as in [4] and
ad,, is semisimple with eigenvalues 1, 0, 2 and % So let 4 € 3N. Then the action of ad,,
on U?, with respect to the basis (ag,a_;, a;, siva,iapZi), is represented by the following

matrix

1 000 0 0
5 3 01 1 -1
3 0 3 1 1 -1
S A
0 000 3% -1
0o 000 -1 3

which has eigenspaces

1. Ui = {ag), U} = (w;), Ui = (v;), UL = (z;) and Ut = (w;,w;), if F has characteristic
2 2
other than 3 and 5;
2. Ui = {ag, zi), Ul = (u;), Us = (v;), and Ut = (w;,0;), if F has characteristic 3 (since
2

2
3. U = {ap), U} = (u;, 2:), Us = (v;), and Ul = (w;,@;), if F has characteristic 5;
2

ui = 6ag — 3(a—; +a;) +4s; + 425,
v; == 2ag — (a—; +a;) — 4s; — 4z ;
w; = ao; — a

% *=DP1i — P2 = %0,

W; = p1,; +P3; = —Poy

)

Notice that, in any characteristic other than 2, if ¢ € 3N, (aq, u;, v;, w;, z;, W;) is a basis
for U?. On the other hand, when i ¢ 3N, since Pri = pii = 0, z; and w; are zero and
(a0, ui, vi,w;) is a basis for U?. We set Hy 1= (ag), Hy = (u; | i € N), #L, (zl | i€ N>

Ty = (v; | i € N) and Ho = (w;,W; | i € N). Moreover define HT := H1oH M. DH,

and H~ = Ha, . Finally, it Wlll be convenient to set ug := vg := wo := 2o := Wy := 0. We
immediately have the following.
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Lemma 4.1. With the above notation, = ?—All @ 7:lu D 7:lz S5} ?—Alv ® 7:lw =HtoH .

Lemma 4.2. The involution 1y acts as the identity on H and as minus identity on H
In particular, H* is the fized subalgebra of o, H*H~ C H™ and H-H~ C HT.

Proof. This follows immediately from the definition of ., (Definition 3.5), since ¢,, is
an algebra automorphism. 0O

Recall from Proposition 3.10, that # is baric with respect to the algebra homomor-
phism A: H — F defined by A(a;) = 1 and A(s;) = 0 = A(py1). We can use this to refine
the condition that H-H~ C H+.

Lemma 4.3. We have H=H~ C H, & H. & H,.

Proof. It is immediate to see that, for every n € {u,v,z,w} and z € ﬁn, Az) = 0,
whereas )\(7:[1) = 1. Since \ is an algebra homomorphism and #~H~ C T, the result
follows immediately. 0O

To calculate the fusion law, it will be convenient to use different elements, which
generalise those in [3]. We set ¢y := 0 and, for ¢ € N, we define

ci = 2ag — (a—; + a;)
which allows us to rewrite u; and v; as

v, = ¢; — 4s; — 4z;.

In order to calculate the products of such elements, we also introduce the following. For
1,7 € N we define

Cijj = =2(Ci +¢j) + Qimj| + City
tij = —2(si+ ;) + 8ji—j| + 8ity

2(v; + v5) + vjimj| + Vit

—2(
—2(
Wi g = —2(us +ug) + Ui+ Uiy
vij o= =2
—2(

zij = =2z + 25) + 2)i—j| + Zity-

Firstly, note that all the above expressions are symmetric in ¢ and j. Secondly, u; ; €
Hu, vij € Hy and 2; 5 € H,. To calculate the products of our basis vectors, we begin by
computing the products with our new elements.

Lemma 4.4. For alli,j € N, we have
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1. cic; = i+ 22 if i € 3N
2t; 5 + 225 — 3(2)i—j| + zi1;) otherwise
3 o
Ci if 1 € 3N
2. CiSj = 80 f
%Cm‘ — 3z otherwise
0 ifi € 3N
3. ¢z =
3z otherwise

Proof. A straightforward computation gives:

cicj = (2a0 — (a—i + ai))(2a0 — (a—; + a;))
=dag — 2 [5(a—s + ao) + si + 2, + 3(a; + ao) + s; + 2g,]
—2[3(a0 +a—j) + s; + z5; + 3 (a0 + a;) + 55 + 2g
+ [5(aci+aj) + i) + 25 ji—j) + 3(ai +a_j) + i) + 21015
+§(a i+ i)+ Sivj +2rivj 3 (al +a;) + Sji—j| + 2,ji— Jd
—4(s; + 85) + 2(8)i—j| + si+5) — 425, + 25,5)
t 27)i—j) T 2-2)i—j| T Zitj T 2z
=25 + 2255 — 2(20,ji—j| T 20,i45) T Zli—j| T Z=1li—j| T Zri+j T Z-1i45-
Since 2 j + 2, +2-7,; = 0 if i ¢ 3N, the result follows. For the second assertion we have
¢isj = [2a0 — (a—; + a;)]s;
=2[—Fa0 + §(a—; +a;) + 355 — 25,5
—[=3a_;+ 3acicj + acipy) + 355 — 234]
= [~3ai + §(ai—j + airg) + 355 — z4]
= -3¢ — 3¢ + §0i—j + §¢i+s — 220, + 715 + 21
As above, the result follows. For the third assertion we have
¢izj = [2a0 — (a—; + ai)]z@j =
=2 (370, +20,) — (3705 + 75) — (320, + 2-25)
=2z5, — 25 — Z-1j

and the result follows as in the previous case. O

We can also express the products of the s;’s and z;’s in a compact form using our
new elements.

Lemma 4.5. For alli,j € N, h,k € 3N we have
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P
1. s;5; = sti g
3
2. ZhREk = gzhyk
3
3. S;iZh = *gzi,h-

Proof. This is immediate from the definition of ¢; ; and H4 and the definition of z; ; and
Lemma 3.9. O

We now use our new elements to rewrite u; ; and v; ;.

Lemma 4.6. For alli,j € N, we have

1. Us 5 = 3Ci)j + 4ti)j + 4Zi,j,
2. Ui’j = Ci’j — 4ti}j — 42’1"]‘.

Proof. By the definition of our basis elements we have

ui; = —2(3¢; + 4s; +4z;) — 2(3¢; + 4s; + 4z;)
+ (3C\i—j\ + 45|z‘—j| + 4Z|i,ﬂ) + (301'_;,_]‘ + 4545+ 4Zi+j)
=3¢ j + 4t j + 4z 5,

and similarly for v; ;j. O

We may now determine the fusion law, by finding the products between the elements
which span the different parts.

Lemma 4.7. For alli,j € N, we have

) 3ui if ij € 3N
S U =
o 3u; 5 —21z;;  otherwise
9 —31)7;,]‘ ’Lf ’L] € 3N
S UV =
o —3v;; — 152;;  otherwise
3 o — —Uj,j ifij € 3N
B —Ujj + 3z otherwise
0 ifi € 3N
4. uizy =
12z; otherwise
5. vz; =0

Proof. By the definition of u; and Lemmas 4.4 and 4.5, we have

UUj = (3@ +4s; + 42’1')(3Cj + 4Sj + 4Zj)
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=9¢;c; + 12 (ci(sj + z;) + ¢j(si + 2i))
+ 16(Si8j + 8izj + 852 + ZiZj)
= 901‘73‘ — 6151'73' + 901'0]' + 16(8125] + 852 + zizj)

Ifi,j ¢ 3N, then z; = 0 = 2; and (2);—;|+2i1j) = 2ij. By Lemma 4.4, ¢; ; = 2t; ;+22; j—
S(Z\ifj\ +Zi+j) = 2151‘7]‘ — Zi,j and hence Ui = 901'7]' — 6151‘73‘ + 18ti,j — 921‘73‘ = 3ui7j — 212’1'73'.
Now suppose that ¢ € 3N and j ¢ 3N (by symmetry the case where ¢ ¢ 3N and j € 3N
is equal to this). By Lemma 4.4 and Lemma 4.5, we get w;u; = 9¢; ; — 6t; ; + 18t ; +
182’1'73' — 62’1‘7]‘ = 3ui7j. Finally, if i,j S 3N, we get Uiy = 901'73' — 6151'7]' + 18151‘73‘ + 1821‘73‘ —
62’1'71' — 622‘,]‘ + 62’1'7]' = 3ui,j.

For the second and third formulas we have

UV = (361' + 4s; + 4Zi)(0j — 45]‘ — 4Zj)
e 3CZ‘C]' — 12C¢(Sj + Zj) + 4Cj(5i + Z,’) — IGSiSj — IGSiZj
- ].GSJ'Zi - 16ZZZJ

= Gti,j — 3Ci,j + 307;Cj — 16(SiZj + sjzi + ZZ‘ZJ‘)
and

vv; = (¢; —4s; — 4z;)(¢; — 4s; — 4z5)
= cicj —4(ci(s; + 2i) + ¢j(si + 21))
+16(s;8; + sizj + 852 + zizj)
= —3¢; ;—6t; j + cic; + 16(sizj + 552 + 2i25)

and the result follows from Lemma 4.4 and Lemma 4.5 as in the previous case. The last
two claims follow in a similar way. O

We may now prove the main result of this section.

Proof of Theorem 1.2. It is clear from the multiplication that ag is an idempotent and,
by Lemma 4.1, ad,, is semisimple with eigenvalues 1, g, 0, 2 and % The fusion law
follows from Lemmas 4.3, 4.7 and 3.9 and so aq is an F-axis. By Proposition 3.6, using
the action of Dy, (which is Aut(#) if char(F) # 3), a; is an F-axis, for all i € Z.
Therefore H is a primitive axial algebra with the fusion law given in Table 1.

Observe that, for every i € Z, the map 7; is precisely the Miyamoto involution as-
sociated to the axis a;. The fact that % is 2-generated and symmetric follows in a
similar way to [4, Theorem 2.1] and [3, Theorem 6], but is more involved. Since 79 maps

a1 to a—1, {(ao,a1)) = ((ao,a1,a—1)). Now ((ao,a1,a—1)) is invariant under 71, whence

{(ao, ar)) is invariant under Aut(#) = (7o, 71). However, Aut(H) acts transitively on
the a;, so a; € {(ag,a1)), for all i € Z. By H1, s; + z=; € {(ao,a1)), for all j € N,
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Table 3 .
The fusion law for H when
char(FF) = 3.
* [ 1 0 1
1|1 1
0 1,3
b4 1g 0ag

T € Zsz. As ) cp, %7 = 0 and char(F) # 3, we may take linear combinations to
F

)
get s;,27; € {(ao,a1)), for all j € N, 7 € Zs. Finally, taking linear combinations of
5, = P1,; — P2 and 215 = py; — po; = pr; + 2p3,;, We get prj,pa; € (a0, a1)) for all
j€eN. O

Remark 4.8. Finally, we consider the case where char(F) = 3; then 3 = 1 and 2 = 3.
However, the five part decomposition and the multiplication between those parts remains
true, so 7:1, with respect to the set of axes {a; | ¢ € Z}, is an axial decomposition algebra
as defined in [1]. One can show that it is also a (non-primitive) axial algebra with the
fusion law in Table 3. Unlike the Highwater algebra, the idempotents a; do not satisfy the
Jordan type fusion law, so # is not a Jordan algebra (see [21, p. 33]). Moreover, every pair
of axes a;,a; generates a 3-dimensional Jordan algebra (a;, a;, sj;—;| + 2;,ji—;|), Which is
isomorphic to the algebra S(2)° using the notation from [14] (this was called C1°°(F, by)
in [8, Theorem (1.1)]). In particular, # is not 2-generated anymore — it is not even finitely
generated.

Hence for the remainder of the paper we will assume that char(F) # 2, 3.
5. The Frobenius form and the radical

In this short section, we prove some preliminary results about ideals of 7. Recall
from the end of Section 3 that # has a Frobenius form (-, -) defined by (z,y) = M(@)A(y).
Hence we may apply some general results from [13] about ideals in axial algebras with a
Frobenius form to 7.

We can split ideals into two classes: those which do not contain any axes and those
which do. The radical is the unique largest ideal which does not contain any axes.

Lemma 5.1. The radical of")‘:[ is a codimension 1 ideal spanned by the set {a;—aj, s, pr i
i,j €2,k € N,T € Zs}.

Proof. Since (-,-) is a Frobenius form on H such that (a,a) # 0 for each axis a, by [13,
Theorem 4.9], the radical equals the radical of the Frobenius form. 0O

Ideals which contain an axis are controlled by the projection graph.
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Lemma 5.2. The projection graph for H is connected.

Proof. We have (a,b) = A(a)A(b) =1 for all axes a and b. So, by [13, Lemma 4.17], the
projection graph is undirected and connected. O

Corollary 5.3. Every proper ideal of H is contained in the radical, in particular no proper
ideal of H contains any axes.

Since every proper ideal I is contained in the radical, we have the following result
which we will use frequently.

Corollary 5.4. Let I be an ideal of H,ovel. If we write v as a linear combination of the
basis B of Definition 3.2, then the sum of the coefficients of the a;’s is 0.

We finish this section by noting two results which will be important for us. Firstly,
by [13, Corollary 3.11], ideals of an axial algebra are invariant under the Miyamoto group,
so we get the following.

Lemma 5.5. Every ideal 0f7f[ is T;-invariant, for every i € 7.

Secondly, the decomposition of the algebra into eigenspaces induces a decomposition
of an ideal I into a sum of eigenspaces.

Lemma 5.6. Let [ < A be an ideal of an F-azial algebra A and a € A be an axis. Then
I =@,crIn, where Iy = Ix(a) = I N Ax(a) for all X € F.

6. Invariance of ideals under automorphisms

As we have seen, in an axial algebra, every ideal is invariant under the action of
the Miyamoto group. For #, the Miyamoto group is an index 2 subgroup of the full
automorphism group. In this section, we show that ideals of # are in fact invariant
under the full automorphism group.

Theorem 6.1. If char(F) # 2,3, then all ideals of H are Aut(H)-invariant.

Corollary 6.2. If char(F) # 2,3, then every quotient of H is a symmetric 2-generated
azial algebra.

Proof. Let I < 7. By Corollary 5.3, no axis is contained in .J. So the quotient 7:1/ Iis
generated by the images ap = ap + I and a; = a; + I. Since I C I, 11/, induces an
automorphism of H /I which switches the two generators. O

We will prove Theorem 6.1 via a series of lemmas using the following strategy. Let T
be a proper ideal of 7. We must show that 19 C I for all o € Aut(?fl). By Lemma 5.6,
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I = @,crIx, where I := IN 7:l)\(a0). So, since an automorphism is a linear map, it
suffices to show that I,7 C I for all A € F. In fact, by Corollary 5.3, no non-trivial ideal
contains an axis, so Iy = 0 and we only need to consider A € F \ {1}.

A~

Recall that (Miy(X),71,) = Aut(H). Since ideals are invariant under the action of

A~

the Miyamoto group, it is enough to show that I, C I, for some element o € Aut(H)
such that (Miy(X), o) = Aut(#). For some values of \ the most convenient choice for &
is 71/, itself. However, for other values, it is more convenient to use 7s/, = 71,™* instead.
(This is because, for j € N, 75/, fixes z5 ; and swaps 21 ; aAnd 73+

For each A € F\ {1, 1}, we will show that for all z € 7L,

x% = F)\(x)

where F), is contained in the subalgebra of Endy (7:{,) generated by the adjoint maps and
the elements of the Miyamoto group. Since these map I, and hence I, into I, the result
follows. When \ = %, the argument is similar except that we further split T /2 into two
direct summands and treat each summand separately.

Finally, since F) is linear, it suffices to show that 7 = F)(z) holds for z in a basis of
#\. We must pay special attention to the characteristics where any of g, 0,2, % coincide.
In particular, since we already assumed char(F) # 2,3, the only possibility is in charac-

teristic 5, where % = 0, in which case the 0-eigenspace is generated by the w;’s and the
Z,’7S.

From the definitions we immediately have the following.

Lemma 6.3. For every i € N we have

1. ZiTa/Q = Z;

T3/ ~
2. w;, " = —w;.

Corollary 6.4. If char(F) # 5, I5/2A“t(7'z) clI.

Proof. Since char(F) # 5, we have 7-?,5/2 = #. and the result follows from Lem-
ma 6.3(1). O

We now compute the action of 7s/, on the u; and v; eigenvectors for ag.

Lemma 6.5. For every i € N,

L. w;™» = 6az — 3(az—; + azyi) +4s; +4z5,,
2. v;" = 2a3 — (ag_i + a3+i) —4s; — 42:5,1’!
3. C3; = %(727% + u; 7+ UiTB/‘ZTO) = —2vu; +v;7 4 v;RT0,

Proof. The first two formulas follow immediately from the definitions of u;, v; and 7s,.
For the last formula, assume first that ¢ > 3. Then |3 —i| = 3 — ¢ and we have
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c3; = —2(cs +¢;) + cim3 + Ciys
= —2¢; — 2(2ap — (a—3 + as))
+2ap — (a3—; + a;—3) +2a0 — (a—3-; + a;y3)
= —2¢; + 2a3 — (a3—; + az4i) +2a_3 — (a_3—; + a_34;)
= —2¢; +¢;"" 4+ ¢; 7.

A similar argument holds for i = 1,2, 3. Since s; and z5; are invariant under 7s/, and 7o
and ¢; = 1 (u; — 4s; — 42p,;) = v; + 4s; + 425, we get the last claim. O

We may now write identities for u;™~ and v; ™, giving us the endomorphisms F and
F.

Lemma 6.6. For every i € N we have

Low™ = u; — Sagu; + Fa_su; + szu; + z3ui,
y — T 1 1 1
2. ’UiTS/ = ﬁag’Ui — ﬁa_g’Ui + 583’()1' + ngl}i.

Proof. For the first claim, multiply u; by a3 and use Lemmas 3.9 and 6.5, to get

asu; = as (3Ci +4s; + 426,i)
= %Ci + 683 + 62’6’3 - 3(8”_3‘ + Zg,\i—3| + Si+3 + Zg)i_,’_?))
— 3(13 + %(ag_i + a3+1-) + 68i + 626,1’
= %(3(}1 +4s; + 426,1’) — %(6&3 — 3(0'3—1' =+ a3+i) +4s; + 426,1’)
+6(s3 + 5:) — 3(8i—3| + 8i+3) +6(25,3 + 25,:) — 3(25,1,—3 + #5,i+3)
= %(ul — uiT:’/Q) — 3(t371 + Zg’i).

Apply the map 7y to the above equality (noting that ¢3,7 = t3; and 23, = z3,;) and
sum this with the above equality to get

agu; + a—zu; = u; — 5(u™P ") = 6(ts; + 23,4). (1)

Similarly, multiply w; by s3 + 23 using Lemmas 3.9, 4.4, and 6.5, and we get

—~

S3 + 23 (3Ci + 4s; + 4'26,7,')

)

3 ) .
C - §(t3,z + ZS,'L)
T3/2
i

(83 + Zg)ui =

[ee]Ne)

7"3/27'0)

= —3ui + §(u; " +u ") = F (i + 2,)-

We sum this last equation with % of Equation (1) to obtain
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t3i +23; = —%Sa_aui — %(agui + a,gui). (2)

Finally, the result for u; follows by substituting this expression for ¢3; + 23, in the
expression for azu; and rearranging. The proof for v; is obtained analogously, by taking
a suitable linear combination of the expressions for azv;, (azv;)™ and szv;. O

Corollary 6.7. IgAutm) cI.
Proof. Since s = ﬁq,, the result follows from Lemma 6.6(2). O

We now consider the case where A = 0. If char(F) # 5, then IOAut(m C I follows
immediately from the Lemma 6.6(1). However if char(F) = 5, then 5/2 = 0, so the
0-eigenspace is H. ® H. and has basis given by the u;’s and the z;’s.

Lemma 6.8. If char(F) = 5, then, for all z € H, & H.,
™ =1 + 2a_3x + S3x + 23T.

Proof. If x € 7:Lu, the result follows immediately by Lemma 6.6 (note that % =2in
characteristic 5). Whereas for #., we have a_zz; = (agz;)™=** = 0, so, by Lemma 4.5
and Lemma 6.3, z; + 2a_32; + s32; + 232, = 2,72 +04+04+0=2;7~. O

Corollary 6.9. IOA“(?:[) clI.

Proof. If char(F) # 5, then Iy = I NH, and the result follows by Lemma 6.6(1). If
char(F) = 5, the result follows by Lemma 6.8. O

It now remains to consider the case where A\ = % Here, the %—eigenspace ﬁw has
a basis given by two different types of vectors, w; = a—; — a;, for i € N, and w; =
p1j + P3; = —Pg,, where j € 3N. We first compute w;™/ (here in fact it is more
convenient to use 11 /23 rather than 7s /2).

Lemma 6.10. For every i € N we have
) 4 4 4 1 4 1 -
w;""* = zap(aiw;) — 3510 — 3w; — 2(a1w; — zw;) + 3(a1w; — zw;) T

Proof. We begin by calculating

Now, noting that 71/, acts on indices of the a;’s by j + 1—j and 71,79 acts by translation
by —1, we have w;,”* = a;41 — a—;41 and w;"™ = a_;_1 — a;—1. So the above is
Sjw; = —%wi + %(wﬂ/”o — ’wiT‘/?).
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Also by calculation ayw; = %wz + Sit1 = S)i—1] T 2141 — AT jim1] = %wi +8i+1—Si—1+
21,i+1 — #1i—1, a8 ¢ > 1. Multiplying by ao, we get

1
ao(a1w;) = zaow; + ao(si41 — si—1 + 2741 — ZT,i—l)
1 3 3
= qwi+ gla—i—1 +aip1 —a—it1 —a;—1) + 5(siy1 — 8i-1)
_ — 3, - _ 3, o
= 2541 T 20i—1 T 54T ,041 T 2341 T 5Ta—1 T 341
_ 1 3 Ty T T 3
= qw; + 5 (W™ +w; ™) + 5 (si41 — Si-1)
3
+ 5021401 — 27,i-1) — (35,41 — 20.-1 — #2041 T #3,i-1)
1
Note that s;4+1 —s,-1 +Z§,i+1 —Z5i-1 = (Si+1 —Si_1 +ZT,i+1 — ZT’ifl)Tz = (alwi — §wi)72
. 1
and similarly, s;41 —8;-1 + 25,41 — 23,1 = (G1w; — 3w;)™™, so that 25,1 — 25,1 —
Zip1 + 231 = (a1w; — 3w;)™ — (a1w; — 3w;)™™. We can now combine these two

expressions with those for syw; and ag(ajw;) to get the result. O
When char(F) = 5, the formula in Lemma 6.10 holds also for the w;’s:

Lemma 6.11. Suppose that char(F) = 5. Then, for every i € N, we have

~T1/2 4 ~ 4o 7 4~ ~ 1.~ 4 ~ 1~ \To—TaT
w; " = Fag(a1W;) — 351W; — 3W; — 2(a1W; — 3W;) + 3(a1W; — W)
Proof. Since w; = —pg;, by H3, we have
~ - 3, _ 5. _ - ~T1/y
a1W; = —a1Pg; = —5P5, T P3; = —35P5; — Pis = —Pis = —W;

and hence
ao(aﬂfh‘) —_ _aowz‘h _ _(a’lwi)T]/Z — _(_11‘);’—‘/2)7'1/2 =W

By H5, we get s1w; = —s1pg,; = —%pa,i + %(O) = %ﬁzi.
Now observe that 75 and 71, have the same action on S; := (s;,p7;,p3 ;). Hence mo7y

. . . ~Ti/y
and 715,71 = ToT1/, also have the same action on S;. In particular, noting that w; " =pr,
~T1 __ T1 T ~T1/2
and so w;' = —pgl. = pg; = w; —w; ”*, we have

(a1t — @)™ = (= " = )" = (= = )T
= Y (-~ )
= —; — 30" — (=W + ;" + Fw; ")
= —2w, "

Thus, the right hand side of the required expression is

%ao(al’d}i) - %8111)1‘ — %’l])l — 2(a1u~)i — %ﬁ]z) + %(G,lﬁ)i — %wi)m—‘rzﬁ
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T

1 o
[ 2

;) — S,

Corollary 6.12. If char(F) = 5, then I Aut? clI.
Proof. The result follows from Lemma 6.10 and Lemma 6.11. O

‘When the characteristic is not 5, we will show that we can in fact further decompose
I% as Ié =1, ® I, where I, :=IN{(w; : i € N) and I := I N{(w; : j € 3N). Recall
that, for k € Z, 0, = (7'071/2)k and 6, maps a; to a;qy for all ¢ € Z, fixes s; and maps
pr,j t0 pryg ;. forall j € N and 7 € Z3. In particular, o, = 010 € Miy(X).

Lemma 6.13. For every i € N, j € 3N, k € N\ 3N we have

1 Wy + W + Wit = 0;
2. ifi ¢ 3N, s;w0; = ij,
3. ssz——%wl—i—( w; —l—wf”‘).

Proof. This is immediate from the definitions. O
Lemma 6.14. If char(F) # 5, then I, = I, ® I.

Proof. Let € I; and write z = w + @, where w € (w; : ¢ € N) and @ € (w; : j € 3N).
We must show that w,w € I. By Lemma 6.13, we have

202 g g2 s g g0oa 02 o 0a g 0a o0
+ % + 2 + @ 4w

= 2w+ (sg+ s4)w — 20
= 3w+ (s2+s4)(w+ @) —

3
2
= (s2+ sa)(w + @) + Jw — ]

w

Since I is invariant under the Miyamoto group and 6o € Miy(X), for k € Z, we have
2% 4202 4 2% 4 294 — (sy+54)x = 3w— L € I. Hence, 5w = 2w— L+ L(w+w) € 1.
Therefore, since the characteristic is not 5, w and hence w are both in I. O

Corollary 6.15. If char(F) # 5, then I’"H C T.
2

Proof. By Lemma 6.14, we may decompose I% as I, ® I;. By Lemmas 6.10 and 6.3(2),
T2 and A are hoth in I. O

Proof of Theorem 6.1. The result follows from Corollaries 6.4, 6.7, 6.9, 6.12, and
6.15. O
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7. Ideals in J

In this section, we characterise ideals contained in J. Recall from Lemma 3.4 that
J = <pij,p§7j : j € N). Every element = € J can be written in a unique way as

3k
T = E 5?,3’1’?,3’
=1

J=L
T7e{1,2}

with 7, € F and B3, # 0 for some 7 € {I,2}. We define the p-level of = to be
lp(x) == 3k and Bt 3,p7 31 + Bz3kP3,3; to be the tail of x. Furthermore, for z € J of
p-level 3k we define the J-degree of x as

deg;(x) :== 3k + Z I
re{1,2}
Bz 3670

so deg ;(p1,3,) = 3k + /4, deg ;(p3 3,) = 3k +1/2, and deg; (p1 51 + P3,31) = 3k + 3/4. In
particular, [, (z) = |deg;(x)], for x € J.
Note that the J-degree induces a total order on the set {pr; : j € 3N,T € {1,2}}.

Theorem 7.1. There is a bijection between the set of tuples (B3, ..., Bsr) € F¥, fork € N,
up to scalar multiples, and the ideals I C J, given by

k
(B3y.. ., Bsk) — (), where x := 2533’1)13]‘

Jj=1

and the inverse is given by taking the tuple of coefficients of an element of minimal
J-degree. In particular, all ideals I C J are principal.

This theorem will follow from the next theorem.
Theorem 7.2. Let x := Z?Zl B3jpi,3;- Then I = (x) has basis given by
x, 2™, 81, ($;2)™
for all i € 3N.

Note that, after scaling, = has tail py 55, 2™ has tail p5 3, s;z has tail py 3., and
(six)™ has tail p3 354, for i € 3N. So we have an immediate corollary.

Corollary 7.3. Let I be a non-zero ideal of H contained in J and let z be a non-zero
element of minimal J-degree in I. Then I has codimension 2(k —1) in J, where l,(z) =
3k.
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Proof. By Theorem 7.1, I is generated by z, which we may assume has tail pg ), and
now by Theorem 7.2, the image of {pg 3,33, : 1 <h <k —1} is a basis for J/I. O

We now prove the above two theorems via a series of lemmas, beginning with Theo-
rem 7.2.

It is clear from the definition of the J-degree that in every ideal I C J, there is a
unique element x, up to scaling, of minimal J-degree.

Lemma 7.4. Let x be an element of minimal J-degree in I C J. Then, x = 2323 Bipt,;
for some B; € F.

Proof. We may write z = Zj'ilie (1.2} B jpr,;, for some B ; € F. First, we claim

that, for the tail, 333, = 0. For a contradiction suppose not. If 13, = 0, then 2™
has tail —f3 55,1 35 and so has lower J-degree than z, a contradiction. So suppose that
P13, and P55 are both non-zero. Then ™ has tail —f1 3,07 31 + B33k (1013,C +p§73,€) =

(Bz.3k — b1 31)PT 31 + B3 31P5, 31 and s0 ﬁi;k(x—&—x“) has tail py 3, +2p3 3. Hence 5571;6(%‘1'
™) + 25{§k(x + 2™ )™> has tail —3pg 3, a contradiction as above. So 3 3, = 0.

Now suppose there exists j € 3N such that 83 ; # 0. Then, 2™ has tail —f ;p1 .
and, similarly to above, its level j part is (83 ; — 87 ;)p1,; + B35, S0 0 #F x + 2™ € 1
has J-degree strictly less than x, a contradiction. O

Before proving the theorem, we need the following lemma.

Lemma 7.5. For alli,j, k € 3N, @,b € Z3, we have

sk(8jPa,i) = (SkSj)Pa,i
Po.i(8iPai) = (PpiSi)Pai
Proof. We prove the seco_nd of these. The first follows from an analogous, but easier
argument. Let ¢ = —(a + b). By H5, we have
%pg,k(sg‘p&,i) =8Py 1 12(pa,i + Pa,;) — (Paji—j| + Pa,i+i)]
=2 [sz,kpa,z' + 2(2,6 + 22,5) — (%2,|j—k) + Zaj+k)]
— [2(zek + 22 i) — (Z2.|limj|—k| + 22 fimj|+k)
+2(zek + 2e,its) — (%o fiti—k| T Zoitith)]
=2 [Spg,kpa,i +2(2,5 + #e,i) — (%e,i—j) + ZE,i-&-j)}
— [2(ze,j—k| + 22:0) + 2(22j 4k + Ze)
— (2 |lijl -kl + Zaji—jl+k + Zoliti—k T+ Zitith)]

= 8(2(pg 4 + P5;))Pai — [2(2e -k + 22) + 2(2ej+k + 2ei)
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—(2e |lijl—k| F Zafivjl+k + Za|iti—k| T Zeitith)]

If the sum in the square brackets is equal to 8(pg7|j_k‘ + p;j,j+k)Pa,i, then the above is

equal to 8 (2(p57k + Pp,j) = Pb,jj—k| +pg7j+k) Pa,i and hence the result follows. This is
equivalent to the two sets A = {||i — j| — k|,|¢ — j| + &k, |t +j — k|,i + j + k} and
B :={||j—k|—il|,|j —k|+1,|j +k—i],j+k+i} being equal. Since s;pg,; is symmetric in
7 and 7, without loss of generality we may assume that ¢ —j > 0. The result now follows
after a case analysis on the parity of j — k. O

Proof of Theorem 7.2. Let B = {x, 2™, s3;x, (s3;x)™ : ¢ € N}. First, note that by H5,
s3;x has J-degree 3(i + k) + /4 and so (s3;z)™ has J-degree 3(i + k) + 1/2. So it is clear
that B is a linearly independent set. Moreover, since by Theorem 6.1 ideals of H are
invariant under Aut(#{), it is clear that B C (z).

So to show that B C (z), it suffices to show that (B) is closed under multiplication
by H and so is an ideal. Since (B) is clearly invariant under the action of Aut(#), it is
enough to show that a;x, sy, prre, a;(ss3;x), sk(s3:x) and pr p(ssiz) are in (B), for all
JEZ,i,ke N, Te{1,2}. By H2, for [ € 3N, we have

a;pi; = %pil —P_T15,= %PT,Z +P;l
and hence a;z = 3z + 2™ € (B). Similarly, a;(s3z) = 3(s32) + (s32)7 € (B). For
sk, note that if k& ¢ 3N, then by Hb5, sz = %m € (B). Again similarly, sp(s3;z) =
3(sziw) € (B). If k € 3N, then by definition, syz € (B). By Lemma 7.5, s3j(s3:2) =

(s3ks3i)z € (B), for all k € N. Now we consider pr . For | € 3N, note that z_ 1), =
Pori—Dlri = _p;(;*"')/Q_T(z"")/z. Now, by H6, for k,l € 3N, we have

PriDT, = i(zf(thT),k + 2 (1)) — %(27(F+T),|k7l\ + 2 4 T) o)

_%(Skﬁ l)T(177‘)/2_7—(277‘)/2

Hence, prrr = —%(skx)"ﬂff)/?_"(?*f)/? € (B). Finally, by Lemma 7.5, prp(ss;x) =
(prkS3:)z, for all k € 3N, which is in (B) by H5 and the above results. Therefore, (B)
is closed under multiplication by H and hence B is a basis for the ideal (z). O

We can now complete the proof of the remaining theorem.

Proof of Theorem 7.1. Let I C J. Then I contains an element x of minimal J-degree
which is unique up to scaling. It is clear that (z) C I, so we must show that I = ().
Suppose for a contradiction 0 # y € I\ (z). By Lemma 7.4, z = Z?:l B3pi,3;, for
some f3; € F, and we may scale so that 83, = 1. Since x has minimal J-degree
in I, y has J-degree strictly greater than x. Now, by Theorem 7.2, (z) has a basis
B := {z,2™,s3;x,(s3,2)™ : i € N}. Note that the tails of the elements in B are
PT,3k> P23k PT,3(k+4) P2,3(k+i)» Tespectively. So by taking a suitable linear combination
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b of elements of B, we obtain an element z :=y — b € I with J-degree strictly less than
that of x. Since y ¢ (), z # 0, which is a contradiction. Hence I = (z) as claimed. O

We close this section with an observation which will be used in Section 8.

Lemma 7.6. Let I be a non-zero ideal 0f7:l contained in J and let x be a non-zero element
of minimal J-degree in I. Then I = (z') for every element &’ of I with the same p-level
as x.

Proof. Suppose that x has tail S 3,p7 35 and let 2’ be an element of I of p-level 3k.
By arguing as in the proof of Lemma 7.4, we see that (2’) contains an element =" with
tail 1 3,01 3x- Then 2 — 2" has p-level at most 3(k — 1) and the minimality of = implies
x=a", whence I = (z) = (z") C (2')CI. O

8. Ideals are principal

Our goal for this section is to prove the following.
Theorem 8.1. Every ideal in H is principal.

We already showed in the previous section that ideals that are contained in J are
principal. So for the remainder of this section, let I be an ideal of # which is not
contained in J.

We will choose a nice candidate y for a generator of the ideal I and then use a sort
of Euclidean division algorithm to show that every other element x € I is in fact in (y).

We begin by defining a partial order on #, which we will use to define our candidate
y. Every element x € H can be written in a unique way as

T=2Tq+ Ts+ Ty

where z, € (a; | i € Z), x5 € (s; | 1 € N), and zp, € (pr; | i € 3N,T € {1,2}). We call z,
the a-part of x, x, the s-part of x, and x, the p-part of z. Finally, we call z, + x, the
a’-part of x. We define the a-length, or just length, of x to be l,(x) = m — [ 4+ 1, where
Tq =y v, a; and a; # 0 # oy, Similarly, if

k l
=Y B wpi= Y Bramn @
j=1

j=1,7=12
we define the s-level of = to be l5(z) := max{j € N : §; # 0} and we have already
defined the p-level of z to be l,(z) := max{j € N : 8z, # 0, for some 7 = 1,2}. If
n = max{ls(x),l,(z)}, then we call
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ﬂnsn + BT,in,n + Bﬁ,npi,n

the tail of x.
We can now define a partial order on # by setting

r<y = (la(@),ls(2), () < (a(y), L), p(y))
with respect to the lexicographic order on Z x Z x Z. The following lemma is immediate.
Lemma 8.2. [,, 5, I, and so < are invariant under the action of Aut(H).

A minimal element of I is a non-zero element of I minimal with respect to the order
<. An element is called a-minimal if its a-part is non-trivial and it is minimal (with
respect to <) with this property. An element is called as-minimal if its a-part and s-
part are both non-trivial and it is minimal with this property. An element is called pure
a-minimal if it has non-trivial a-part, trivial a’-part and it is minimal with this property.
Note that, by the above Lemma 8.2, being minimal, or (pure) a-minimal, or as-minimal
is Aut(";':l)—invariant.

We will now see that I contains elements with non-trivial a-part and so, in particular,
a-minimal elements of I exist.

Lemma 8.3. Every ideal T of”;':[, not contained in J contains an element with non-zero
a-part and trivial a'-part.

Proof. Let us show first that I contains an element with non-trivial a-part. Let = € I\ J.
If z has non-trivial a-part, we are done. Otherwise © = x5 + x,, where 5, # 0 as z ¢ J.
So, x + x% + 292 = 32, € I. Now, by H2, we see that y := apx, € I has non-trivial
a-part. Since 63 fixes the s-part and the p-part of y and maps a; to a;43, for all i € Z,
y — y% € I has non-trivial a-part and trivial s-part and p-part. O

We now want to see that as-minimal elements exist. To do this we prove the Folding
Lemma which will also be useful in later sections. Here and from now on we adopt the
following useful notation.

Notation: Where we have a sum of elements z, = Y .-, a;a;, for example, we may
ease notation and write x, = Ziez a;a; instead by adopting the convention that «; := 0
for ¢ < I and 7 > m. We also do this for sums of s;, or pr ;. Note however that any sum
is still always finite.

Lemma 8.4 (Folding Lemma,). Let x =), 5 cvia;. For k € Z, we have

apx — %JJ = Zai(sﬁ—k\ + ZE7|i—k|) = Z(ak,i + ak+i)(8i + ZE,i)
i€Z €N

and so
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(apx — %x)1+91+92 =3 Z(akfi + Qyi)Si
€N

(apz — %x)eﬂ_gl =3 Z(akﬂ‘ + akﬂ-)pm
€N

Proof. By Lemma 5.4, 7., o; = 0 and so, by HI1, we get

1
art — 31 =" i(s)i—k + 2% k)

€L

= Z @i(Sk—i + 2 i) + Z o (si—k + ZE,i—k)
i<k i>k

=Y s+ 2 ) + ) anrylsy + 7)
JEN JEN

= Z(ak_j + Oék+j)(8j + ZE,j)'
JEN

Recall that s; is fixed by the action of Aut(#{). Now, since z 1+ 402 = 2o 4 2 1+
Zr43,; = 0 and 20170 = Zp_1,j — #r41,; = 9Pr,j, the results follow. O

So by Lemmas 8.3 and 8.4, there exist elements x € I with non-trivial a- and s-parts
and hence I contains as-minimal elements. Also by the above two lemmas, note that
InJ#0.

Lemma 8.5. Let y be an as-minimal element of I. If x € I has non-zero a-part, then

la() > 1a(y).-

Proof. Suppose that y is an as-minimal element and I, (x) < l,(y). By the as-minimality
of y, x5 =0. Let y = >, aa; + ys + yp. Since [ is Aut(H)-invariant, we may assume
that © = 31" Bia; + zp. Then y — %x(%r" has non-trivial a-part with length strictly
less that [,(y) and non-trivial s-part (equal to ys), a contradiction. O

So every as-minimal element is a-minimal. In fact, the coefficients of the a-part of
an a-minimal element satisfy precise conditions. The following is an adaptation of [23,
Lemma 2.2].

Lemma 8.6. Let y € I be a-minimal (pure a-minimal), where l,(y) = D + 1.

1. If x € I is another a-minimal (pure a-minimal) element, then up to scaling and the
action of Aut(”;‘:[), T4 and y, are equal.

2. Suppose yq = Zio ayai. Then there exists e = +1 such that, for alli € {0,...,D},
Q; = EQD—_j.
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Proof. We prove the case where y is an a-minimal element; the pure a-minimal case
follows similarly. To prove the first claim, by scaling and using the action of Aut(#), we
may assume that y, := ZZD:O oa; and x, = Zi’io Bia;, where ap = Bp. Now x — y has
length strictly less than D 4 1. So by minimality, x, — y, = 0 and the result follows.
Let k := ZFL; then 7 is the reflection in Aut(H) that maps ag to ap. So y™ =
Zi’;o ap_a; + y.r is also an element of I with length D 4 1 and thus, by the first part
of the lemma, its a-part is a multiple of x,. So there exists ¢ € F such that a; = cap_;

foralli=0,...,D. Hence o9 = cap = &2

ap and € = 1 as required. O

For an a-minimal (resp. pure a-minimal) y, with y, = >/, a;a;, define 0 = o(y) :=
T(m — 1)/;- We can reword Lemma 8.6 as saying that there exists ¢ = 41 such that y7 = ey,.
In this case, we say that y is of e-type. Since every a-minimal y is of e-type for the same
value of e, we make the following definition.

Definition 8.7. We say [ is of e-type if y is of e-type, for any a-minimal element y € I.

Let y be as-minimal in I; we now consider the p-part of y. By Lemma 8.4, INJ # 0
and by Theorem 7.1, I N J is principal. Hence I N J = (e) where e = e, has p-level 3h,
for some h € N. Note that, by Theorem 7.2, for all z € I'NJ, l,(z) > 3h.

Lemma 8.8. Let y € I be as-minimal. Then l,(y) < 3h.

Proof. By Theorem 7.2, for every j € 3N such that j > 3h, there exist elements in
(e) = INJ with tail pr ;, for all r € {1, 2}. It follows that {,(y) < 3h by as-minimality. O

Corollary 8.9. Let y € I be an a-minimal e-type element. Then y, = ey,. Furthermore,
ife =—1, then ys € 1.

Proof. By Lemma 8.6, yJ = ey,. Define z := y — ey?. Since y? = ys, 2 = ys — €ys +
yp —eyy € . If e =1, then z =y, —y7 € INJ. By Lemma 8.8, [,(2) <1, ( )<3h So
z =0 and hence y; = y,. If e = —1, then z = 2y; +y;, +y, . Since pz 3; —|—p7 s +p7 3 =
Po,3; P13 T P33 =0, for every j € N and 7 € {1,2}, we have 6y, = z—l—zel +2%2 €I
Hence ys € I and y, +y; € I N J. A similar argument as above on the p-level gives
Yp = —Yp as required. O

By Lemmas 7.6 and 8.2, I N J is generated by e9 for any g € Aut(’]:l). In particular,
given an as-minimal element y and setting o = o(y), we can always choose e € TN J so
that e # ce.

Definition 8.10. An element 4 € [ is good, if y = y + e, where y € I is as-minimal and
(e) = I N J such that e”®) # ce.
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Note that ¥, = ya, s = ys and, as g is still a-minimal, o(y) = o(y). Moreover,
every ideal I not contained in J contains a good element since it contains an as-minimal
element. We will show that y generates I. We begin with the following.

Lemma 8.11. Let y = y + e € I be good, with y as-minimal and (e¢) = I N J such that
e®W) £ ee. Then e,y € (¥).

Proof. Let I be of e-type. Define z := y — ey’ € (y). By Corollary 8.9, y, = €y, so
z=ys—eys+e—cee’. Il e =1, then 2 = e — e € (y) N J, which is non-zero by choice,
and so z generates I N J by Lemma 7.6. Hence e € (y) and so y =y — e € (y) also. If
e = —1, then z = 2y, + e 4+ ¢? € (y). By Corollary 8.9, ys = ys € (y) and hence by a
similar argument to before we get e,y € (y). O

We now explore those elements of ideals which have non-trivial s-part.

Lemma 8.12. Let = € H with x5 # 0 and I,(x) = k. Then, for each j € N such that
Jj >k, (z) contains an element x' such that ls(x') = j. Moreover, if x has trivial a-part,
then =’ does too.

Proof. Decompose © = z, + x5 + x, and define 2/ = s;_pz. If (z) = 7:[, then the
claim follows immediately. So assume that (z) # #: now by Corollary 5.4, the sum of
the coeflicients of x, is zero. Hence by H2, s;_jx, has no s-part and as J is an ideal
Sj_k%p has no s-part. Then it is clear by H3 that s;_px, has s-level j. Note that, as
(si,prj 1 € N,j € 3N,r € {1,2}) is a subalgebra of A, if z has trivial a-part, then z’
does too. O

We can now prove a first version of our Euclidean algorithm with respect to the s-level.

Proposition 8.13. Let y € H such that ys # 0. Then, for every x € 7:1, there exist q € (y)
and r € H such that © = q+r and l,(r) < ly(y).

Proof. We proceed by induction on Ils(x). If I4(z) < ls(y) # 0, the claim is true with
g = 0 and r = z. So suppose ls(x) > l5(y). By Lemma 8.12, there exists y’ € (y) such

that I(y.) = ls(z). So there exists A € F such that I;(x — A\y’) < ls(z). Hence, by the
inductive hypothesis, there exist ¢ € (y) and r € H with I,(r) < l4(y) such that

=M =q+7.
Now we see that z = (¢ + \y’) +r and ¢ + Ay’ € (y) as required. O

With the above, we can now show another version of a Euclidean algorithm with
respect to the a-length and the s-level.
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Proposition 8.14. Let y be an element with non-trivial a-part and non-trivial s-part.
Then, for every x € H, there exist ¢ € (y) and r € H such that x = g+ 1, lo(r) < lo(y),
and 15(r) < Is(y).

Proof. Suppose first that I;(z) < l5(y). We proceed by induction on l,(z). If l4(z) <
lo(y), then the result is trivially true with ¢ = 0 and r» = z. So for the inductive step,
assume that [, (z) > l,(y) and that the result is true for a-length strictly less that I, (z).
Suppose that y, = > i, a;a; and z, = Y ., Bia;, where ay,ap, Bk, Bn # 0. Since
a%r=" = a,, there exists A\ € F, so that lo(z — Ay) < lu(z). Hence, by the inductive
hypothesis, there exist ¢ € (y) and r € H such that

r—Xy=q +r

and 1, (1) < lu(y), ls(r) < s(y). Therefore the claim holds with ¢ = ¢’ + Ay and r = 7.

Finally, suppose that l4(x) > Is(y). By Proposition 8.13, there exist ¢’ € (y) and
' € H such that = ¢ +1' and I,(r') < I5(y). Now, by the first part of the proof, there
exist ¢ € (y) and r € H such that ' = ¢+ and the result holds with ¢ = ¢’ 4+ ¢ and
r=r. O

The following proposition now completes the proof of Theorem 8.1.

Proposition 8.15. Any good element of a non-trivial proper ideal I not contained in J
generates I.

Proof. Suppose g is a good element in I, where y is an as-minimal element and (e) =
INnJ,and let z € I. By Lemma 8.11, e,y € (7).

By Proposition 8.14, there exists ¢ € (y) and r € # such that z = q+r, where l,(r) <
lo(y) and I5(r) < ls(y). Then r = x —q € I. As y is as-minimal, by Lemma 8.5, [,(r) = 0
and so r has trivial a-part. If I5(r) # 0, then by Lemma 8.12, there exists v/ € (r) C I
such that Is(2’) = I5(y). Moreover, as r has trivial a-part, so does /. Then some linear
combination of y and r’ has minimal a-length, but s-level strictly less than that of y,
contradicting the as-minimality of y. So I5(r) = 0 and hence r € IN.J = (e) C (y). Since
r € (y), we have z = ¢+ r € (y) C (§) as required. O

Corollary 8.16. Let I be an ideal of’}:l. Then I has finite codimension if and only if it is
not contained in J.

Proof. Since J has infinite codimension, it is clear that every ideal contained in it also
has infinite codimension. For the converse, let I be a proper ideal of # not contained
in J. By Proposition 8.15, I is generated by a good element y = y + e, where y is an
as-minimal element and (e¢) = I N J. Let x € #. By Lemma 8.14, 2 = q + r, where
q €I, 1.(r) <lu(y), and l4(r) < ls(y). By Theorem 7.2, there exists v/ € I N .J such
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that I,(r — ') < l,(e). Setting 2’ = r — 1/, we see that 2 + I = 2/ + I and the result
follows. O

9. Ideals not contained in J

In Section 7, we got a complete characterization of ideals contained in J. To get a
similar characterization for ideals not contained in J is much more difficult, since the
picture is more complicated. Hence, in this section we classify ideals not contained in J
satisfying a certain minimality condition and also give an explicit basis for such ideals.

Let I be an ideal of H. We define the awzial codimension of I as the (possibly infinite)
dimension of the subspace of 7:1/ I generated by the images of the a;’s (note that this is
precisely the azial dimension of /I defined in [23, Section 2.2]).

If I is not contained in J, then, by Theorem 8.16, I has finite codimension and so it
has finite axial codimension. Conversely, since J has infinite axial codimension, if I is
contained in J, then I has also infinite axial codimension. Hence an ideal has finite axial
codimension if and only if it is not contained in J.

Lemma 9.1. Let I be an ideal 0f7:l and assume I contains an element x := Zio ;.
Then I has axial codimension at most D.

Proof. Since I is Aut(#)-invariant, Zz‘io aja;4; € I for all j € Z. So, for all k € Z,
there exists an element aj — ZiD:1 Bia; € I for some (3; € F. Hence, the images of the
axes in H /I span a subspace of dimension at most D. O

Corollary 9.2. Let I be an ideal of axial codimension D, then I contains a pure a-minimal
element © = Zio a;a; with ag # 0 # ap.

Proof. By assumption, the images of ag,...,ap in ’}:[/I are linearly dependent, i.e. T
contains a non zero element z = ZiD:O a;a;. If either g, or ap were zero, then x would
have a-length strictly less than D and so, by Lemma 9.1, I would have axial codimension
strictly less than D, a contradiction. O

Definition 9.3. Let I be an ideal of finite axial codimension D in H and let =
Zio aza; € I, where ag # 0 # ap, be pure a-minimal. Then we say I has pattern

(ag,...,ap).

Such a pure a-minimal element z in I is of e-type, for some ¢ = £1 (cf. Lemma 8.6).
It also satisfies ZiD:O a; =0.

Definition 9.4. A tuple (ay,...,ap) € FP*! is said to be of ideal type if oy # 0 # ap,
Zio a; =0 and (ap,...,ap) is of e-type, for e = £1.



C. Franchi et al. / Journal of Algebra 640 (2024) 432—476 465

Since any ideal I with pattern (ayg,...,ap) contains x := Zi’;o «;a;, it must contain
the ideal (z) generated by z. In other words, (x) is the unique minimal ideal with pattern
(a,.-.,ap). Hence we have the following theorem.

Theorem 9.5. For every D € N, there is a bijection between the set of ideal-type (D +
1)-tuples (ag,...,ap) € FPHL wup to scalars, and the set of minimal ideals of awial
codimension D of”;':l given by

D
(040, ey Oép) — (Z aiai> .
=0

If I’ is a (non-minimal) ideal of pattern («p, ..., ap), it contains some minimal ideal T
with the same pattern. In particular, I’ corresponds to an ideal of the finite-dimensional
algebra /1.

We now give an explicit basis for a minimal ideal with pattern («p,...,ap), but first
we introduce some notation. If « := («p,...,ap) is an ideal-type tuple, for 7 € Z3, we
define

QF 1= E Q; = E (673
=7

i€Z, 1=7
Since ) ;.7 ; = 0, we have ag + a5 + az = 0.

Theorem 9.6. Let I be a minimal ideal of H with pattern (agy...,ap) and z =

Z?:o ;A5

1. If ag = a3 =0, then I is spanned by

zp = 2l = Zai@i+k forkeZ
1€EZ
Yg = Z(ak_i + Qgyi) S fork < | 2|
ieN
pr(™) ==Y (ok—i + Qhyi)pri fork < |2|,re{1,2}
1eN

2. Otherwise, J C I and so I is spanned by the above xy and yy and all py ;,p3 ;, for
j € 3N.

The set of the elements listed above which are different from zero constitute a basis.

Note that if I is an ideal with pattern («o, ..., ap) where ag = a5 = 0, then we could
still have that J C I. We have the following immediate corollary.
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Corollary 9.7. Let I be a minimal ideal of axial codimension D. Then ?:l/I has dimension
at most D + L%J +2 L%J.

Proof. Let k = L%J By Theorem 9.6, 7—2/[ is spanned by the images of ai,...,ap,
S1y.evySkyDr3y -y Drk, for T=1,2. O

We prove Theorem 9.6 via a series of lemmas. We will first show that all the above
elements are indeed contained in the ideal generated by z, then we will show that the
subspace spanned by them is an ideal.

Firstly, since I is Aut(”)':l)—invariant, it is immediate that z; = 2% is in I, for k € Z.
Secondly, by Lemma 8.4, I contains y, px(1) and pg(2) for all k € Z. It remains to see
when J C 1.

Lemma 9.8. For all j € N, we have
siz+3x—3(a_j+a;) = —3azpy ; + 3agps ;-

Proof. By H2 and as ), ., a; = 0, we get
sjr=—3x+ 2 Zai(ai—j + aiv;) — Z Q27,5
i€Z i€Z
=32+ 3(z_;+ux;) - Z Q727 5.

1€Zs

Now, by the definition of z;; and since ag + oy + ag = 0, we get >
3a5p1j — 3an§7j. O

€2y R =

Corollary 9.9. If either a1, or ag is non-zero, then J C I.

Proof. By Lemma 9.8, as char(F) # 3, agpy ; — agps ; is a non-zero element of I for all
j € 3N. Then, Lemma 7.6 implies J C I. O

So all the elements listed in Theorem 9.6 are contained in I. We now show that these
elements span a subspace Y which is closed under multiplication by # and hence I is
indeed equal to Y.

Proof of Theorem 9.6. First note that the subspace Y is closed under the action of
Aut(#) since its generating set is. Secondly, as o = eap_; for all i € Z, we have
Yk = eyp— and p(T) = epp—i(T), and hence these are in Y for all k € Z.

We begin by considering the products with the elements xj. Since a;z), = a;x% =
(ai_pw)%, sz = (s;x)%, and py jz) = (pﬁgvjx)ek by the Aut(#)-invariance of ¥ we
just need to consider the products with z. By Lemma 8.4, ajz = 3z 4+ y; + p;(J) € Y

for all j € Z. By Lemma 9.8 and Corollary 9.9, s;z € Y for all j € N. For pr ;, by H3,
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PrjT = = icz D (147).j = — D ez, QP (itr),; Which is zero if ag = ag = az = 0.
Hence, in all cases, prjz € Y.
We now consider the products with y; = ZieN(ak,i + agyi)s;. For products a;yy,

again using the Aut(#)-invariance of Y, it suffices to just consider agyy. By H2, we have
aoyk = =3 > _(h—i + aryi)ao + § Z(Oékfi + apri)(a—i + ai)
1eN €N

+ 3y — D (ks + ki) 20,
ieN

As Y g =0, we have Y, (ar—i + apyi) = Zj;ék a; = —ayg. So, for the a-part of

the above, we have

2aa0 + Z(akﬂ' + apti)(a—i + a;)
€N

= 2a,a0 + Z Qptia; +a—;) + Z Qpti(a—; + a;)
1<0 >0

= Z aptila—; + a;)

€L

= Z aj(ak,j + a,kJrj).

JEL
Noting that x_;™ = ), ., a;ag_;, we obtain
aoye = 2@k + 2_k) + Syr — (pe(1) — pr(2))

which is in Y. For the products s;yx, we have

8 _ 8
Ssiuk =555 O (ki + 0ppi)si

€N
= Z(ak—i + ak1i) (285 + 28 — S|j_i| — Sj+i)
1€EN
= 20085 + 20k — > _(Qhi + ki) S|j—i| — D (Qki + Qkyi) g
€N 1EN
where we again use that ), y(ar—i + arqi) = —ag. Now we rewrite the last two sums

by taking [ to be |j —i| and j +1

j—1
Ssiyr = —20us; + 2y — Z(ak—j+l + Qe j—1)S1
=1

- Z(ak—j—l + Q1)1 — Z(ak+,j—l + ak—j11)s1
leN >3
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=2y — Z(O&k—jfl + Qh—jpt + Qpgji + Qptjt) s
leN

=2k — Yk—j — Yk+j

which is in Y. Replacing s; by pr ;, the same argument proves that pr ;y, € Y for all
jeN,re{l,2}.

We are left with the products with px(7) = >, n(Qk—i + ar44)pri. For the products
a;px(7), as above, by the Aut(H)-invariance of Y, it suffices to consider agpy (7). By H3,
aopi(T) = 3pk(F) — 4pe(—( + 7)) € Y. Since by H5, s;pr; = s;prj, it follows that
$;pe(T) = prry; € Y. Finally, setting s = —(7 + ¢), an analogous argument to that for
s;yr and pr ;i shows that

Finally, as Is(yx) = D — k = l,(px(7)), it is clear that the set of the elements given in
the theorem which are non zero constitutes a basis. O

10. Two families of quotients
In this section, we detail two families of ideals and their quotients in A.
Firstly, suppose that H /I is a quotient with finitely many axes. If H/I has n axes,

then ag—a,, € I. In particular, I, := (ag—a,) is the minimal ideal such that the quotient
has n axes.

Corollary 10.1.

1. If 3tn, then J C I, and I,, has a basis given by

Qi — Qign forieZ
8j — Sj+n, Sjn forjeN
8§ — Sn—j for1 <j< {%]

and a basis for J.
2. If 3| n, then I,, has basis given by the above elements and

DF,3; — PF.3j+n, Prjn forjeN,r=1,2
Pr.3j = Prin-3; Jor1<j<[2],r=1,2

Proof. The ideal I, has pattern (ag,...,a,) = (1,0,...,0,=1). So ag = ag = 0 if
and only if 3|n. By Theorem 9.6, J C I if 3 1 n. In both cases we have basis elements
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T = a — agqp for k € Z and yi. If k <0, then yx = s — 8,1, if K = 0, then yo = s,
and if 1 < k < L%J, then yr = sp — sp_k. Note that y, = 0 if and only if n is even
and k = %, hence we must exclude this case. Similarly, in the case where 3|n, we get the

corresponding expressions for the pg(7)’s. O

Define #H,, := 7:l/In and H,, := 7:1/(J + I,,). Then H,, is isomorphic to a quotient of
7L, and, since 7-1/] =~ H, it is also isomorphic to a quotient of .

Corollary 10.2. For every n € N, H,, is a primitive 2-generated axial algebra of Monster
type (2, %) of dimension n + ng If additionally 3|n and char(IF) = 5, then H, is a
primitive 2-generated azxial algebra of Monster type (2, %) of dimension n + [gJ +2 {%J

Note that I,, is generated by a —1-type element x. We now give an example of an
ideal of 1-type. Let L, be the ideal generated by 2ag — (a—y, + an).

Corollary 10.3.

1. If 34 n, then J C L,, and L,, has a basis given by

2a; — (Qi—n + Giyn) Jori€ Z
S5 — 25j4n + Sjt2n, Sjn forj €N
85 — 2855 + Sop—j for1<j<n

and a basis for J.
2. If 3| n, then L,, has basis given by the above elements and

Prj — 2P73j+n + Dr3j+2n, Prjn forjeN,r=1,2
Dr35 — 2Prn—35 + Pran—3; for1<j<mn,r=1,2

Proof. The proof is obtained using Theorem 9.6 in an analogous way to Corol-
lary 10.1. O

We also set £, := H /L, and L, := i /(J + Ly,). Similarly to the previous case, L,, is
isomorphic to a quotient of L, and also to a quotient of H.

Corollary 10.4. For every n € N, L, is a 2-generated primitive azial algebra of Monster
type (2,1) of dimension 3n — 1. If additionally 3|n and char(F) = 5, then L, is a
primitive 2-generated azial algebra of Monster type (2, %) of dimension 3n —1+2 L%J .

Note that, according to the characteristic of F, £, and Ln may have finitely or in-
finitely many axes. In fact, if char(F) = 0, they both have infinitely many axes, whereas
if char(F) = p, one can show that they both have pn axes.
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11. Exceptional isomorphisms

In [23], Yabe classifies symmetric 2-generated primitive axial algebras of Monster type
(a, B) in characteristic not 5 (the characteristic 5 case was completed by Franchi and
Mainardis in [3]).

Theorem 11.1. [23,3] A symmetric 2-generated primitive axial algebra of Monster type
(a, B) is isomorphic to one of the following:

1. a 2-generated primitive axial algebra of Jordan type o, or [3;
2. a quotient of H, or H in characteristic 5;
3. one of the algebras listed in [23, Table 2].

We wish to know which quotients of H, or 7—1, are actually isomorphic to one of the
algebras in cases 1, or 3 above. Clearly, we must have (a, ) = (2, %) A direct check
of [23, Table 2] gives the following list of the symmetric 2-generated primitive axial
algebras of Monster type (2, 3) (we use the notation from [14]):

. 3C(2);

. one of the Jordan algebras (of Jordan type 1) S(8), for § # 2, 5(2)°, or §(2)°;2
. IY3(2, %, 1), for € F, and the quotient IY3(2,1,1)%;?

. IY5(2, 1) and the quotient IY5(2, 1)*;*

. in characteristic 7, 4A(2, ) and its quotient 4A(2, 3)*;

. in characteristic 5, 6A(2, 1).

SO W N

Note that, since every ideal I of # is contained in the radical which is the kernel of
the map A, we have an induced weight function A on A /T and A /I must be baric. So, the
only algebras in the list above which can be isomorphic to a quotient of H are ones which
are also baric. By [14, Proposition 5.5], S(4) is simple if § # +2, so it cannot be baric.
Also by [14, Proposition 5.5], S(—2) has precisely two codimension 1 ideals, but in both
cases, one of the generators is contained in a codimension 1 ideal. Since in a quotient
of H neither generator is contained in the kernel of X, S (—2) cannot be isomorphic to
any quotient of #. The remaining possibilities and their quotients do indeed all occur as
quotients of .

Theorem 11.2. The algebras 3C(2), S(2)°, S(2)°, IY5(2, 1.1), for p e F, 1Y5(2,1) and
6A(2, 3) in characteristic 5, (and their quotients) are all quotients of H.

2 These algebras were written C17(F2,b), CI°(F2,b) and CI°°(F2,b), respectively, in [8]. Note also that
3C(3) = S(-1).
3 These are the algebras ITI(2, 3, —2u — 1) and the quotient ITI(2, 1, —3)* in [23, Table 2]. Note also that
3A(2,1) =TYs(2, 3, - 1).
ese are Va(2, 5) an 2(2, 5 in , Table 2|. Note that the algebra V(2, 5) is defined in charac-
4 Th Va(2, 1) and V,(2, 1)* in [23, Table 2]. Note that the algebra Vi (2, 1) is defined in ch
teristic 5 and it coincides with V2 (2, 3).
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In fact we will see below that all the algebras except 6A(2, %) are quotients of the
Highwater algebra H. The algebra 6A(2, %) in characteristic 5 is not a quotient of the
Highwater algebra 7, but is a quotient of the cover .

We will prove this theorem via a series of lemmas. Since the algebras in the statement
are finite-dimensional, their axes satisfy a non-trivial linear relation. For each algebra A,
we will exhibit an element z € H so that 7:[/(:5) = A. In fact, in all but two cases, = has
trivial s-part. For v € H, we will write o for the image of v in H /I. For the proof we will
require some details about each of the target algebras. We do not give those here, but
they can be found in [14] and [23].

Lemma 11.3. We have Hy = Ha = 3C(2) and L1 = L1 = S(2)°.

Proof. By Corollary 10.1, H5 = Ho has basis ap,a1,81. Since a_; —a; € I for all © € N,
the %—eigenspace for adg, is trivial and so H, is a primitive 2-generated axial algebra of
Jordan type 2. Hence, by [8, Theorem 1.1], it is isomorphic to 3C(2).

Similarly, by Corollary 10.4, L1=L1 = (ap, a1) is 2-dimensional. Since a_; —a; ¢ L,
Tp induces a non-trivial automorphism on L1, so £; is a primitive 2-dimensional axial
algebra of Jordan type % and therefore must be isomorphic to S(2)° by [8, Theorem
1.1). ©

We note that (1,0,—1) and (—1,2, —1) are the only two ideal tuples of length 3 up to
scaling (cf. Theorem 9.5).
The following gives a positive answer to an open question in [15, Question 4.5].

Lemma 11.4. Let I5 := (ag + da; — dag — a3) for 6 € F. Then the quotient 7:1/15 is
isomorphic to 1Y5(2, 5, 1), where § = —2u — 1.

Proof. By Theorem 9.6, (1 — 6)s1 — s2, 8j + 6sj41 — 0842 — sj4+3 and pr3; are in Is,
for all j > 0 and r = 1,2. Hence a_1, ag, a1, 51 is a basis for A := ?Q/L;. (In particular,
J C Iy, even if 6 = 0). Define ¢ := —%((6 + 1)ap + a—1 + a1) + s; and hence s; =
q—+ %((6 + 1)ap + a—1 + ay). We claim that a_1,ag, ai, g satisfy the same products as
given by Yabe in [23, Section 3.2].

It is immediate that @;a;41 = 3(@i+a@;41)+51 = 5(@i+a;41)+q+2((6+1)ao+a_1+ay),
where i =0, —1, and a_1a; = 3(a—1+a1)+352 = 3(a_1+a1)+(1—06)5 = 3(a_+a1)+
(1-6)(q+ 3((6 + 1)@o + a—1 + a1)) as required. It is a straightforward, but somewhat
long calculation to show that gz = 3(§ + 3)z forallz € A. O

Recall from Section 4, that v1 = 2ag — (a—1 + a1) — 4s1 € Aa(ap).

Corollary 11.5. We have H/(v1) = 5(2)°.

/2

Proof. Observe that v?h = 2a; — (a2 +ag) —4s1 and so v? —v1 = a_1—3ag+3a1 —as.

Hence (v1) < (ap — 3a1 + 3a2 — a3) = I_5 and so, by Lemma 11.4, 7—2/(111) is a quotient
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of B :=1Y3(2, é, 1). Note that the image v; of v1 in B is non-trivial and so it is a 2-

eigenvector for ag in B. Since the eigenvalues of ag in the 4-dimensional B are known to
1/2

bel,0,2, 3 BQ(&O) is 1-dimensional and hence is spanned by v;. Since vI —vy € I_3, we

”in B. However, (7, ") = (0,)™ = By(ao)™ = By(a1). Therefore, as B is

generated by ag and ay, (v1) is a 1-dimensional ideal in B. Therefore H/(v1) = B/(t1)

have v; = vl

is a 3-dimensional prlmltlve axial algebra of Jordan type 5. From our list, the only
possibility of dimension 3 is § (2)° (and 5 is the nilpotent element). a

From [23, Section 3.6], IY5(2, ) has basis (G_s,d_1, dg, a1, d2, p1) and the axes satisfy
the relation a_s — 5a_1 + 10ag — 1041 + bas — as = 0.

Lemma 11.6. Let y := a_o — 4a_1 + 6ag — 4a1 + a2 and y; := y — 16s; + 4s2. Then
(y1) € (v), H/(yl)“IY5( 3) and T/ (y) = 1Y5(2,3)*

Proof. We just sketch the proof as it is similar to those above. Note that, by Theorem 9.6,
(y) contains the element —8s; + 2s9 and hence y;. Moreover z := y; — y?/z = a_g9 —
5a_1 4+ 10ag — 10a; 4 5as — a3 € (y1). By Theorem 9.6, H/(z) is 7-dimensional with
basis given by a_s,...,as, 51, 52. One can now check that ;v € (g1) in 7-1/(3:) for every
v e {a_s,...,a, 51,5} and so H/(y1) is 6-dimensional. Another calculation shows that
the linear map from 7:l/(y1) to IY5(2, %), sending a; to a; and s; to Py is an isomorphism.
Finally, by [23, Section 3.6], [Y5(2, 2)* =1Y5(2,3)/(a—2 — 4a_1 + 6ag — 4@, + a») and
the result follows. O

We now consider the two exceptional cases in finite characteristic.

Lemma 11.7. Let F have characteristic 7. The algebras 4A(2,%) and 4A(2,3)* are not
quotients of H.

Proof. Suppose for a contradiction that 4A(2, %), or 4A(2, %) % is a quotient of . In both
cases, the algebra has a closed set of four axes and so must be isomorphic to some quotient
7’24/[ of 7:[4. Also in both algebras, ((ai, CLH_Q» =~ 2B. Soin 7‘14, apls = %(C_Lo-i-c_lQ) +50 € 1.
Now

ao(aoaz) = 3do + 3(3 (@0 + a2) + 52) — $a0 + 3(a_2 + a2) + 35
= ag + 239

is in I and hence ag = 2agay — ao(doas) € I. By Theorem 6.1, a; € I and so I = Hy, a
contradiction. O

Finally, we consider 6A(2, ) in characteristic 5 (see also [3, p. 208]). In [14, Table 1],
we see that 6A(2, 3) has basis o, ..., as,¢ 2 and ((@;,a;+3)) = 3C(2) with the third axis
equal to ¢, for every ¢ modulo 6.
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Lemma 11.8. Let F have characteristic 5. Then, H/(ao — a1 + as — a4 +pg3) = 6A(2,3).

Proof. Set z := ag — a1 + a3 — as + p3 3. By Corollary 10.1, T is 11-dimensional with
basis ao, ..., as, 51, S2, 83, P73 and Pz 3. One can check that the linear map from He to
6A(2, 1) defined by

a; — a; fOI‘iE{O,...,E)},
5 5
§1’—>E &Z‘—é—é, §2l—>73, §3’—)E &i—é,
=0 =0

P13 Qo — g +ag — s, Py g —Qo + a1 — az + a4,

is a surjective algebra homomorphism and z belongs to the kernel I of this map. Hence
Z2 = 5, + 55 — 53 € I and, by Theorem 6.1, also %t € I. Since z, 2, and 2% are
linearly independent, (Z) has dimension at least 3. As I has dimension 3, we get I = (&),
whence H/(ao — ag, ) = 6A(2, 1). Finally, note that ag — ag =  — 2™ + 2% and hence

(ap — ag,z) = (z). O

This completes the proof of Theorem 11.2.

There are however other possibilities for isomorphisms with algebras on Yabe’s list,
namely if the quotient is isomorphic to an M(%, 2)-axial algebra. Such a quotient A of
# would have a fusion law which admits a Cs-grading with respect to both % and 2.

Theorem 11.9. Let A be a non-trivial quotient of H with fusion law F naturally induced
from F. Suppose that gr: Fa — T is a finest adequate grading of Fa such that gr(2) #
1p. Then A is isomorphic to a quotient of one of

. Ha = 3C(2),

CH/(a1 —ap — a1 + ag + 2s5) = 6Y(3,2),

CH/ I =2 1Y5(2,3,1), or

. H/(3(a_y — ag — a1 + az) — 2s3), a 5-dimensional algebra.

O I R

In particular, A is a quotient of the Highwater algebra H.

Proof. Let A = ((ag,a1)) = H/I. By Corollary 6.2, A is symmetric and hence adg, and
adgz, have the same eigenvalues. Since F 4 is induced from F, we have F4 C {1, g, 0,2, %},
with Axx, i C Axx p, but this containment may be proper in some cases. By hypothesis,
2 € Fa and so Ay # 0. In particular, A is not a quotient of S(2)° = H/(vy), where dg
has trivial 2-eigenspace. Hence vy ¢ I.

If 1 ¢ Fa, then Ai(ag) = 0. In particular, wy € I and so A is a quotient of H/(a_y —
ay) = Ao 3C(2), by Lemma 11.3. Hence from now on, we assume that % € Fa and
w1 # 0. By Lemma 4.2, F has a Cy-grading where % is graded non-trivially and so F4
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also has a grading where % is graded non-trivially. Moreover, as every grading factors
through the finest grading, gi/, := gr(%) # 17 (however g/, may have infinite order, or
any order divisible by 2).

Observe that if A € Axz, pu for A\, u € F, then gr(A) = gr(A)gr(p) and so gr(p) = 1.
In particular, if % €2xF, %, then g := gr(2) = 17, a contradiction. Hence 2 xx, % =0
and so w17 = 0 in A. Since

wivr = (a—1 —a1)(2a9 — (a—1 + a1) — 4s1)

= ((1_1 — CLl) — (a_1 — al) —4 (—%(a_l - (11) + %(&_2 “+ ag — ag — CLQ))

= 7% (a_g — 2a_1 + 2(11 — (12) s
we must have r := a_s — 2a_1 + 2a; — ay € I. By Theorem 9.6, J C (r) C I,
and so As;(ag) = (0. Moreover, —s; — 285 + s3 and s; — 2511 + 2513 — 544 are in
(r) C I for all j > 0. Hence, H/(r) is 6-dimensional with basis given by the images of
a_1,aq,a1,as, 51, 52. We will work inside H/(r): for v € 7L, we denote by ¥ its image in
#H/(r). Note that @y and @ are both non-zero.

We split now into two cases: either 2 € % *F 4 %, or not. We have

wi = (a1 —ar)?
=a_1+a — (a1 +a1) —2s: (4)

= 287 = —g(u2 — 3va).

Assume first that 2 ¢ § xz, 3. Then w} € Ao(ao) and hence Equation (4) implies
v9 € I. We claim that 17;1/2 = U5. We have E;/z = (2a9—(a—_2+az))™" = 2a; — (a3 +a_1) =
201 — ((Nl,,l —2ap + 2a2 +C~L71) = 2a9 — ((ZEL,1 —2a1 + dz) + ag) = 2a9 — (dfz + C~L2) = Cs.
Hence 9y, = 05 in #H/(r) as claimed. Since @ is invariant under 7y and 7 /25 1t 1s fixed by
the action of every automorphism induced by Aut(#) on H/(r). Hence ¥y is a common
2-eigenvector for all axes @;. As H/(r) is generated by ao and @i, () is a 1-dimensional
ideal. So 7:1/(7", v2) is b-dimensional. Note that —%(’Ug—f—’l‘) =a_1—ag—a1+az+2sy, =: 2.
Conversely, 21 — x = r and —2%-1 — 2 = vy and so (z) = (r,v2).

We claim that H/(z) = 6Y(3,2). Let § now denote the image of y € H in H/(x). Set

bo = &0, b2 = %(3&0 + 2&1 — &2 — gl), b4 = i(d,1 -+ &0 =+ 3&1 — 62), d = ay — b4 =

i(*fb—l —ap+aj +az) and z := i§2 = é(f&_l +ap+a; —asz). A calculation shows that
(bo, by, bs, d, z) is a basis for H/(x) that satisfies the multiplication table for 6Y(3,2) as
given in [14] (and by = a;). One can check that the fusion law here is Cy x Ca-graded
with generators g1, and ga.

Assume now that 2 € 1xz, 2. We have two subcases depending on whether 0 € 2xr, 1.
If 0 is in § 7, 3, then go := gr(0) = g» # 17. So, as we observed above, 0 ¢ 0z, 0,
whence 0 xx, 0 = (). Hence, by Lemma 4.7, we have u? = 3(—4u; + ug) € I. Setting
y := —4u; + us, we have y — y?1 = 3(—a—2 + 5a_1 — 10ag 4+ 10a; — 5as + az) € I and

SO %(y — ) +r+0r% =4(a_; — 3ag +3a; —az) € I. Let  := a_; — 3ag + 3a; — as.
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By Theorem 9.6, —4s; + so € (x) and so y = 3(x — 2%-1) — 4(4s; — s9) € (). Hence
(z) = (r,y) as claimed. By Lemma 11.4, (z) = I_5, so H/(x) = IY3(2, 1.1) and A is
isomorphic to a quotient of IY3(2, 1,1). One can check that, apart from 2xx, 2 = {0,2},
we have Axx, =0 for all A\, u # 1. So the fusion law for IY3(2, %, 1) is Z-graded, with
(1) 2 Z and go = g2 = g3,

Finally, if 0 is not in £ xz, %, then @} € As(ao) and hence, by Equation (4), ug € I.

We claim that (z) = (r,y). Clearly (z) C (r,y). Conversely, we have z + 2%-1 = r.

Recall from above that &, = & in H/(r). Hence, similarly to @y, @y " = @iy and so (fy)
is a 1-dimensional ideal of H/(r). Let x := 3(a_1 —ag — a1 + ag) — 259 = —1(uz+3r). So
clearly (x) C (r,ug). Since x —2%-1 = —3r and uy = —2x — 3r, we have (z) = (r,u2) and
hence H/(z) is 5-dimensional. When A = H/(z), since 3 xz, & = {2}, 2%#, 2 = {0},
and 0%z, 0 = {0}, we observe that the fusion law is Cy-graded, with (g.,,) = Cy and

g2 = 912/2- O

Note that the above algebras are graded by C3, Cy x Cs, Z and C}, respectively. For
7-22 2 3C(2), the set of three axes ag, a; and ag + a; — apay is closed under to the action
of the Miyamoto group (with respect to the grading Cy on the 2-part).

The fusion law for 6Y(%, 2) is (Cy x C9)-graded. Specifically, for an axis a, there are
three distinct non-trivial Miyamoto involutions associated to a (and belonging to the
axis subgroup corresponding to a; see [13, Definition 3.2]): the map 7,(2) inverting the
2-part and fixing the remaining eigenspaces, the map Ta(%) inverting the %—part and
fixing the remaining eigenspaces and the product of these two. As 6Y(3,2) = H/(a_1 —
ag—aj+as+2s3), we see that X = {a; : ¢ € Z} is generically an infinite set of axes closed
under the action of the infinite dihedral group (7o(3),71(3)) (both these can be finite in
finite characteristic). Hence taking only the Cs-grading with respect to the %—eigenspace,
6Y(3,2) is a 2-generated M (2, 3) axial algebra with infinitely many axes.

However, taking just the Cp-grading with respect to the 2-eigenspace, 6Y(3,2) is a
2-generated M (3, 2)-axial algebra [23]. Its Miyamoto group is (79(2), 71(2)) = S5 and the
closure under the Miyamoto group of the generating set {ao, a;} has size 6 [14, Section
7.2] (the 6 in the name 6Y(3,2) gives the number of axes in a closed set of generators).
Note that in this case, it does not appear that the closure of {ag,a;} is a subset of X.
Taking the full Cy x Cs grading we would get a much larger set of axes closed under the
action of the Miyamoto group.

For the third and fourth cases above, we need to take a field with sufficiently many
roots of unity in order to exhibit the full Miyamoto group. Recall from [13, Section 3]
that for each axis a and character y € T™, we get a Miyamoto automorphism 7, (x)
defined by v — x(t)v where v is an eigenvector in a t-graded part. The axis subgroup
T, := (ta(x) : x € T*) = T* is isomorphic to a quotient group of T' depending on the
field. The fourth case #/(3(a_1 — ap — a1 + ag) — 2s5) is Cy-graded, so taking a field
which contains 4'" roots of unity, we get the axis subgroup 7, = Cy and the Miyamoto
group is as ‘large’ as possible. To exhibit the full Miyamoto group for the third case,

IY3(2, %, 1), in characteristic 0, we need to work over C.
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