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Abstract

In this thesis, the focus of our attention is on a certain linear Volterra integral

equation with singular kernel. The equation is of great interest due to the fact

that, under certain conditions, it possesses an infinite family of solutions, out

of which only one has C1−continuity. Numerous previous studies have been

conducted and a variety of solution methods proposed. However, the empha-

sis has invariably been on determining just the differentiable solution. Thus,

a significant gap in the research relating to this equation was identified and,

therefore, our main objective here was to develop an effective solution method

that allows us to approximate any chosen solution out of the infinite solution

set. To this end, we converted the original integral equation into a singular

differential form. Then, by applying a combination of analytical results from

functional and real analysis, measure theory and the theory of Lebesgue integra-

tion, we reduced the problem to that of solving a regular initial value problem.

Numerical methods were then applied and our experimental results proved that

our method was highly effective, producing very accurate approximations to the

true solution in a comparative study. Therefore, we feel our work here makes a

significant contribution in this field of study, both from a theoretical viewpoint,

as during the course of our research we established a direct relationship between

the non-smooth soutions of the integral equation and the weak solutions of our

differential scheme, and in practice. Integral equations of this form arise in the

study of heat conduction, diffusion and in thermodynamics. Therefore, another

of our aims was to construct a method that could readily be applied in ’real

world’ modelling. Thus, as traditional models most often present as differential

equations and, furthermore, as our method significantly simplifies the process

of computing the solutions, we believe we have achieved this objective. Hence,

in the final chapter, we highlight some of the ways in which our method could

be adopted in order to help solve some of today’s most challenging problems.
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List of Abbreviations

(a, b) {:= x ∈ R : a < x < b} (Open interval)

:= Equal by definition

[a, b] {:= x ∈ R : a ≤ x ≤ b} (Closed interval)

≈ Approximate equality

‖A‖∞ := max{
m∑
i=1

|ai| : i = 1, ...,m}

‖A‖p The matrix norm induced by the lp−norm on Rm

C The set of complex numbers

R The set of real numbers

Rm The real m-dimensional Euclidean space

ρ(A) The resolvent set of a linear operator A

σ(A) The spectrum of an linear operator A

A ∪B The union of the sets A and B

C[a, b] The space of real valued functions which are continuous on [a, b]

Cr[a, b] The space of real valued functions which are r times continuously dif-

ferentiable on [a, b]

L1[a, b] The space of integrable functions

R(λ;A) := (λI − A)−1 The resolvent of a linear operator A
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Chapter 1

Introduction

1.1 Chapter summary and introductory notes

This first chapter is intended to introduce the reader to the topic of integral

equations and the remainder of the chapter is broken down into four sections.

In the first, we begin with a brief account of the subject’s origins and history.

Integral equations can broadly be categorized in three ways. Therefore, we

then discuss the classification of integral equations and include some examples.

We conclude this section by presenting a number of integral equations that are

used in practical applications in a variety of different fields, such as population

dynamics and meturollogy. The second section is devoted to the general theory

of integral equations and is intended to provide a concise, but thorough, account

of the most important analytical results. We begin by discussing the connection

between integral and differential equations-an important relationship which, as

it transpires, is central to our own research. The resolvent kernel and Neumann

series are then introduced. These are of great importance in the study of integral

equations as not only can they be used, in certain cases, to obtain a solution

to a given equation, but they are also utilized in order to establish whether

a particular integral equation is solvable and, if so, is that solution unique.

This important concept is further explored at the end of this section where

a more detailed account of existence and uniqueness theory is presented. In

the penultimate section, Section 1.4, our attention turns to singular integral

equations. These are integral equations with kernels that contain a singular

point within their limits of integration and three important classes of such

equations are formally introduced. Finally, in Section 1.5, we present a summary
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of our work in later chapters.

1.2 Background information and classification

1.2.1 Historical note

Integral equations have been studied by mathematicians for over two hundred

years. Niels Henrik Abel’s work during the 1820’s, for example, was of great

importance. However, it was at the turn of the century that significant progress

in the subject was made by the Swedish mathematician, Ivar Fredholm (1866-

1927), and by Vito Volterra (1860-1940) who in 1896 published a series of papers

on the topic. (Please refer to [20], [18], where Brunner provides a more detailed

account of historic developments in integral equation theory). Broadly speak-

ing, integral equations can be classified as being of either Fredholm or Volterra

type, after the Mathematicians whose work was fundamental in developing the

analysis in this field. The subject was further advanced by the German mathe-

matician, Paul du Bois-Reymond who first coined the term ’integral equation’

in 1888 and the Romanian mathematician, Traian Lalescu, a student of Émile

Picard, who wrote the very first book on the topic entitled, ’An introduction

to the theory of integral equations’ in 1911. Nevertheless, it is arguably Fred-

holm’s contribution to the subject that is held in the highest regard, in fact

it is considered by many as forming the foundations on which the branch of

Mathematics we today refer to as Functional Analysis was built.

1.2.2 Classification of Integral Equations

Integral equations, as we shall discover later on, take numerous different forms

depending on the analytical structure of the problem itself. However, in general

terms, they are categorized as per the following three properties. (Note that

the definitions and examples in this section are taken from [94] and [82] but can

be found in most texts on the subject of integral equations.)

(i) Limits of integration

An integral equation may possess either fixed or variable limits of inte-

gration. An equation with fixed limits is referred to as being a Fredholm

integral equation and one with variable limits as being a Volterra integral

equation.
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(ii) The presence of the unknown function, y(t)

Integral equations may contain y(t) just within the integral term of the

problem or explicitly and under the integral sign. In the first case, the

equation is referred to as being of the first kind, and in the latter, of the

second kind.

(iii) Linearity

An integral equation can be further classified as being linear or nonlinear.

The difference between the two being that in the nonlinear case the un-

known function under the integral sign is replaced by a composite function

of y such as y2(t), sin(y(t)), or ey(t).

1.2.3 Examples

We shall now look at some specific types of equation and classify them accord-

ingly to illustrate the above definitions. In all cases g(t) is a known function of

t and the function k is referred to as the kernel.

The linear Fredholm equation of the second kind has the general form

y(t) = g(t) +

b∫
a

k(t, s)y(s)ds, t ∈ [a, b], a, b ∈ R, (1.1)

whereas the linear Volterra Equation of the second kind is given by

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T. (1.2)

The analogous equations of the first kind are defined as

g(t) =

b∫
a

k(t, s)y(s)ds, t ∈ [a, b], a, b ∈ R (1.3)

and

g(t) =

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T, (1.4)

respectively. We shall now turn our attention to the question of linearity. All

the above examples are linear, thus, defining the analogous nonlinear equations

(that is, equations where the function G is a nonlinear function of y(s), for ex-

ample, G(y(s)) = y2(s) or G(y(s)) = cos(y(s))) we have the Fredholm equation

3



of the second kind

y(t) = g(t) +

b∫
a

k(t, s)G(y(s))ds, t ∈ [a, b], a, b ∈ R (1.5)

and the Volterra Equation of the second kind

y(t) = g(t) +

t∫
0

k(t, s)G(y(s))ds, 0 ≤ s ≤ t ≤ T. (1.6)

Likewise, for the first kind nonlinear equations

g(t) =

b∫
a

k(t, s)G(y(s))ds, t ∈ [a, b], a, b ∈ R (1.7)

and

g(t) =

t∫
0

k(t, s)G(y(s))ds, 0 ≤ s ≤ t ≤ T. (1.8)

These represent the nonlinear first kind Fredholm and Volterra equations, re-

spectively.

We will conclude this section with some explicit examples and a few final ob-

servations.

The following are examples of Fredholm equations of the second kind.

y(t) = 1 +

2π∫
−2π

sin(st)y(s)ds (1.9)

and

y(t) = t2 +

10∫
0

sin(s+ t)y2(s)ds. (1.10)

Equation (1.9) being linear, and (1.10) nonlinear.

Similarly, equation (1.11) is an example of a linear Volterra equation of the

second kind

y(t) = t+

t∫
0

sty(s)ds (1.11)

4



and equation (1.12) an example of a nonlinear Volterra equations of the second

kind

y(t) = sin(t) +

t∫
0

s2y2(s)ds. (1.12)

With regard to equations of the first kind, in the first instance we have some

examples of Fredholm equations

t3 =

5∫
0

sty(s)ds (1.13)

and

10t =

2∫
1

s2y2(s)ds. (1.14)

Note here that equation (1.13) is linear and equation (1.14) is nonlinear.

Finally, examples of linear and nonlinear Volterra equations of the first kind are

given by

sin(t) =

t∫
0

ty(s)ds (1.15)

and

t =

t∫
0

(s− t) cos(y(s))ds, (1.16)

respectively. This initial classification of integral equations can be broken down

much further. Indeed, later on in this introduction to the topic, we shall en-

counter numerous equations that fall into sub-categories of the above. However,

to conclude the discussion here, note that equations (1.5)-(1.8) are known as

Hammerstein integral equations. They represent a special case of the Urysohn

integral equation

y(t) =

∫
D

K(t, s, y(s))dt, t ∈ D (1.17)

in that the Kernel function in the Hammerstein equation is separable, i.e.,

K(t, s, ξ) = `(t, s)R(s, ξ) (1.18)

5



(please refer to [8] for details). This class of problem is of significant importance

due to the fact that it naturally occurs in many fields of study, thus, a great

deal of research has been conducted in relation to equations of this type. For

example, Nekrasov’s equation

x(t) = λ

π∫
0

L(t, s)
sin(x(s))

1 + 3λ
s∫

0

sin(x(r))dr

ds, (1.19)

where

L(t, s) =
1

π
log

∣∣∣∣sin 1
2
(t+ s)

sin 1
2
(t− s)

∣∣∣∣ , (1.20)

arises in the study of water waves on liquids of infinite depth (see [8] for details).

Observing the complex structure of equation (1.19), it no doubt comes as no

surprise that in most cases nonlinear equations are more difficult to solve than

linear problems. Moreover, equations of the first kind present more of a chal-

lenge than those of the second. This is not to say that all nonlinear equations

are as complicated as equation (1.20). A well-known example of a simple, non-

linear, Hammerstein equation being

g(t) =

t∫
0

1

(t− s)α
G(y(s))ds, 0 < α < 1, (1.21)

which is often referred to as The generalized nonlinear Abel equation), nor does

it infer that we can readily find a solution to all linear, second kind Volterra

equations. Indeed, the main body of this work is devoted to one such equa-

tion where certain aspects of its analytic composition render the direct use of

standard solution methods inapplicable. In fact, integral equations in general

are notoriously difficult to solve analytically and so we frequently have to adopt

a numerical approach. However, before we present any theoretical arguments,

note that the remainder of this introduction will focus primarily on Volterra

integral equations, in view of our work in the forthcoming chapters.

1.2.4 Applications-Volterra equations

In the latter part of the previous section we introduced, by way of equations

(1.19) and (1.20), an example of a Volterra-Hammerstein equation used to model

wave motion. Note, however, that this is just one of many Volterra equations

6



used in practical applications. Nuclear reactor theory, epidemiology and pop-

ulation dynamics represent just a small number of the fields in which they

play a significant role and, as a consequence of technological advances, they in-

creasingly occur in today’s sophisticated mathematical models. The following

examples are taken from [20].

• The renewal equation

u(t) = g(t) +

t∫
0

k(t− s)u(s)ds, t ≥ 0, (1.22)

Where k(t − s) is the convolution kernel. This equation is used in many ap-

plications from demographics (population models) to finance (investment and

depreciation policies).

• Model for explosion in a diffusive medium

u(t) = γ

t∫
0

(1 + s)q[u(s) + 1]Dds√
π(t− s)

. (1.23)

This model is used in the steel industry to indicate stresses incurred as a con-

sequence of huge rises in temperature.

Many models that traditionally relied on partial differential equations (PDE’S)

are now formulated using (or are reduced to) Volterra integral operators, one

such example being

• The inverse problem in visco-elasticity

r(x)utt(t, x) = div (β(x)∇u(t, x))−
t∫

0

k(t− s)div (β(x)∇u(s, x)) ds+ g(t, x).

(1.24)

One final point to note is that, by their very nature, Volterra integral equa-

tions are particularly adept at modelling time-dependent problems, where the

solution at any given time t also depends on its historical behaviour. These

equations are referred to as equations with memory (see, for example, [94]).

7



1.3 General theory of Volterra integral equa-

tions

1.3.1 The connection between integral and differential

equations

If we recall the fundamental theorem of calculus and the connection between the

derivative and antiderivative, intuitively we may also expect there to be a link

between integral and differential equations. In fact, it does indeed transpire that

this is the case as Volterra equations are closely related to initial value problems

and, in a similar manner, Fredholm equations to boundary value problems, al-

though the latter is not considered further here. (For more details regarding the

relationship between integral and differential equations, the reader is referred

to [20]), [82] and [9].)

So, for example, take the first order differential equation

y′(t) = a(t)y(t) + b(t), y(0) = y0, t ∈ [0, T ]. (1.25)

Then, by integrating both sides, we have that

t∫
0

y′(s)ds =

t∫
0

b(s)ds+

t∫
0

a(s)y(s)ds+ y0, (1.26)

where upon setting

g(t) =

t∫
0

b(s)ds+ y0 (1.27)

and
t∫

0

a(s)y(s)ds =

t∫
0

k(t, s)y(s)ds (1.28)

we obtain the familiar Volterra integral equation

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds. (1.29)

Note, however, that this is only the case if the kernel, k(t, s), is independent of

t. If k(t, s) does depend on t, we will now show that the second order initial

value problem

y′′(t) = a(t)y(t) + b(t), y(0) = y0, y
′(0) = y′0 (1.30)
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is equivalent to the Volterra integral equation

y(t) = y0 + ty′0 +

t∫
0

(t− s)b(s)ds+

t∫
0

(t− s)a(s)u(s)ds. (1.31)

This result is stated in [20] but we shall now provide a proof.

Proof. We begin by integrating equation (1.30) from 0 to t and applying the

initial condition y′(0) = y′0

y′(t) =

t∫
0

a(s)y(s)ds+

t∫
0

b(s)ds+ y′0. (1.32)

A further integration yields the equation

y(t) =

t∫
0

τ∫
0

a(s)y(s)dsdτ +

t∫
0

τ∫
0

b(s)dsdτ + ty′0 + y0. (1.33)

Now we have to reduce the double integrals to single ones. This is achieved by

applying the integration by parts formula, hence, considering the first integral,

t∫
0

τ∫
0

a(s)y(s)dsdτ =

τ τ∫
0

a(s)y(s)ds

t
0

−
t∫

0

τa(τ)y(τ)dτ (1.34)

= t

t∫
0

a(s)y(s)ds−
t∫

0

sa(s)y(s)ds (1.35)

=

t∫
0

(t− s)a(s)y(s)ds, (1.36)

noting that, as τ is a ’dummy’ variable, we have set τ = s in the last two

lines. Finally, to the second integral in equation (1.31). Here, we could just

apply the same method of integrating by parts, however, there are a number

of ways to reduce the double integral such as differentiating under the integral

sign. Alternatively, as we shall demonstrate here, we can reduce it directly by

9



reversing the order of integration. Therefore,

t∫
0

τ∫
0

b(s)dsdτ =

t∫
0

t∫
s

b(s)dτds (1.37)

=

t∫
0

(
[τb(s)]ts

)
ds (1.38)

=

t∫
0

(t− s)b(s)ds, (1.39)

which completes the proof.

We have now shown how we can quite easily convert initial value problems into

Volterra integral equations. Conversely, converting Volterra integral equations

into initial value problems is not quite so straightforward. To illustrate this,

consider the argument put forward in [20]. Take the general Volterra equation,

as given by equation (1.29). Then differentiate (1.29) by applying Leibniz rule

for differentiating under the integral sign to the integral term. Thus,

y′(t) = g′(t) +
d

dt

 t∫
0

k(t, s)y(s)ds

 (1.40)

= g′(t) + k(t, t)y(t) +

t∫
0

∂

∂t
k(t, s)y(s)ds. (1.41)

If we then set g′(t) = b(t), k(t, t)y(t) = a(t)y(t) and

t∫
0

∂

∂t
k(t, s)y(s)ds =

t∫
0

H(t, s)y(s)ds, (1.42)

this yields

y′(t) = a(t)y(t) + b(t) +

t∫
0

H(t, s)y(s)ds, y(0) = g(0), (1.43)

which, by definition, is a Volterra integro-differential equation, unless the inte-

gral term is zero. However, when the equation is linear and the kernel is of the

following form, it is possible to find an equivalent system of ordinary differential

equations.
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Definition 1.3.1 (Separable and degenerate kernels, P.Linz, [82]). A kernel,

k(t, s), of the form

k(t, s) = −P (t)Q(s) (1.44)

is referred to as a Separable kernel. Furthermore, kernels of the form

k(t, s) = −
n∑
i=1

Pi(t)Qi(s) (1.45)

are known as Degenerate kernels.

Now consider once again equation (1.29) but with k(t, s) = −P (t)Q(s), P (t) 6=
0 ∈ [0, T ], as given by

y(t) +

t∫
0

P (t)Q(s)y(s)ds = g(t). (1.46)

Then, upon dividing by P (t) and assigning a new variable, ỹ =
y(t)

P (t)
, we obtain

ỹ(t) +

t∫
0

P (t)Q(s)ỹ(s)ds =
g(t)

P (t)
. (1.47)

Differentiating equation (1.47) then yields the equation

ỹ′(t) + P (t)Q(t)ỹ(t) =
d

dt

[
g(t)

P (t)

]
, ỹ(0) =

g(0)

P (0)
. (1.48)

This can now be solved using the standard integrating factor method with

integrating factor

v(t) = exp

 t∫
0

P (s)Q(s)ds

 . (1.49)

Hence, we conclude that

ỹ(t) =
1

v(t)

 t∫
0

v(s)
d

ds

[
g(s)

P (s)

]
ds+

g(0)

P (0)

 . (1.50)

Finally, simplification via integration by parts and substituting the original

variables in place of ỹ(t), produces the desired solution

y(t) = g(t)− P (t)

v(t)

t∫
0

v(s)Q(s)g(s)ds. (1.51)
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Example 1.3.1. Consider the equation

y(t) = t5 +

t∫
0

ts2y(s)ds. (1.52)

Dividing by t and differentiating both sides with respect to t yields

d

dt

(
y(t)

t

)
= 4t3 + t2y(t) (1.53)

= 4t3 +

(
t3y(t)

t

)
. (1.54)

Thus, we can now apply the integrating factor method with integrating factor

v(t) = exp
∫
−t3dt = e−t

4/4, upon which we obtain the following the equation

d

dt

(
y(t)

t
e−t

4/4

)
= 4t3e−t

4/4. (1.55)

Then, upon setting u =
−t4

4
and du = −t3dt in the right hand side and inte-

grating, this yields

y(t)e−t
4/4

t
= −4e−t

4/4 + C (1.56)

and we, therefore, conclude that the general solution is given by

y(t) = −4t+ Ctet
4/4. (1.57)

1.3.2 The resolvent kernel and Neumann series

At the beginning of this chapter, when discussing the historic development and

evolution of integral equations, we highlighted Volterra’s considerable contribu-

tion and made reference to his seminal series of papers, first published in 1896.

The following fundamental result is taken from the first of these papers and can

be found in most modern day works on the subject, for example, in [20].

Theorem 1.3.1 (Volterra’s theorem, H.Brunner, [20]). Assume that the kernel

k(t, s) in equation (1.2), the linear, Volterra equation of the second kind given

by

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T.
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is continuous on D := {(t, s) : 0 ≤ s ≤ t ≤ T}. Then, for any function

g(t) ∈ C[0, T ], equation (1.2) possesses a unique solution f(t) ∈ C[0, T ], which

can be written in the form

f(t) = g(t) +

t∫
0

Γ(t, s)g(s)ds, t ∈ [0, T ], (1.58)

where the function Γ(t, s) is called the resolvent kernel of k(t, s).

The proof of this Theorem, which can be found in [20], is constructed by ap-

plying Picard iteration to equation (1.2). However, we shall outline the process

here in order to introduce some important concepts and definitions.

Thus, from equation (1.2), let f0(t) = g(t) and define an infinite sequence of

functions {fn(t)}n≥1 by

fn(t) := g(t) +

t∫
0

k(t, s)fn−1(s)ds, t ∈ [0, T ]. (1.59)

For example,

f1(t) = g(t) +

t∫
0

k(t, s)f0(s)ds (1.60)

= g(t) +

t∫
0

k(t, s)g(s)ds (1.61)

and

f2(t) = g(t) +

t∫
0

k(t, s)g(s)ds+

t∫
0

k(t, s)

s∫
0

k(s, τ)g(τ)dτds (1.62)

= g(t) +

t∫
0

t∫
τ

k(t, s)k(s, τ)dsg(τ)dτ, (1.63)

where, in equation (1.62), we have changed the order of integration to yield

equation (1.63).

This iterative process is then repeated, however, in order to continue we require

the following definition.

Definition 1.3.2. The iterated kernels of k(t, s) are defined by

kn(t, s) :=

t∫
s

k(t, τ)kn−1(τ, s)dτ, n ≥ 2, (1.64)
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where

k1(t, s) := k(t, s). (1.65)

Furthermore, the resolvent kernel Γ(t, s) is given by

Γ(t, s) := lim
n→∞

n∑
i=1

ki(t, s), t, s ∈ D (1.66)

and

f(t) = lim
n→∞

fn(t) = g(t) +
∞∑
i=1

t∫
0

ki(t, s)g(s)ds (1.67)

is known as the Neumann series.

Therefore, equipped with definition 1.3.2, it can be proved by induction that

for n ≥ 1,

fn(t) = g(t) +

t∫
0

n∑
i=1

ki(t, s)g(s)ds, t ∈ [0.T ]. (1.68)

Then, as the resolvent kernel is continuous on D and uniformly convergent

lim
n→∞

fn(t) = z(t) (1.69)

for some z(t) ∈ C[0, T ].

The theory discussed in this section is important as it not only provides us

with a method to determine a solution, as we shall illustrate when the topic

is revisited in Section 2.1.6, but it is often applied when trying to establish

whether a solution exists, and if so, if it is unique. This is dealt with in the

following section, however, for more analytical results concerning the resolvent

kernel and Neumann series the reader is referred to [82], Section 3.2.

1.3.3 Existence and uniqueness of solutions

As previously stated, at the end of the preceding section, obtaining an exact

solution to an integral equation is not always possible. However, in the develop-

ment of integral equation theory a great number of important theoretical results

have been proved that help us understand the nature of a particular solution

even though the equation itself cannot be solved analytically. One such result

concerns the concept of existence and uniqueness.
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The method classically used to prove these properties is Picard iteration [82].

For example, to prove that a equation possesses a unique continuous solution,

we refer to the following theorem

Theorem 1.3.2 (Linz. P, [82]). If k(t,s) is continuous in 0 ≤ s ≤ t ≤ T and

g(t) is continuous in 0 ≤ t ≤ T, then equation (1.2),

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T,

possesses a unique continuous solution for all 0 ≤ t ≤ T.

Proof. We initially aim to prove that a solution to the equation actually exists

and then go on to show that it is the only one. To do this we need to demonstrate

that the iterative solution converges and so, assuming 0 ≤ t ≤ T and that k(t, s)

is bounded with M = max |k(t, s)|, 0 ≤ s ≤ t ≤ T, we have that

|yn(t)− yn−1(t)|=

∣∣∣∣∣∣g(t) +

t∫
0

k(t, s)yn−1(s)ds− g(t)−
t∫

0

k(t, s)yn−2(s)ds

∣∣∣∣∣∣

=

∣∣∣∣∣∣
t∫

0

k(t, s)(yn−1(s)− yn−2(s))ds

∣∣∣∣∣∣

≤
t∫

0

|k(t, s)| |(yn−1(s)− yn−2(s))| ds.

Then, if we make the substitution M = max |k(t, s)|, take the supremum of

|(yn−1(s)− yn−2(s))| and integrate, we deduce that:

|yn(t)− yn−1(t)| ≤M

t∫
0

|(yn−1(s)− yn−2(s))| ds

≤M sup
0≤s≤t≤T

|(yn−1(t)− yn−2(t))|
t∫

0

ds

= M sup
0≤s≤t≤T

|(yn−1(t)− yn−2(t))| t.
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We now repeat the above for |(yn−1(t)− yn−2(t))|. Hence,

Mt|yn−1(t)− yn−2(t)| = Mt

∣∣∣∣∣∣
t∫

0

k(t, s)(yn−2(s)− yn−3(s))ds

∣∣∣∣∣∣
≤M2

t∫
0

s

s∫
0

|(yn−2(s1)− yn−3(s1))| ds1ds

≤M2 sup
0≤s≤t≤T

|(yn−2(t)− yn−3(t))|
t∫

0

sds

= M2 sup
0≤s≤t≤T

|(yn−2(t)− yn−3(t))| t
2

2
.

Continuing in this manner we eventually deduce that

|(yn(t)− yn−1(t))| ≤Mn−1 sup
0≤s≤t≤T

|(y1(t)− y0(t))| tn−1

(n− 1)!

and this expression → 0 as n → ∞. Thus, we have established that this is

a uniformly convergent series and, hence, proved the existence of a solution

to equation (1.2) under the conditions of Theorem 1.3.2. A similar method

is then used to prove the uniqueness of the solution. However, in this case a

second solution z(t) is assumed and an estimate for |(yn(t)−zn(t)| derived. This

estimate is then shown to → 0 as n→∞.

But what if the integral equation is singular? In this case much of the general

theory no longer holds. For example, a solution to a singular equation may

be discontinuous or the equation may even possess an infinite set of solutions.

However, in the next section we discuss a class of singular equations to which

some of the general results may still be applied.

1.4 Singular Equations

1.4.1 Weakly singular equations

In 1896 Volterra first studied singular equations of the form

y(t) = g(t) +

t∫
0

(t− s)−αk(t, s)ds, 0 < α < 1, (1.70)

where the kernel (t − s)−αk(t, s) = kα(t, s) is unbounded at the upper limit of

integration t. This is one of the most extensively researched examples of what
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is known as a weakly singular equation (see, for example, [44],[5] and [74]), the

formal definition of which we shall now state.

Definition 1.4.1 (Weakly singular equations, H. Brunner, [20]). Consider

equation (1.2), the general Volterra equation,

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T.

Now suppose that the kernel in equation (1.2), k(t, s), is singular but its integral

over any bounded interval [0, T ] is finite or integrable. Then k(t, s) is said to be

a weakly singular kernel and equation (1.2), a weakly singular integral equation.

The precise definition of integrable being that for a function f(x) defined over

some measurable space, if f satisfies
∫
|f(x)|ds < ∞, then it is said to be an

integrable function.

To add further clarification to this definition, we would have to look to results

from Riemann Integration and Measure Theory. However, consider the well-

known and frequently studied integral equation with weakly singular logarithmic

kernel

y(t) = g(t) +

t∫
0

log(t− s)k(t, s)y(s)ds, (1.71)

as studied in [52]) for example. First, assume that k(t, s) ∈ C[0, T ]. Note then

that this equation is singular at s = t but if we integrate just the function

f = log(t− s) as follows:

t∫
0

log(t− s)ds = [s log(t− s)]t0 +

t∫
0

s

t− s
ds

= t log(0)− 0 +

t∫
0

−1 +
t

t− s
ds

= t log(0)− 0− t− t log(0) + t log(t) = t log(t)− t,

we see that the all the singular terms vanish identically, thus, the integral

t∫
0

log(t− s)k(t, s)ds (1.72)

is finite on [0, T ].
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To conclude, note that we have already encountered one specific example of a

weakly singular equation in Section (1.2.3), i.e. equation (1.21). However, given

the importance of this particular class of problem, the next section is devoted

to summarizing their properties.

1.4.2 Abel equations

In 1823, the Norwegian mathematician Niels Henrik Abel published a series of

papers on functional equations and integrals. He is accredited with being the

first person to solve an integral equation and one problem he studied, that now

bears his name, is the first kind linear equation

g(t) =

t∫
0

y(s)√
t− s

ds. (1.73)

This particular equation is known as Abel’s integral equation. His work extended

to include equations of the form

g(t) =

t∫
0

y(s)

(t− s)α
ds, 0 < α < 1 (1.74)

and

y(t) = g(t) +

t∫
0

y(s)

(t− s)α
ds, 0 < α < 1, (1.75)

commonly referred to as the generalized Abel integral equation and the weakly

singular equation, respectively. In later years, following Abel’s untimely death1,

nonlinear equations analogous to (1.74) and (1.75) were studied and, although

not universally the case, those too are generally referred to as being Abel equa-

tions. Furthermore, in some publications, for example, [20], operators of the

form

(V u)(t) =

t∫
0

u(s)

(t2 − s2)
1
2

ds, 0 < α < 1, (1.76)

are classified as Abel operators but this is not the general convention. Indeed,

operators of this form are fundamentally different to those we have just met, as

we shall discover in Section (1.4.3). Therefore, this short introduction will focus

1For further information regarding the history of mathematics, the reader is referred to [1]
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only on equations (1.73)-(1.75) and we begin by noting that Abel equations are

of special interest for many reasons, none more so than their significant use in

practical applications. Models based on such equations arise in a diverse range

of scientific fields including microscopy, seismology, radio astronomy, electron

emission, atomic scattering, radar ranging, plasma diagnostics, X-ray radiogra-

phy and optical fibre evaluation [90]. Hence, given their importance, in the next

chapter we will discuss how to obtain a solution to certain Abel type problems

using Laplace transforms. However, for now consider the special case where

k(t, s) = λ, t ∈ [0, T ] and

y(t) = g(t) + λ

t∫
0

(t− s)−αy(s)ds, 0 < α < 1. (1.77)

Then for every α ∈ (0, 1), equation (1.77) possesses a unique continuous solution

given by

y(t) = E1−α(λ(1− α)t1−α)y0 (1.78)

where, for β > 0 and z ∈ C,

Eβ(z) =
∞∑
j=0

zj

Γ(1 + jβ)
(1.79)

is the Mittag-Leffler function. This result is stated in [20] and the proof, ob-

tained via the method of successive approximations (or Picard iteration, as it

is often referred), left to the reader which we shall now endeavour to address.

Proof. Recall that in Section 1.3.2 we introduced the concept of the iterated

kernels and defined the Neumann series. Here, we need to apply this theory

in order to determine the solution to equation (1.77). Thus, we begin by con-

structing the first few terms in the Neumann series and then establish the nth

term by applying the induction process.

Therefore, from equation (1.60),

f1(t) = g(t) +

t∫
0

k(t, s)f0(s)ds

= g(t) +

t∫
0

k(t, s)g(s)ds,
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setting g(t) = y0 yields

y1(t) = y0 +

t∫
0

λ

(t− s)α
y0ds. (1.80)

The next step is to evaluate the integral term by applying a change of variable

s = tx. Thus, with ds = tdx, equation (1.80) becomes

y1(t) = y0 + λy0

1∫
0

(t− tx)−αtdx (1.81)

= y0 + λy0

1∫
0

t1−α(1− x)−αdx. (1.82)

Recalling then that the Beta function has integral representation given by

B(x, y) :=
Γ(x)Γ(y)

Γ(x+ y)
=

1∫
0

tx−1(1− t)y−1dt, (1.83)

setting x = 1 and y = 1− a, we conclude that

1∫
0

(1− x)−αdx = B(1, 1− α) =
Γ(1)Γ(1− α)

Γ(2− α)
. (1.84)

Hence,

y1(t) = y0 + λ
Γ(1− α)

Γ(2− α)
t1−αy0. (1.85)

Now to compute y2(t). Note that we have already computed the first two terms

of the series. Therefore, we only need to evaluate the last term,

t∫
0

k(t, s)

s∫
0

k(s, τ)g(τ)dτds =

t∫
0

λ(t− s)−α
s∫

0

λ(t− τ)−αy0dτds. (1.86)

So, we begin by computing the inner integral. This yields the equation

t∫
0

λ(t− s)−α
s∫

0

λ(t− τ)−αy0dτds = λ2 Γ(1− α)

Γ(2− α)
y0

t∫
0

(t− s)−αs1−αds, (1.87)

in which the integral term on the right hand side can once again be interpreted

in terms of the Beta function by setting s = tx and ds = tdx. Thus, we conclude
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that

t∫
0

(t− s)−αs1−αds =

1∫
0

(tx)1−α(t− tx)−αtdx (1.88)

=

1∫
0

t1−αt−αt(x1−α(1− x)−α)dx (1.89)

= t2(1−α)

1∫
0

x1−α(1− x)−αdx (1.90)

= t2(1−α)B(2− α, 1− α) =
Γ(2− α)Γ(1− α)

Γ(3− 2α)
t2(1−α).

(1.91)

Finally, by combining these results, we obtain the series approximation

y2(t) = y0 + λ
Γ(1− α)

Γ(2− α)
t1−αy0 + λ2

(
Γ(1− α)

Γ(2− α)

)(
Γ(2− α)Γ(1− α)

Γ(3− 2α)

)
t2(1−α)y0

(1.92)

= y0 + λ
Γ(1− α)

Γ(2− α)
t1−αy0 + λ2

(
Γ(1− α)2

Γ(3− 2α)

)
t2(1−α)y0. (1.93)

Now to the induction step. From equations (1.80) and (1.92), we can see that

there appears to be a pattern emerging. Therefore, let us assume that the last

term in the series for yn−1(t) is of the same form, i.e.,

yn−1(t) = y0 + λ
Γ(1− α)

Γ(2− α)
t1−αy0 + λ2

(
Γ(1− α)2

Γ(3− 2α)

)
t2(1−α)y0 + ...

+ λn−1

(
Γ(1− α)n−1

Γ(n− (n− 1)α)

)
t(n−1)(1−α)y0. (1.94)

Hence, by virtue of the iterative process, we make the further assumption that

yn(t) must then be given by

yn(t) = y0 + λ
Γ(1− α)

Γ(2− α)
t1−αy0 + λ2

(
Γ(1− α)2

Γ(3− 2α)

)
t2(1−α)y0 + ...

+ λn−1

(
Γ(1− α)n−1

Γ(n− (n− 1)α)

)
t(n−1)(1−α)y0

+ λn−1

(
Γ(1− α)n−1

Γ(n− (n− 1)α)

)
y0

t∫
0

s(n−1)(1−α)

(t− s)α
ds. (1.95)

All that we need do now in order to determine yn(t) is solve the integral term in

equation (1.95). Thus, applying the same change of variable that we introduced
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when computing the first terms in the series, we see that

t∫
0

s(n−1)(1−α)

(t− s)α
ds =

1∫
0

(tx)(n−1)(1−α)(t− tx)−αtdx (1.96)

= tn(1−α)

1∫
0

x(n−1)(1−α)(1− x)−αdx (1.97)

= tn(1−α)B(n− (n− 1)α, 1− α) (1.98)

=

(
Γ(n− (n− 1)α)Γ(1− α)

Γ((n+ 1)− nα)

)
tn(1−α). (1.99)

Finally, substituting this result into equation (1.95) concludes the induction

process and proves our assertion that the series for yn(t) is given by

yn(t) :=
n∑
i=0

(λΓ(1− α)t1−α)i

Γ((i+ 1)− iα)
y0. (1.100)

Nevertheless, we still need to prove that yn(t) is convergent. Hence, we must

show that

y(t) = lim
n→∞

n∑
i=0

(λΓ(1− α)t1−α)i

Γ((i+ 1)− iα)
y0. (1.101)

Note that intuitively we suspect this to be the case as it is clear, upon consid-

ering equation (1.100) as n→∞, that the denominator is the dominant term.

However, to construct a rigorous proof, we need to apply the following theorem.

Theorem 1.4.1 (P.Linz, Theorem 3.13, [82]). Consider the equation

y(t) = g(t) +

t∫
0

p(t, s)k(t, s)y(s)ds, (1.102)

with unbounded, separable kernel, where the function p(t, s) represents the part

with non-smooth behaviour. Now assume that the following:

(i) The function g(t) is continuous in 0 ≤ t ≤ T .

(ii) k(t, s) is continuous in 0 ≤ s ≤ t ≤ T .

(iii) For each continuous function h and all 0 ≤ τ1 ≤ τ2 ≤ t, the integrals

τ2∫
τ1

p(t, s)k(t, s)h(s)ds (1.103)
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and

t∫
0

p(t, s)k(t, s)h(s)ds (1.104)

are continuous functions of t.

(iv) p(t, s) is absolutely integrable with respect to s for all 0 ≤ t ≤ T .

(v) Let

K := max
0≤s≤t≤T

|k(t, s)|. (1.105)

Then, for all points 0 = T0 < T1 < T2 < ... < Tn = T , t ≥ Ti,

K

 min(t,Ti+1)∫
Ti

|p(t, s)|ds

 ≤ ε < 1. (1.106)

(vi) For every t ≥ 0,

lim
δ→0+

t+δ∫
t

|p(t+ δ, s)|ds = 0. (1.107)

Then, if the conditions (i)-(vi) hold, equation (1.102) has a unique, continuous

solution in 0 ≤ t ≤ T .

Linz refers to the above approach as a method of continuation in the sense

that a unique solution is proved to exist on some interval, [0, T1] say, and this

solution is then shown to continue on successive intervals, [T1, T2], [T2, T3], and

so forth. Then, subject to the conditions outlined in Theorem 1.4.1 being met,

the solution is proved to exist over the whole domain, [0, T ]. Hence, we shall

now prove that all the above axioms apply in the case of equation (1.77).

(i) This condition can be seen to hold immediately as g(t) = y0 = const.

(ii) Likewise, as k(t, s) = λ = const, it is also continuous everywhere.

(iii) To satisfy condition (iii), note that as the function h is continuous, it is

bounded on any finite interval. Thus, let

M := max
0≤s≤t≤T

|h(t)|. (1.108)
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Hence,

t∫
0

λ

(t− s)−α
h(s)ds ≤M

t∫
0

λ

(t− s)−α
ds (1.109)

= Mλ
Γ(1− α)

Γ(2− α)
t1−α. (1.110)

So, we conclude that with p(t, s) = (t− s)−α and k(t, s) = λ, the integrals

given by equations (1.103) and (1.104) are also continuous.

(iv) Condition (iv) we have already proved, recalling that in equations (1.81)-

(1.85) we computed the integral

t∫
0

ds

(t− s)α
=

Γ(1− α)

Γ(2− α)
t1−α. (1.111)

(v) To prove that condition (v) holds, we use the fact that

|p(t, s)| = |(t− s)−α| (1.112)

= (t− s)−α (1.113)

and apply the result stated in equation (1.111). This yields the equation

K

 min(t,Ti+1)∫
Ti

|p(t, s)|ds

 = λ

[
1

α− 1
(t− s)1−α

]min(t,Ti+1)

Ti

. (1.114)

Using equation (1.114), we then deduce that the inequality

λ

[
1

α− 1
(t− s)1−α

]min(t,Ti+1)

Ti

≤ ε < 1 (1.115)

is satisfied on any sufficiently small interval [Ti,min(t, Ti+1)].

(vi) Here, first note that as 0 ≤ s ≤ t ≤ T , |(t + δ − s)−α| = (t + δ − s)−α.

Hence,

lim
δ→0+

t+δ∫
t

(t+ δ − s)−αds = lim
δ→0+

[
1

α− 1
(t+ δ − s)1−α

]t+δ
t

(1.116)

= lim
δ→0+

(
δ1−α

1− α

)
(1.117)

= 0. (1.118)
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So, as all the conditions are satisfied, we conclude that equation (1.77) has a

unique continuous solution. However, we still need to show that this solution is

given by equation (1.100), the solution we derived using the method of succes-

sive approximations. More precisely, we need to show that the series given by

equation (1.100) converges as n→∞. In order to achieve our aim, we need to

look to the proof of Theorem (1.4.1) but in the text Linz only outlines the basic

principles and the details are left to the reader. Therefore, we will begin by

completing the arguments presented by Linz in [82] in the general case before

applying the result to equation (1.100) specifically. The proof is in two parts.

It is first shown that a continuous solution exists and then that this solution is

unique. So, let

yn(t) = g(t) +

t∫
0

p(t, s)k(t, s)yn−1(s)ds (1.119)

and

yn−1(t) = g(t) +

t∫
0

p(t, s)k(t, s)yn−2(s)ds, (1.120)

where y0(t) = g(t). Then, by subtracting (1.120) from (1.119), we have that

yn(t)− yn−1(t) =

t∫
0

p(t, s)k(t, s)(yn−1(s)− yn−2(s))ds. (1.121)

Now define

ϕn(t) := yn(t)− yn−1(t). (1.122)

Hence,

ϕn(t) =

t∫
0

p(t, s)k(t, s)ϕn−1(s)ds (1.123)

and

y(t) =
n∑
i=0

ϕi(t). (1.124)

Then, by using the fact that

K := max
0≤s≤t≤T

|k(t, s)|, (1.125)
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we begin by proving that there exists a solution on the interval [0, T1]. Thus,

from equation (1.123),

|ϕn(t)| ≤ K max
0≤τ≤T1

|ϕn−1(τ)|
t∫

0

|p(t, s)|ds. (1.126)

Now, assuming that condition (v) holds, it follows from equation (1.126) that

max
0≤τ≤T1

|ϕn(τ)| ≤ ε max
0≤τ≤T1

|ϕn−1(τ)|. (1.127)

However, by noting that

|ϕn−1(t)| ≤ K max
0≤τ≤T1

|ϕn−2(τ)|
t∫

0

|p(t, s)|ds, (1.128)

applying these arguments again to equation (1.126) yields

|ϕn(t)| ≤ K max
0≤τ≤T1

|ϕn−1(τ)|
t∫

0

|p(t, s)|ds (1.129)

≤ K

t∫
0

|p(t, s)|ds

K max
0≤τ≤T1

|ϕn−2(τ)|
t∫

0

|p(t, s)|ds

 . (1.130)

Therefore,

max
0≤τ≤T1

|ϕn(τ)| ≤ ε2 max
0≤τ≤T1

|ϕn−2(τ)|. (1.131)

This process can then be repeated several times, from which we conclude that

max
0≤τ≤T1

|ϕn(τ)| ≤ εn max
0≤τ≤T1

|g(τ)|. (1.132)

Finally, from equation (1.124), we observe that as ε < 1 this sequence is domi-

nated by

max
0≤τ≤T1

|g(τ)|
n∑
i=0

εi < max
0≤τ≤T1

|g(τ)| 1

1− ε
(1.133)

and converges uniformly. Moreover, in light of equations (1.103) and (1.104), it

follows that the functions ϕi(t), i = 1, 2, ..., n are continuous, therefore, y(t), as

defined by equation (1.124), is likewise continuous.

Having established the existence of a continuous solution, y(t), to then show

that this solution is unique we apply the usual method of assuming there exists

a second one, ỹ(t) say, and then prove the contrary. Thus, let

y(t)− ỹ(t) =

t∫
0

p(t, s)k(t, s)(y(s)− ỹ(s))ds. (1.134)
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Then, using the same arguments that we used in the existence proof, this yields

the equation

|y(t)− ỹ(t)| ≤ K max
0≤τ≤T1

|y(τ)− ỹ(τ)|
t∫

0

|p(t, s)|ds, 0 ≤ t ≤ T1, (1.135)

which in turn implies that

max
0≤τ≤T1

|y(τ)− ỹ(τ)| ≤ ε max
0≤τ≤T1

|y(τ)− ỹ(τ)|. (1.136)

So, as ε 6= 0, this inequality can only hold if y(t) = ỹ(t). Hence, we have shown

that on the interval [0, T1] equation (1.102) has a unique, continuous solution.

The reader is then referred back to Linz, [82], to see how this result is then de-

termined on subsequent intervals, [T1, T2], [T2, T3],...,[Tn−1, Tn], where a slightly

more detailed account is provided. However, we shall summarize the main

points here. Firstly, equation (1.102) is rewritten in the form

y(t) = G(t) +

T∫
T1

p(t, s)k(t, s)y(s)ds, (1.137)

where

G(t) = g(t) +

T1∫
0

p(t, s)k(t, s)y(s)ds (1.138)

and y(s) in equation (1.138) is the solution found in the first interval. Noting

that the first equation, equation (1.137), is just a Volterra equation with the

origin shifted from 0 to T1 we can repeat the basic step again here. Furthermore,

by condition (ii), as g(t) is continuous, so is G(t). So, all the conditions of

Theorem 1.4.1 hold and equation (1.138) has a unique continuous solution in

[T1, T2], ψ(t). Then, from (1.138) and condition (v), Linz asserts that

lim
t→T1

ψ(t) = G(T1). (1.139)

But

lim
t→T1

y(t) = G(T1). (1.140)

Therefore, there exists a unique continuous solution in [0, T2]. Consequently,

as there are only a finite number of subintervals in [0, T ], by continuing in this

manner the result can be extended to cover the whole interval.
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We can now apply these arguments to our problem. So, to prove that equa-

tion (1.100) converges and, thus, represents the unique continuous solution to

equation (1.77), we set

y(t) =
n∑
i=0

ϕi(t) =
n∑
i=0

(λΓ(1− α)t1−α)i

Γ((i+ 1)− iα)
y0. (1.141)

First note that the functions, ϕi, generated by equation (1.141) are all con-

tinuous. Then, upon substituting these functions into the inequalities (1.126)-

(1.133), it is easy to see that they indeed hold in this case. Hence, the solution

converges uniformly.

Moreover, the conditions required for uniqueness and for the solution to be

extended to cover the whole interval, [0, T ], are readily seen to be satisfied. In

view of this analysis, we conclude that the solution, y(t), given by equation

(1.101) exists and, by comparing this solution to the Mittag-Leffler function

(equation (1.79)), that

y(t) = E1−α(λ(1− α)t1−α)y0. (1.142)

1.4.3 Strongly singular integral equations

We begin this short section by referring back to equations (1.74) and (1.75),

given by

g(t) =

t∫
0

y(s)

(t− s)α
ds, 0 < α < 1

and

y(t) = g(t) +

t∫
0

y(s)

(t− s)α
ds, 0 < α < 1,

respectively. Note that in both cases there is a restriction placed on α, i.e., that

the equation is valid for 0 < α < 1. Therefore, a natural question to ask would

be that if we were to extend this range even slightly, for example, by letting

α = 1 say, does this significantly change the nature of the problem and, indeed,

its solution? The answer to this question is yes. Hence, we shall now briefly

look at equations of this type in more detail.
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So, consider the integral

b∫
c

y(s)

(t− s)α
ds, α > 1, |t| < 1. (1.143)

Clearly, this integral is not finite over any interval containing the point t = s,

thus, equations that include divergent integrals of this form are referred to

as being strongly singular. As a consequence, such equations require a very

different approach to the weakly singular Abel-type equations we encountered in

the previous section in order to solve them. Therefore, we shall, in due course,

introduce a method that was developed by Hadamard (please see [56]) that

allows us to regularize divergent integrals by omitting the divergent terms and

keeping the finite part. The resultant integrals are aptly referred to as Hadamard

finite part integrals and, according to Chan et.al., [30], can be considered as

a generalization of the Cauchy principal value integral, as presented in the

following definition.

Definition 1.4.2 (Chan, Youn-Sha, et.al., [30], Cauchy principal value inte-

gral). Integrals with kernels of the form

1

t− x
, |x| < 1 (1.144)

can be regularized by way of the Cauchy principal value integral (denoted by

the standard integral sign with a bar through the centre), such that

−
d∫
c

φ(t)

t− x
dt := lim

ε→0


x−ε∫
c

φ(t)

t− x
dt+

d∫
x+ε

φ(t)

t− x
dt

 , (1.145)

where c < x < d. Then, by noting that the ε−neighbourhood about the

singular point x = t is symmetric, the Cauchy principal value representation

consequently cancels out the singularity.

Nevertheless, in order for the Cauchy principal value integral to exist, the func-

tion φ(x) must at least satisfy a Hölder condition on the interval c < x < d.

Thus, for some real, non-negative constants Cφ, α > 0, the inequality

|φ(x)− φ(y)| ≤ Cφ‖x− y‖α (1.146)

must hold ∀x, y ∈ (c, d). We shall now formalize and make more precise this

continuity criteria by way of the following definition that introduces us to the

concept of Hölder space.
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Definition 1.4.3 (Hölder continuity, Hölder space Ck,α(Ω), Pavel Ŝolin, [97]).

We say that a function φ ∈ C(Ω), Ω an open subset of some Euclidean space, is

Hölder continuous with exponent α > 0 if there exists a constant Cφ such that

|φ(x)− φ(y)| ≤ Cφ‖x− y‖α, ∀x, y ∈ Ω. (1.147)

Furthermore, the space Ck,α(Ω) consists of those functions on Ω having contin-

uous derivatives up to order k. Moreover, the kth-order partial derivatives of

such functions are Hölder continuous with exponent α, where 0 ≤ α ≤ 1.

So, in conclusion, it follows that if φ is Hölder continuous, then φ ∈ C0,α(c, d) is

a sufficient and necessary condition for the Cauchy principal value integral, as

given by equation (1.145), to exist. (For further details and proof, please refer

to [30]).

Turning our attention now to integrals with a singularity of higher order and

consider those of the form

d∫
c

φ(t)

(t− x)2
dt, c < x < d. (1.148)

In this case, the Cauchy principal value integral does not exist. To illustrate

this, consider the elementary example, as given in [30], where φ(t) = 1 and

x = 0,

−
c∫

d

dt

t2
= lim

ε→0


−ε∫
c

dt

t2
+

d∫
ε

dt

t2

 (1.149)

= lim
ε→0

(
1

c
− 1

d
+

2

ε

)
, (1.150)

where φ(t) = 1 and x = 0. However, as lim
ε→0

(
2

ε

)
→∞, equation (1.150) is not

finite. Integrals such as these that involve a higher order singularity are known

as hypersingular integrals, (see [56]), and a different approach is needed in this

case. Therefore, in 1923, Hadamard introduced the concept of the Hadamard

finite part integral, generally denoted by an integral sign with a double bar

through the middle, where we simply disregard the infinite part of the solution

and keep the finite part. Thus,

=

d∫
c

dt

t2
=

1

c
− 1

d
. (1.151)

Formalizing this argument, we present the following definition.
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Definition 1.4.4. (Hadamard finite part integral (quadratic singularity), Chan,

Youn-Sha, et.al., [30]) Denote by Cm,α(c, d) the space of functions whose m−
derivatives are Hölder continuous on (c, d) with 0 < α ≤ 1. Then, if φ(x) ∈
C1,α(c, d),

=

d∫
c

φ(t)

(t− x)2
dt := lim

ε→0

 x−ε∫
c

φ(t)

(t− x)2
dt+

d∫
x+ε

φ(t)

(t− x)2
dt− 2φ(x)

ε

 . (1.152)

Having now stated an explicit result for integrals with a quadratic singularity, we

conclude by showing that the Hadamard finite part integral can be generalized

to include integrals containing singularities of order n. In order to see this,

however, we first need to apply Leibniz rule to the Cauchy principal value

integral

−
d∫
c

φ(t)

(t− x)
dx. (1.153)

This yields the following relation:

Definition 1.4.5 (Chan, Youn-Sha, et.al., [30]). If φ(x) ∈ C1,α(c, d), then

d

dx
−
d∫
c

φ(t)

(t− x)
dx := =

d∫
c

φ(t)

(t− x)2
dx. (1.154)

Hence, by repeatedly applying Leibniz rule for differentiation under the integral

sign, Hadamard finite part integrals can be defined recursively for general n as

follows.

Definition 1.4.6 (Finite part integral, Chan, Youn-Sha, et.al., [30] ). Denote

L1+ =
⋂
p>1

Lp[c, d]. (1.155)

Then, for any φ ∈ Cn,α(c, d) ∩ L1+, c < x < d and n = 1, 2, 3, ...,

1

n

d

dx
−
d∫
c

φ(t)

(t− x)n
dx := =

d∫
c

φ(t)

(t− x)n+1
dx (1.156)

with

d

dx
−
d∫
c

φ(t)

(t− x)
dx := =

d∫
c

φ(t)

(t− x)2
dx.
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This concludes our brief introduction to strongly singular integral equations.

For further details and proofs, the reader is referred, for example, to [30], [59]

and [56].

1.5 Final notes and summary of forthcoming

work

To conclude this introduction, we present an overview of our work in the forth-

coming chapters. Having introduced the topic of integral equations, in the next

two chapters we identify the methods used to solve them. In Chapter two, the

emphasis is on analytical methods; those that can be used to determine an exact

or ’closed form’ solution. However, integral equations are notoriously difficult to

solve and, in most cases, an approximation to the true solution is sought by way

of a numerical method. Therefore, in Chapter three, the most frequently ap-

plied methods are outlined. Furthermore, when taking a numerical approach to

obtaining a solution, important properties, common to all numerical methods,

need to be taken into consideration. Hence, these properties, such as stability

and convergence, are discussed at the beginning of the chapter.

Chapters one to three provide a detailed, if not exhaustive, account of the gen-

eral theory of integral equations, whereas Chapters four and five, in essence,

provide an introduction to our particular field of research. Thus, in Chapter

four, our attention turns to a specific class of problems, known as Cordial inte-

gral equations. The theory and results presented here are based on the work of

Gennadi Vainikko whose seminal treatise relating to this type of equation was

presented in a series of papers, including [100], from which the results stated in

this chapter are taken. This class of equation contains the Cordial operator

(Vϕu)(t) =

∫ t

0

t−1ϕ
(s
t

)
u(s)ds.

The operator Vϕ is characterized by its ’core function’, ϕ, and its eigenvalues,

ϕ̂(r) =

∫ 1

0

ϕ(s)srds,

corresponding to the eigenfunctions ur(t) = tr, 0 ≤ r < ∞. As a consequence,

Vainikko asserts that a detailed analysis of such operators can be conducted by

studying the spectrums of ϕ and Vϕ, the core function and Cordial operator,

respectively. The fundamental concepts and results relating to Vainikko’s work
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in this field are presented in his first paper in the series, [100]; most significantly,

conditions for which Cordial equations of the form

µu = Vϕu+ f

possess a unique solution are derived for f ∈ Cm[0, T ], m ≥ 1. The theoretical

arguments put forward in [100] are complex. Therefore, throughout Chapter

four, we endeavour to clarify the results we present. We conclude Chapter four

with details of two methods, proposed by Vainikko in the closing sections of

[100], to solve equations containing Cordial operators. One particular example

of just such an equation, we then introduce in Chapter five.

The Cordial integral equation

y(t) =

∫ t

0

sµ−1

tµ
y(s) + g(s)

has been the subject of a number of studies in its own right, most notably,

it has received much attention from Teresa Diogo, whose renowned research

in relation to the problem has significantly advanced our understanding of the

equation itself and its solutions. Consequently, it is often referred to as ’Diogo’s

equation’.

In this chapter, we begin by proving the kernel of this equation,
sµ−1

tµ
, gener-

ates a Cordial operator. We then present a collection of important theorems,

attributed to Weimin Han, [63], in which the general form of the solution to

the problem is identified for different values of µ. The results stated clearly

illustrate the reasons why this equation is of great interest. For µ > 1, the

equation possesses a unique solution. However, when 0 < µ ≤ 1, it has an

infinite number of solutions, out of which, only one has C1−continuity. There-

fore, in the latter case, obtaining a solution to a particular problem presents

a number of challenges and requires a considered approach and detailed, often

complex, analysis and methodologies. The chapter concludes with an appraisal

of a number of recent papers in which new solution methods, designed to over-

come the difficulties associated with solving this equation, are introduced. Here,

we identify the advantages and disadvantages of each new approach and assess

their performance. As a result of our findings, and our comprehensive knowl-

edge of earlier studies, we concluded that some significant gaps in the research

relating to Diogo’s equation existed. Therefore, our research, which we present

in the remaining chapters, was conducted in order to address these issues.
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One such overriding issue that has came to our attention when reviewing the

literature was that the methods proposed to date require very specific math-

ematical knowledge in order to understand their derivation and to apply in

practice. Moreover, these methods are, in general, complicated and there are

many steps involved in their execution. Hence, in Chapter six, we present a very

simple method that involves the use of an elementary Taylor series expansion.

We begin by proving that even though Diogo’s equation possesses an infinite

number of solutions when 0 < µ < 1, subject to the free term, g(t), being at

least first order differentiable, our method can be applied to compute the unique

solution, y(t) ∈ C1[0, T ]. A number of examples are then given in order to val-

idate our new approach. Furthermore, we show that depending once again on

the smoothness of g(t), we obtain either a closed form, or a series, solution. We

conclude this short chapter with some closing remarks, noting that, although

our Taylor series method clearly overcomes all the problems associated with the

complicated and computationally expensive methods previously proposed in or-

der to solve Diogo’s equation, particularly in the case for which 0 < µ < 1, it

nevertheless does have some limitations. Most notably, it does not address the

most important omission in the research presented thus far, that is, that almost

exclusively the methods put forward are only designed to compute the smooth

solution out of the infinite number of solutions to the problem. Consequently,

the next three chapters are devoted to developing a straightforward approach

that is able to determine any chosen solution out of the infinite set.

Henceforth, in Chapter seven, we begin by outlining our motivation and objec-

tives, noting that, in addition to simplicity, we wish to develop a method that

has the realistic potential to be used in practical applications. Therefore, as

most mathematical models take the form of a differential equation, we decided

to convert Diogo’s integral equation into a differential form. In the latter sec-

tions of the chapter, we begin our analysis and show that in the case for which

µ > 1, our differential form of Diogo’s equation possesses a unique, smooth

solution and, moreover, this solution takes the same form as the solution to the

original integral equation. However, the analysis in the case for which 0 < µ < 1

was far more complex. Thus, this was presented in Chapter eight and it is here

that we present our most important result.

We begin the chapter with some detailed and considered heuristic arguments

and develop our theory, in view of which we proposed the hypothesis that the
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non-smooth solutions to Diogo’s integral equation represent the weak solutions

to its associated differential form, which we derived in Chapter seven. We then

rigorously prove our conjecture using a combination of advanced techniques,

sophisticated analysis and established theory. This result not only represents a

major advancement in terms of its theoretical importance; as a consequence of

this relationship, we are also able to achieve our main objective of establishing a

simple approach to determine any solution to the problem out of the infinite set

that, in addition, could effectively be applied in practice. Therefore, in Chapter

nine, we introduce our novel method.

Recall that our reason for embarking on this research project was that in pre-

vious studies the methods presented were only able to determine the smooth

solution to the problem. However, there is one exception, which we did in fact

introduce in Chapter Five. The split interval method, first applied in [43], in

brief splits the integral operator in Diogo’s integral equation into two parts;

the first, covering the interval of integration t ∈ [0, ε], the second, covering the

interval t ∈ [ε, T ]. Thus, the singular integral is replaced by two equivalent

integrals, only one of which is singular. Hence, using an additional data point,

y(ε), 0 < ε < T , the first integral containing the singular point can easily be

evaluated via an elementary calculation, whilst the second, regular part of the

problem is solved using standard numerical methods. This was the inspiration

for our new approach. Having proved that the non-smooth solutions to Diogo’s

integral equation passing through an arbitrary point y(ε) are the weak solutions

to its differential form passing through the same point, it follows immediately

that our problem reduces to that of solving a regular initial value problem, with

y0 = y(ε) as this classical solution for t ∈ [ε, T ] represents the weak solution over

the whole interval 0 < t < T . We then tested the performance of our method

by completing a series of numerical experiments and compared the results to

those obtained by Diogo, et.al. in [43]. This comparative study highlighted the

advantages of converting the problem to a differential form as the error incurred

in the solutions produced using our method were notably reduced and it was

also shown to be more computationally efficient.

In the penultimate two chapters, we turn our attention to convergence and error

analysis. In Chapter ten, we review the results obtained in previous studies

conducted by Diogo, et.al. Throughout our research, we have considered its use

in practical applications, this being one of our main objectives. Here, therefore,
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we extend the existing analysis and results with this in mind. For example,

when reviewing [45], we proved that the authors’ work could also be applied

to a higher order method. In Chapter eleven, the error analysis conducted in

relation to our novel method, presented in Chapter nine, is documented. We

begin the chapter by presenting some general results, whilst in the latter section,

we introduce Lotkin’s error bounds.

We observed, when reviewing our experimental data in Chapter nine, that the

error incurred upon applying the second order modified Euler and improved

Euler methods differed. Therefore, as the Lotkin error bounds can be used

to establish an upper bound on the error incurred by a particular numerical

method, we computed the bounds for both methods and the results we ob-

tained clearly show that the error in the solutions obtained by applying the

modified Euler method were of lesser magnitude, which is in agreement with

our findings. Moreover, in practical applications, it is often imperative that the

error associated with a particular mathematical model remains within a specific

tolerance. Therefore, we also show how Lotkin’s bounds can be used in order to

ensure the error does not exceed the required level. Finally, in Chapter twelve,

we summarize our findings and describe in detail the future direction we foresee

our work here taking, once more with the emphasis being on its application in

relation to real world problems.
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Chapter 2

Analytical solution methods for

Volterra integral equations

2.1 Closed form and series solution methods

2.1.1 Introductory note

In the last chapter, we identified all the major classes of Volterra integral equa-

tion. Therefore, here we introduce the analytical solution methods that are

widely used to solve them. Note that some methods can only be applied to

a particular type of problem, whereas others can be applied to more general

equations. The relative merits of each method featured are then discussed at

the end of this chapter.

2.1.2 Picard’s method and series solutions

Recall that, in Section 1.4.2, we applied Picard iteration to obtain the solution to

a particular equation of Abel type. Later, in Section 6.1, we shall apply a series

method in order to derive the smooth solution to a singular integral equation

that will shortly become very familiar. Consequently, in this section, we shall

only briefly outline these methods and refer the reader to the aforementioned

examples for further details.

Picard’s method, often referred to as the method of successive approximations,

essentially involves choosing an initial approximation, y0(t) say, to the solution
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of the Volterra integral equation of the second kind

y(t) = g(t) + λ

t∫
0

k(t, s)y(s)ds (2.1)

and applying an iterative process such that the recurrence relation,

yn(t) = g(t) + λ

t∫
0

k(t, s)yn−1(s)ds, n ≥ 1, (2.2)

yields an increasingly accurate approximation to y(t). Thus, subject to certain

continuity conditions (See Theorem 3.1, [111]),

y(t) = lim
n→∞

yn(t). (2.3)

Common choices for y0(t) include 0, 1 and x (see [111]). Furthermore, in Section

1.4.2, we set y0(t) = g(t) when deriving the solution to equation (1.77).

We now turn our attention very briefly to obtaining a solution to equation (1.2),

the linear Volterra equation of the second kind given by

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T,

via a Taylor series method. In order to apply this simple approach, we approx-

imate y(t) by a Taylor series, ỹ(t) =
∞∑
n=0

ant
n, substitute it into equation (1.2)

and equate the coefficients an, n ≥ 0. Depending on the differentiability of g(t),

this method then produces either a closed form or series solution. The method

and its application are covered in detail in Section 6.1, to which the reader is

now referred.

2.1.3 Difference kernels and Laplace transforms

Consider the equation

y(t) = g(t) +

t∫
0

k(t− s)y(s)ds. (2.4)

Volterra integral equations of this type are special, due to the nature of their

kernel functions. Kernels of the form k(t− s) are known as difference or convo-

lution kernels and two specific examples of Volterra equations containing this
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type of kernel are given by

y(t) = cos(t) +

t∫
0

sin(t− s)y(s)ds (2.5)

and

y(t) = 1 + t+

t∫
0

e−(t−s)y(s)ds. (2.6)

Such equations, in certain simple cases, can be solved exactly using Laplace

transforms. Therefore, in this section we shall present an overview of how

Laplace transform theory can be applied in the study of linear convolution

integral equations. The theoretical arguments and results stated in this section

are adapted from the material in [82], to which the reader is referred for a more

detailed treatment of the topic.

Let us start, however, with some notation and a definition. Therefore, to begin,

note that the convolution of two functions is defined as

(y1 ∗ y2)(t) =

t∫
0

y1(t− s)y2(s)ds. (2.7)

We shall now formally introduce the Laplace transform, by way of the following

definition.

Definition 2.1.1 (Linz, P, section 6.2, [82]). The Laplace transform of a given

function y(t) is given by

L(y)(w) :=

∞∫
0

e−wty(t)dt, (2.8)

where w is a complex number. This definition holds provided the integral in

equation (2.8) is convergent which, in general, is the case for all w in the half-

plane Re(w) ≥ w0, for some w0.

Laplace transforms may be viewed as a mapping between a vector space of func-

tions. In elementary terms, this means that certain functions can be mapped

onto another function via a Laplace transform. Hence, this leads us to the next

definition.
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Definition 2.1.2 (Linz, P, section 6.2, [82]). The Laplace transform operator,

L, has an inverse, L−1, given by

L−1(u)(t) =
1

2π

a+i∞∫
a−i∞

ewtu(w)dw, (2.9)

such that

L−1(L(y))(w) = y(t). (2.10)

Note that this last equation is not commonly used when endeavouring to invert

a Laplace transform. More often than not, a set of tables detailing the most

frequently used transforms is the preferred method. Note that some very sim-

ple, common functions do not have a Laplace transform, as the integrals are

divergent. This is one of a number of limitations associated with applying the

method in practice.

We shall now list some properties associated with Laplace transforms that are

particularly useful when attempting to solve a convolution type equation.

Theorem 2.1.1 (Linz, P, Theorem 6.5, [82]). Let y1 and y2 be two functions

which are absolutely integrable over some interval, [0, T ], and which are bounded

over every finite subinterval, not including the origin. Furthermore, if L(y1) and

L(y2) are absolutely convergent for w ≥ w0, then

L(y1 ∗ y2) = L(y1) · L(y2), Re(w) ≥ w0. (2.11)

That is, the Laplace transform of a convolution is the product of the individual

transforms.

Another useful relation concerns the linearity of Laplace transforms. Thus,

L(y(t) + z(t)) = L(y(t)) + L(z(t)). (2.12)

Having stated some basic definitions, we will now outline the Laplace transform

method for linear convolution equations of the second kind. So, observing that

we can use the shorthand notation for equation (2.4),

y = g + k ∗ y, (2.13)

we begin by taking Laplace transforms. This yields the equation

L(y) = L(g) + L(k ∗ y). (2.14)
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The next step is to apply Theorem 2.1.1 to equation (2.14), from which we

deduce that

L(y) = L(g) + L(k).L(y)

=
L(g)

1− L(k)
. (2.15)

Finally, upon taking the inverse transform of equation (2.15), we conclude that

the solution to equation (2.4),

y(t) = g(t) +

t∫
0

k(t− s)y(s)ds,

is given by

y = L−1

(
L(g)

1− L(k)

)
. (2.16)

The method is now applied in the following example.

Example 2.1.1. Find the solution of the equation

y(t) = 1 +

t∫
0

eα(t−s)y(s)ds. (2.17)

Here, note that with g = 1 and k = eα(t−s),

L(y)(w) =
L(1)(w)

1− L(eαt)(w)
. (2.18)

Then, by using a table of Laplace transforms, we see that

L(1)(w) =
1

w
(2.19)

and

L(eαt)(w) =
1

w − α
. (2.20)

Therefore,

L(y)(w) =

1

w

1− 1

w − α

(2.21)

=
w − α

w(w − α− 1)
(2.22)
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and by decomposing equation (2.22) using partial fractions, we obtain

w − α
w(w − α− 1)

=
A

w
+

B

w − α− 1
(2.23)

or, equivalently,

w − α = A(w − α− 1) +Bw. (2.24)

Hence, comparing coefficients in order to determine A and B yields

A = 1− 1

α + 1
(2.25)

and

B =
1

α + 1
. (2.26)

Thus,

L(y)(w) =

(
1− 1

α + 1

)(
1

w

)
+

(
1

α + 1

)(
1

w − (α + 1)

)
(2.27)

and we conclude, by taking the inverse transforms, that

y(t) = L−1

(
1− 1

α + 1

)(
1

w

)
+ L−1

(
1

α + 1

)(
1

w − (α + 1)

)
(2.28)

=
1

α + 1

(
α + e(α+1)t

)
. (2.29)

We shall end this section with some final observations. Note that throughout we

have emphasized the limitations associated with the Laplace transform method

and it is indeed the case that a cautious approach needs to be taken. However,

that is not to say that, with careful application, the method is not a very useful

way to determine a solution to a problem, even if additional measures may be

required to validate it. (See [82] for further details).

Furthermore, subject to certain manipulations, the method can also be applied

to equations of the first kind. In fact, in [82], it is shown that the Laplace

transform method can be used to solve the general Abel equation, equation

(1.73), given by

g(t) =

t∫
0

y(s)√
t− s

ds,

42



even though the kernel is unbounded. This is achieved via the introduction of

a new variable,

y(t) = z′(s), (2.30)

such that

L(y)(w) = w.L(z)(w)− z(0). (2.31)

Linz then shows, using some elementary modifications to the standard process,

that the solution is given by the familiar formula

y(t) =
1

π

d

dt

t∫
0

g(s)√
t− s

ds. (2.32)

The reader is now referred back to Linz, [82], for more information on how

Laplace transforms can also be a very effective tool when we need to study the

qualitative properties and asymptotic behaviour of a solution in some cases.

2.1.4 The Adomian decomposition method

Adomian decomposition is a semi-analytic solution method, first introduced by

George Adomian during the latter part of the twentieth century in [4]. However,

the method is well known and outlined in numerous publications, for example,

Wazwaz provides a detailed account of this approach in [111] and the following

discussion is based on the material therein.

The method itself works by replacing the unknown function, y(t) say, by an

infinite series that ’decomposes’ y(t) into the sum of an infinite number of

components. This decomposition series is given by

y(t) =
∞∑
n=0

yn(t) (2.33)

or, equivalently,

y(t) = y0(t) + y1(t) + y2(t) + y3(t) + y4(t) + ..., (2.34)

where the components yn(t), n ≥ 0 are derived using a recurrence relation.

We will now apply the method to the general Volterra integral equation of the

second kind, equation (1.2), given by

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T.
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Thus, we begin by substituting the decomposition series, given by equation

(2.33), into equation (1.2). This yields

∞∑
n=0

yn(t) = g(t) +

t∫
0

k(t, s)

(
∞∑
n=0

yn(s)

)
ds (2.35)

or, equivalently,

y0(t) + y1(t) + y2(t) + ... = g(t) +

∫ t

0

k(t, s) (y0(t) + y1(t) + y2(t) + ...) ds.

(2.36)

Now, if the first component, y0(t), is set as

y0(t) = g(t), (2.37)

it then follows from equation (2.36) that the remaining components yn(t), n ≥ 1

of y(t) are derived from the recurrence relation

y0(t) = g(t),

yn+1(t) =

t∫
0

k(t, s)yn(s)ds, n ≥ 0. (2.38)

The type of solution we obtain by applying the Adomian decomposition method,

according to Wazwaz, then depends on the problem itself. If an exact solution to

the problem exists, then the resulting series converges rapidly to that solution.

However, in the case where no closed form solution exists, a truncated number

of terms are computed to produce a numerical approximation.

Example 2.1.2. Apply the Adomian decomposition method to the equation

y(t) = 1− t+

t∫
0

(t− s)y(s)ds. (2.39)

We begin by noting that,in equation (2.39), g(t) = 1 − t. Therefore, the first

component of y(t) is given by

y0(t) = 1− t. (2.40)

Then, using the recurrence relation defined by equation (2.38), we compute the

44



next few components of y(t). Hence,

y1(t) =

t∫
0

(t− s)y0(s)ds =

t∫
0

(t− s)(1− s)ds =
t2

2
− t3

6
,

y2(t) =

t∫
0

(t− s)y1(s)ds =

t∫
0

(t− s)
(
s2

2
− s3

6

)
ds =

t4

24
− t5

120
,

y3(t) =

t∫
0

(t− s)y2(s)ds =

t∫
0

(t− s)
(
s4

24
− s5

120

)
ds =

t6

720
− t7

5040
,

y4(t) =

t∫
0

(t− s)y3(s)ds =

t∫
0

(t− s)
(
s6

720
− s7

5040

)
ds =

t8

720
− t7

40320
.

(2.41)

Clearly, we can now see a pattern emerging and we conclude that as, n→∞,

y(t) =
∞∑
n=0

(−1)ntn

n!
, (2.42)

which the observant reader will recognize as the Taylor series about t = 0 for

e−x. Therefore, the closed form solution of equation (2.39) is given by

y(t) = e−x (2.43)

Having outlined the basic principles of the Adomian decomposition method

(ADM) and its application in elementary cases, we now focus on its use in more

advanced work. Therefore, we shall review two research papers in which the

method is applied, beginning with [54].

In [54], the authors explore the comparative performance of the ADM against

that of various other methods including Taylor series and Runge-Kutta meth-

ods. This was inspired by both the claims of Bellman in [3], where the ADM

was hailed as the optimal method to apply when attempting to solve a system of

nonlinear equations and, specifically, by the work conducted by Olek in [89]. In

this paper, the author explores the use of the ADM in determining the solution

to some predator prey models and concludes that the method be more efficient

in such cases when compared with alternative methods.

However, before we focus on the work conducted by Ford, et.al. in [54], we shall

introduce the predator-prey equations, which are used extensively in the field of

mathematical biology, for the benefit of those readers who are unfamiliar with
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the subject. So, to begin. Consider the time dependent growth of a particular

species at time t whose population size is represented by the function x(t). If

we assume that the food source for this species is unlimited, then it follows

that the rate at which this population will increase will be proportional to the

current population size, i.e.

dx

dt
= ax⇐⇒ x(t) = Aeat (2.44)

with a > 0, the growth rate (birth ratio per individual) and A = x(0), the initial

population size. But, this model in itself is flawed as clearly this population

will continuously grow without bound over time. Hence, a second species, with

population size y(t), is introduced and this species preys on the first. Thus,

x(t) will decrease proportionally to xy (the population size of the first species

multiplied by the population size of the second at time t). Therefore, a more

accurate model is given by the equation

dx

dt
= ax− bxy,

where b represents the predation rate (the rate at which the first species is

killed as prey by the second). Now, as a consequence of introducing a second

species, it follows that we must also model its population size over time. So, by

assuming that in the absence of any food source (when x(t) = 0) this population

will decrease, we conclude that

dy

dt
= −cy, (2.45)

where c represents the death rate of the predatory second species. On the other

hand, however, this population will grow in proportional to the interactions of

these two species (at some rate d). Therefore, the revised equation for dy/dt is

given by

dy

dt
− cy + dxy.

Hence, the predator-prey model consists of the two coupled first order differen-

tial equations

dx

dt
= ax− bxy, (2.46)

dy

dt
− cy + dxy (2.47)
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and it represents both the individual growth/decay of the species as well as their

mutual interaction. This model is known as the Lotka-Volterra predator-prey

model as it was first developed by both Alfred Lotka (1925) and Vito Volterra

(1926) in separate studies. Note that the behaviour of the model depends on

the parameters a, b, c and d. However, they are not all independent. So, by

applying the transformation x = x̂(c/d), y = ŷ(a/b) and t = t̂/a, the system,

given by equations (2.46) and (2.47), may be written as

dx̂

dt
= x̂− x̂y, (2.48)

dŷ

dt
= γ(−ŷ + x̂ŷ), (2.49)

where γ = c/a. This model can then be analysed by, in the first instance,

dividing equation (2.48) by equation (2.49). This yields the dynamical system

dy

dx
=
γy

x

(
−1 + x

1− y

)
. (2.50)

Then, upon separating the variables, we obtain(
1

y
− 1

)
dy = −γ

(
1

x
− 1

)
, (2.51)

which, upon integrating, becomes

ln y − y = −γ(lnx− x) + C, (2.52)

where C represents the constant of integration, which depends on the initial

conditions, x(0) and y(0). Note, however, that it is not possible to express

this relationship in explicit form. Therefore, in order to analyse this model, we

choose a value or ’behaviour’ for x(t) from which y(t) can then be determined.

These solutions are often plotted parametrically in phase space and take the

form of closed curves.

We shall now briefly discuss the stability of these solutions. Note that from

equation (2.48), we conclude that the equilibrium points, i.e. the points at

which
dx

dt
=
dy

dt
= 0, are given by x = y = 0 and x = y = 1. The first solution

corresponds to both populations being extinct, whereas the non-zero solution

defines the population densities for which the population sizes remain constant.

However, despite having solved the equations and established the equilibrium

points, a number of questions remain.

47



(i) Can the species die out if they are both non-zero at time t?

(ii) Can an oscillating pair of populations settle to their non-zero, fixed state?

In order to address these questions, we immediately note, from equation (2.52),

that x = 0 if, and only if, y = 0. Hence, both populations would have to become

extinct at exactly the same time. In fact, the solutions can be shown, by way

of a phase diagram, to be periodic, which suggests that neither (i) nor (ii) can

occur as the system repeats itself cyclically, whereas a solution which can decay

into equilibrium would have a phase diagram which spiralled inwards.

This concludes our summary of the classical Lotka-Volterra model, however,

this system has been subject to numerous refinements since its inception as this

basic model ignores many factors that effect population numbers in a real world

ecosystem. For example, prey species are often cruelly culled or harvested, thus,

the population is reduced as a consequence. Furthermore, the original model

fails to take into account the effect of limited resources on the food supply of

the prey. Therefore, a more realistic model includes two additional terms and

is given by the equations

dx

dt
= x(a− cx− dy) (2.53)

and

dy

dt
= −y(b− ex)− h, (2.54)

where x, y, a, b, c, d, e, h > 0 and
a

c
>
b

e
. In this revised model:

• x represents the number of prey.

• y represents the number of predators.

• a is the growth rate of the prey.

• b is is the death rate of the predator, independent of the prey.

• d is the rate of consumption of the prey per predator.

• e is the growth rate of the predator per pray consumed.

• h is the prey harvesting rate.

Moreover, the ratio
a

c
represents the so-called carrying capacity of the prey,

independent of the predator species. In elementary terms, the carrying capacity

of a particular environment is defined as the maximum population size of a
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biological species that can be sustained by that specific environment, given the

food, habitat, water and other resources available.

We now turn our attention to the competitive Lotka-Volterra equations. This

system models the population dynamics of two species that are in completion

with regard to some common resource and takes of form of the non-linear cou-

pled equations

dx1

dt
= r1x1

(
1−

(
x1 + α12x2

K1

))
(2.55)

and

dx2

dt
= r2x2

(
1−

(
x2 + α21x1

K2

))
, (2.56)

where

• x1 and x2 represent the respective population sizes of the two species.

• a12 denotes the effect species two has on the population of species one.

• a21 denotes the effect species one has on the population of species two.

• r1 and r2 are the growth rates of x1 and x2, respectively.

• K1 and K2, the carrying capacity of x1 and x2, respectively.

This model can be extended to include any number of competing species and,

in this case, the equation for the i−species is given by the equation

dxi
dt

= rixi

(
1−

(∑N
j=1 αijxj

Ki

))
, (2.57)

where N is the number of interacting species and, by convention, aii = 1.

Finally, we shall briefly mention the generalized Lotka-Volterra equations. This

system is yet more sophisticated than the competitive multi-species model in

that not only can it model direct competition between interacting species it can

also be used to analyse trophic relationships, that is, the effect on each species

due to their position in a particular food chain.

This completes our introduction to predator-prey models, however, for fur-

ther details, the interested reader is referred to [67]. Thus, returning to the

study conducted by Ford et.al in [54]. This paper focusses on the multi-species

predator-prey equations given by

dNi(t)

dt
= Ni(t)

(
bi +

m∑
j=1

aijNj

)
, i = 1, 2, ...,m ∈ N, (2.58)
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where {bi} and {aij} are constants, subject to the initial condition

Ni(t0) = Ni0. (2.59)

Moreover, it is assumed that the population of the ith−species at time t, Ni(t),

is greater than zero. This ensures that the species in question does not become

extinct over any finite time interval, [t0, T ]. However, in Ford, et.al., [54], the

objective is to broaden the scope of the work began in [89] by applying the ADM

to the generalized predator-prey model, characterized by the coupled first order

nonlinear differential equations

dN

dt
= N(t)

(
r

(
1− N(t)

K

)
− kP (t)

N(t) +D

)
, (2.60)

dP

dt
= P (t)

(
s

(
1− hP (t)

N(t)

))
, t ≥ t0 †, (2.61)

where r,K, k, s,D, h are positive constants, subject to the initial conditions

N(t0) = N0, P (t0) = P0. (2.62)

This system, according to Ford, et.al., represents a more realistic model than the

equation studied in [89]. However, the main purpose of the study is to determine

whether their findings regarding the ADM’s performance are in agreement with

those observed by Olek.

The report begins with an introduction to the ADM, where the nonlinear equa-

tion

Fu = g, (2.63)

u = u(t) : [t0, T ]→ Rn, (2.64)

is considered. The first step requires that the nonlinear operator, F , be sepa-

rated into three distinct terms:

F = L+R +N, (2.65)

where N constitutes the nonlinear component and L+R together form the linear

term. The component L is chosen based on its ability to be easily inverted,

whilst R represents the remainder of the linear factor.
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The Adomian polynomials, An, are then introduced. These are given by

Nu =
∞∑
n=0

An (2.66)

and

u =
∞∑
n=0

un, (2.67)

and the first four are subsequently derived.

A solution to the coupled equations (2.60) and (2.61) is then sought by, in

the first instance, applying a change of variable, and conditions under which

the system possesses a unique solution in C[t0, T ], 0 ≤ t0 < T < ∞, are also

established.

Finally, the results obtained are compared to those derived via series and Runge-

Kutta methods. As a consequence, the authors state that the ADM performs

poorly when applied to the generalized, more complex model. More specifically,

they present the following arguments to support this assertion.

(i) The ADM yields less accurate results when compared to the fourth order

classical Runge-Kutta method, even over short intervals.

(ii) The series solution generated by the ADM only converges locally to the

true solution of the coupled equations (2.60) and (2.61).

(iii) In [89], Olek asserts that global convergence is achieved upon applying

the ADM method to equation (2.58). However, when applied by Ford,

et.al. the solution generated fails to exhibit this behaviour. Furthermore,

they provide evidence to support and validate the claims of Répaci in

[93]. Here, the author concludes that it is impossible to achieve global

convergence using the ADM in this case.

(iv) The method, although found to produce excellent results in [89], produces

less satisfactory results when applied to more complex systems. Moreover,

the advantage attributed to low computational cost, claimed by Olek, fails

to be replicated when applied in a ’real world’ setting. Therefore, due to

the level of algerbraic manipulation involved and the poor rate of con-

vergence, the Runge-Kutta method remains the more accurate, preferred

approach.
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To conclude their report, Ford, et.al. did consider ways in which the ADM

could be modified in order to improve its performance but, given the limited

success observed in their initial findings, these modifications were not investi-

gated further.

We now return to the use of the ADM in relation to finding a solution to

Volterra integral equations. Numerous studies have been conducted to explore

this application and one recent paper, [114], typifies the approach taken, that

is, to modify the method in some manner, (see, for example, [109] and [55]).

Furthermore, the method was adapted by substituting for the free term us-

ing orthogonal polynomials, such as the Chebyshev polynomials in [71], the

Legendre polynomials in [83] and [33], and finally, the Jacobi polynomials and

Gegenbaur series in [29].

However, returning to the method in hand, as introduced in [114]. Here, the

author considers the Volterra equation of the second kind

u(x) = f(x) + λ

x∫
0

k(x, t)(L(u(t)) +N(u(t)))dt, λ 6= 0, (2.68)

where k(x, t) represents the kernel, f(x), the free term, λ, a parameter and the

operators L(u(x)) and N(u(x)), the linear and nonlinear components of u(x),

u(x) being the unknown solution to be determined.

So, to the method itself. Recall that the solution found using the ADM is

usually expressed as

u(x) =
∞∑
k=0

uk(x). (2.69)

The nonlinear term, N(u(x)) is also represented by a series

N(u(x)) =
∞∑
k=0

Ak(x), (2.70)

where Ak(x) again denotes the Adomian polynomials which can be computed

using the formula

An =
1

n!

dn

dλn
N

(
n∑
j=0

λiui

)
, n = 0, 1, 2..., (2.71)

as shown in [110]. Having now defined the preliminaries, the author proceeds

52



by substituting equations (2.69) and (2.70) into equation (2.68) such that

∞∑
k=0

uk(x) = f(x) + λ

x∫
0

k(x, t)

[
L

(
∞∑
k=0

uk(t)

)
+
∞∑
k=0

Ak(t)

]
dt. (2.72)

Thus, the terms of the series solution are uniquely defined by the recurrence

relation

u0(x) = f(x), (2.73)

uk+1(x) = λ

x∫
0

k(x, t) (L(uk) + Ak) dt, k ≥ 0. (2.74)

However, the method was modified by Wazwaz in [109] by setting

f(x) = f1(x) + f2(x), (2.75)

where it is assumed f(x) in equation (2.68) can be split into two distinct parts.

As a consequence, the method defined by the recurrence relation, equations

(2.73) and (2.74), is modified slightly by letting

u0(x) = f1(x), (2.76)

u1(x) = f2(x) + λ

x∫
0

k(x, t) (L(u0) + A0) dt. (2.77)

and

uk+1(x) = λ

x∫
0

k(x, t) (L(uk) + Ak) dt, k ≥ 1. (2.78)

Therefore, only the definitions applied to the first two terms, u0(x) and u1(x) of

the solution are changed, but the author asserts that this small change facilitates

a reduction in computational cost and speeds up the rate of convergence.

Other modifications include the use of Taylor series when defining f(x) in equa-

tion (2.73), such that

f(x) =
∞∑
i=0

fi(x), (2.79)
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as introduced in [55]. A similar approach is made by Xie in [114], the paper

currently under discussion. In this case, a Taylor series expansion is used to

represent the individual components of the solution, as follows.

u0(x) = f(x), (2.80)

∞∑
i=0

u1i = λ

x∫
0

k(x, t) (L(u0) + A0) dt, (2.81)

∞∑
i=0

u2i = λ

x∫
0

k(x, t) (L(u1) + A1) dt (2.82)

and

∞∑
i=0

uki = λ

x∫
0

k(x, t) (L(uk) + Ak) dt, k ≥ 3. (2.83)

Several examples are included and the author concludes that the method is

computationally efficient and overcomes many of the problems associated with

the original ADM, such as the evaluation of complicated integrals in the calcu-

lations.

This concludes our review of the ADM and so we shall now summarize our

findings. The method initially appeared to provide a straightforward approach

when seeking a solution to Volterra integral equations. However, its applicabil-

ity in more advanced research appeared less promising. This was highlighted by

the disparity in the claims made by Olek in [89], where the ADM method was

deemed to provide an accurate and efficient approach to a predator-prey model

and the findings of Ford, et.al. in [54], whose results when applied to a more

complex set of coupled equations, proved to be unsatisfactory. Therefore, we

conclude that as a means for determining an accurate solution to more complex

Volterra equations, such as those with singular kernels, the method should be

approached, at best, with caution as other methods such as the Runge-Kutta

methods appear to be more suited to problems of this kind.

2.1.5 The variational iteration method

The variational iteration method is, once again, a semi-analytic method for

determining the solution to a variety of equations (see for example, [65] and
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[64]). However, when dealing with integral equations, we first have to convert

the problem to a differential equation of the form

Lu+Nu = g(t), (2.84)

where L and N are linear and nonlinear operators, respectively. The method is

implemented by way of the correctional functional for equation (2.84),

un+1(x) = un(x) +

x∫
0

λ(ξ)(Lun(ξ) +Nũn(ξ)− g(ξ))dξ, (2.85)

with λ representing the Lagrange multiplier and ũn, the so-called restricted

value in that it behaves like a constant. Hence, upon introducing the variational

derivative, δ, we have that

δũn = 0. (2.86)

In brief, the method involves a two stage process:

(i) The calculation of the Lagrange multiplier, λ(ξ).

(ii) The subsequent substitution of λ(ξ) into equation (2.85), where the re-

strictions are omitted.

Clearly the determination of λ(ξ) is the most important step here and so we

shall now present an overview of the approach required. For full details, the

reader is referred to [111].

In the first instance, we take the variation of equation (2.85) with respect to

un,

δun+1

δun
= 1 +

δ

δun

 x∫
0

λ(ξ)(Lun(ξ) +Nũn(ξ)− g(ξ))dξ

 , (2.87)

or equivalently,

δun+1 = δun + δ

 x∫
0

λ(ξ)(Lun(ξ))dξ

 . (2.88)

Now let Lun be any of the mth order derivatives, Lun = u
(m)
n (ξ), and apply

integration by parts. So, for example, let

Lun = u
′

n. (2.89)
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Thus,

δun+1 = δun + δ

λ(ξ)un(ξ)−
x∫

0

λ
′
(ξ)un(ξ)

 (2.90)

= δun(1 + λ|ξ=x)−
x∫

0

λ
′
δundξ. (2.91)

Taking the extrema, by setting δun+1 = 0, then yields the stationary conditions:

1 + λ|ξ=x = 0, λ′|ξ=x = 0. (2.92)

Hence, λ = −1. A similar approach can be applied to higher order derivatives,

u
(m)
n , as detailed in [111].

Having determined the Lagrange multiplier, λ(ξ), the successive approxima-

tions, un+1(x), n ≥ 0, to the solution u(x) are obtained by way of an initial

approximation, u0(x). In order to achieve optimal convergence, u0(x) must

satisfies the initial conditions:

u0(x) = u(0), for u′n, (2.93)

u0(x) = u(0) + xu′(0), for u′′n, (2.94)

u0(x) = u(0) + xu′(0) +
1

2!
x2u′′(0), for u′′′n , (2.95)

and so on. The solution is then given by

un(x) = lim
n→∞

un(x). (2.96)

We shall now apply method in the following example.

Example 2.1.3. Consider the equation

u(x) = 1 + 2x+ 4

x∫
0

(x− t)u(t)dt. (2.97)

The first step when applying the method of variational iteration is to convert

equation (2.97) into an integro-differential equation. Thus, applying Leibnitz

rule for differentiation under the integral sign yields

u′(x) = 2 + 4

x∫
0

u(t)dt. (2.98)
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We now have a choice. We can either apply the method directly to equation

(2.98) or we can differentiate equation (2.98) once more, in order to reduce

equation (2.97) to the second order initial value problem

u′′(x)− 4u(x) = 0, (2.99)

where we set x = 0 in (2.97) and (2.98) to establish the initial conditions

u(0) = 1, u′(0) = 2, (2.100)

respectively. Therefore, in this example, we shall demonstrate the method by

applying it to the initial value problem, whilst noting that an analogous ap-

proach could just as easily been applied to the integro-differential equation.

So, with Lun(ξ) = u
′′
n(ξ), the correctional functional for equation (2.99) is given

by

un+1(x) = un(x) +

x∫
0

λ(ξ)u
′′

n(ξ)dξ (2.101)

= un(x) +

x∫
0

λ(ξ)(u′′n(ξ)− 4un(ξ))dξ. (2.102)

Now, we need to determine the Lagrange multiplier, λ, by taking the variation

of equation (2.101) and apply the integration by parts formula twice. Hence,

δun+1(x) = δun(x) + δ

x∫
0

λ(ξ)u
′′

n(ξ)dξ (2.103)

= δun(x) + δ

λ(ξ)u
′

n(ξ)−
x∫

0

λ′(ξ)u
′

n(ξ)dξ

 (2.104)

= δun(x) + δ

λ(ξ)u
′

n(ξ)− λ′(ξ)un(ξ) +

x∫
0

λ′′(ξ)un(ξ)dξ

 (2.105)

= δun(ξ)(1− λ′|ξ=x) + δλ(ξ)(u
′

n(ξ)|ξ=x) + δ

x∫
0

λ′′(ξ)un(ξ)dξ, (2.106)

from which we conclude that the stationary conditions for a second order initial

value problem are given by

1− λ′ |ξ=x = 0, , λ |ξ=x = 0, λ′′ |ξ=x = 0. (2.107)

Consequently in this case, λ = ξ − x.
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Having completed the preliminary analysis with regard to the problem in hand

and calculated the Lagrange multiplier, we can proceed to part (ii) of the

method. Thus, we now substitute for λ in equation (2.101), noting that the

initial condition in this instance is given by

u0(x) = u(0) + xu′(0) = 1 + 2x. (2.108)

Therefore,

u1(x) = u0(x) +

x∫
0

(ξ − x)(u
′′

0(ξ)− 4u0(ξ))dξ (2.109)

= 1 + 2x+

x∫
0

(ξ − x)(−4(1 + 2ξ))dξ (2.110)

= 1 + 2x− 2x2 − 8

3
x2 + 4x2 + 4x3 (2.111)

= 1 +
(2x)1

1!
+

(2x)2

2!
+

8(x)3

3!
... (2.112)

and so, by observation or computing further terms in the series, we deduce that

u(x) = e2x (2.113)

2.1.6 The resolvent kernel method

Recall that in Section 1.4.2 we applied the method of successive approximations

to a certain Abel equation. Furthermore, in Section 1.3.2, we formally defined

the iterated and resolvent kernels and introduced Neumann series. Here, we

shall revisit these concepts in the context of how they can be utilized to deter-

mine a solution to a Volterra integral equation of the second kind, beginning

with a brief recap of the general theory.

So to begin. In [82], chapter three, Linz considers the Volterra integral equation

of the second kind

f(t) = g(t) +

t∫
0

k(t, s)f(s)ds. (2.114)

The method of successive approximations is then introduced, the basis of which

consists of the simple iterative formula

fn(t) = g(t) +

t∫
0

k(t, s)fn−1(s)ds, n = 1, 2, ..., (2.115)
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where

f0(t) = g(t). (2.116)

Then, for convenience, a new variable is presented

ϕn(t) = fn(t)− fn−1(t), n = 1, 2, ..., (2.117)

with

ϕ0(t) = g(t). (2.118)

It subsequently follows, from equation (2.115,) that

fn−1(t) = g(t) +

t∫
0

k(t, s)fn−2(s)ds. (2.119)

Therefore, upon subtracting equation (2.119) from equation (2.115), we obtain

the equation

ϕn(t) = fn(t)− fn−1(t) (2.120)

=

t∫
0

k(t, s)ϕn−1(s)ds, n = 1, 2, ... (2.121)

and finally, from equation (2.117), we conclude that

fn(t) =
n∑
i=0

ϕi(t). (2.122)

Having now familiarized ourselves with the preliminary definitions, as per equa-

tions (2.115)-(2.122), we can now derive the so-called resolvent kernel, as de-

scribed by Linz, [82].

Thus, by applying equation (2.120), the first two iterations are computed, such

that

ϕ1(t) =

t∫
0

k(t, s)g(s)ds (2.123)

and

ϕ2(t) =

t∫
0

k(t, s)

s∫
0

k(s, τ)g(τ)dτds. (2.124)
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Working on the assumption that k(t, s) and g(t) are continuous, we may then

change the order of integration as follows:

ϕ2(t) =

t∫
0

t∫
τ

k(t, s)k(s, τ)dsg(τ)dτ (2.125)

=

t∫
0

k2(t, τ)g(τ)dτ, (2.126)

where

k2(t, τ) =

t∫
τ

k(t, s)k(s, τ)ds. (2.127)

By continuing in this manner, it follows immediately by induction that

ϕn(t) =

t∫
0

kn(t, s)g(s)ds, (2.128)

where

kn(t, s) =

t∫
s

k(t, τ)kn−1(τ, s)dτ, (2.129)

with k1(t, s) = k(t, s) and kn(t, s), the iterated kernels. Thus, from equation

(2.122), by setting

Γn(t, s) =
n∑
i=1

k(t, s), (2.130)

we conclude that

fn(t) = g(t) +

t∫
0

Γn(t, s)g(s)ds (2.131)

and a simple induction argument applied to equation (2.129), therefore, yields

the relation

Γ(t, s) =
∞∑
i=1

ki(t, s). (2.132)

This function is uniformly convergent on 0 ≤ s ≤ t ≤ T and is known as the

resolvent kernel for k(t, s). So, having once again defined the resolvent kernel,

we now restate Volterra’s theorem.
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Theorem 2.1.2 (Volterra’s theorem, Linz, [82]). If k(t, s) and g(t) are contin-

uous, then the unique continuous solution of equation (2.114) is given by

f(t) = g(t) +

t∫
0

Γ(t, s)g(s)ds (2.133)

We shall omit the proof of Theorem 2.1.2, thus, for this, and a complete and

detailed account of the theory of the resolvent kernel, the reader is referred to

[82], section 3.2. However, to complete the current discussion, we present an

elementary example.

Example 2.1.4. Consider the following Volterra integral equation of the second

kind

f(t) = g(t) + λ

t∫
0

et−sf(s)ds. (2.134)

Determine the solution to equation (2.134) in terms of the resolvent kernel, as

defined in Theorem 2.1.2.

So, following the method as described by Linz, we begin by computing the first

few iterated kernels. Thus, with k1(t, s) = k(t, s) = et−s,

k2(t, s) =

t∫
s

k(t, τ)k1(τ, s)dτ (2.135)

=

t∫
s

et−τeτ−sdτ (2.136)

= et−s
t∫

s

dτ (2.137)

= et−s(t− s), (2.138)
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k3(t, s) =

t∫
s

k(t, τ)k2(τ, s)dτ (2.139)

=

t∫
s

et−τeτ−s(τ − s)dτ (2.140)

= et−s
t∫

s

(τ − s)dτ (2.141)

= et−s
(t− s)2

2!
(2.142)

and

k4(t, s) =

t∫
s

k(t, τ)k3(τ, s)dτ (2.143)

=

t∫
s

et−τeτ−s
(τ − s)2

2!
dτ (2.144)

= et−s
t∫

s

(τ − s)2

2!
dτ (2.145)

= et−s
(t− s)3

3!
. (2.146)

Clearly here, we observe a pattern emerging. Hence, assuming that

kn−1(t, s) = et−s
(t− s)n−2

(n− 2)!
, (2.147)

we now apply a simple induction process in order to determine kn(t, s), as follows

kn(t, s) =

t∫
s

k(t, τ)kn−1(τ, s)dτ (2.148)

=

t∫
s

et−τeτ−s
(τ − s)n−2

(n− 2)!
dτ (2.149)

= et−s
t∫

s

(τ − s)n−2

(n− 2)!
dτ (2.150)

= et−s
(t− s)n−1

(n− 1)!
. (2.151)

Then, as the resolvent kernel in this case is given by

Γ(t, s;λ) =
∞∑
i=1

λi−1ki(t, s) (2.152)
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(See [86] for derivation), we deduce that

Γ(t, s;λ) = et−s + et−sλ(t− s) + et−s
λ2(t− s)2

2!
+ ...+ et−s

λn(t− s)n

(n)!
(2.153)

= et−s.eλ(t−s) (2.154)

= e(t−s)(λ+1). (2.155)

Hence, by virtue of Theorem 2.1.2, the solution to equation (2.134), in terms of

the resolvent kernel, is given by

f(t) = g(t) +

t∫
0

e(t−s)(λ+1)g(s)ds. (2.156)

2.2 Concluding assessment of analytical

methods

We conclude this Chapter on analytical methods by discussing the advantages

and disadvantages of each of the methods we introduced. The first method

we focussed on was Picard’s method. Note that we only outlined the main

details in this chapter as we had applied this earlier in Section 1.4.2. However,

one advantage of this approach is that it can be applied to many different

classes of problem. For example, when it was introduced earlier in Section

1.4.2, we applied it to a special case of Abel’s equation. Therefore, in can

even be applied to some weakly singular equations. Furthermore, this iterative

method is relatively straightforward and in many cases, only a few iterations

need to be computed before a solution can be obtained by induction. We then

briefly made reference to series solutions. Once again, only the main details

are stated here as we apply this approach later in Chapter six. This simple

method is convenient and easy to apply. It involves making an elementary

series substitution for the unknown function, y(t) =
∑∞

n=0 ant
n, in the general

Volterra equation of the second kind, given by equation (1.2),

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T.

The solution is then determined by equating the coefficients of tn. However,

problems may occur if the integral term cannot easily be evaluated.

We then turned our attention to Laplace transform. This approach works ex-

tremely well and is very easy to apply. However, its use is very limited as
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it can only be used when the equation contains a difference kernel and even

some elementary functions do not possess a Laplace transform as their integrals

diverge.

The next method we looked at was the Adomian decomposition method. Once

again, the unknown function y(t) is replaced in the general Volterra integral

equation by an infinite series, y(t) =
∑∞

n=0 yn(t), hence, y(t) is broken down into

a infinite number of components. These components are then derived using a

recurrence relation. In certain cases, an exact solution can be found by comput-

ing the initial terms. However, if an exact solution does not exist, a truncated

series of terms provides an approximate solution to the problem. This method

does necessitate numerous calculations, even in simple cases, and the integra-

tion involved may be complex, depending on the problem itself. Furthermore,

Ford, et.al. noted in [54], when applying the method to a certain predator-prey

model, that the method performed poorly in that it was computationally ex-

pensive and only converged locally to the actual solution, remarking that it was

impossible to achieve global convergence in this case.

We also presented the variational iteration method and as the name suggests,

this approach uses results from variational calculus to derive a solution. In order

to apply this method to a Volterra integral equation, we first have to convert

it to a differential or integro-differential equation and compute its stationary

values. These are then substituted into a correctional functional in order to

calculate the Lagrange multiplier. This process involves taking the variation

of the correctional functional and two applications of the integration by parts

formula. This is then substituted back into the correctional functional and the

solution to the problem is established using an iterative process. Our view of

this method is that is computationally inefficient as it involves so many steps

in its execution and there are numerous simple methods that perform equally

well.

The final method we looked at was the Resolvent kernel method. This approach

is similar to Picard’s method and once again, involves an iterative process. In

this case, the kernel of the equation is subjected to a series of iterations, the sum

of which is substituted back into the problem and the solution is then obtained

by setting y(s) = g(s) in the integral term.

Having discussed the relative merits of each method, we conclude that in the

majority of cases the most effective approaches to obtaining an analytical solu-
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tion are by way of a series or via Picard iteration as both methods are simple

yet effective and can be applied to a wide range of problems. However, in many

cases Volterra integral equations are too complex to be solved analytically or

they do not possess a closed form solution and so we have to apply numerical

methods in order to obtain a approximation. Hence, in the next chapter we

shall describe the most commonly used numerical techniques.
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Chapter 3

Numerical methods for solving

Volterra integral equations

3.1 Preliminary discussion

At the end of the previous section, we made reference to the fact that in most

cases, due to integral equations being notoriously difficult to solve, we generally

have to rely on obtaining a numerical approximation to the true solution. How-

ever, although this may be the case in that often a closed form solution cannot

be found, particularly when dealing with nonlinear equations, this statement

implies that numerical solutions are somewhat inferior when in fact numerical

methods can produce highly accurate results. Moreover, in light of the speed

and efficiency of today’s computers and some powerful software, such as MAT-

LAB, this can be achieved at low computational cost. The basic idea behind

numerical methods is to take a continuous equation, discretize it in some man-

ner and then determine the approximation to the exact solution at a set of n

points in the domain, spaced according to a stepsize, h. However, when choosing

which method to apply there are a number of analytical properties associated

with numerical methods that need to be taken into consideration. With this in

mind, there are two fundamental questions one needs to ask:

(i) Does the chosen scheme converge, i.e., does the computed solution tend

to the true solution as h→ 0, and if so, at what rate?

(ii) Is it stable, that is, if we solve the same equation with different initial

conditions, y0 and ỹ0, are the computed solutions close in the sense that
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|yn − ỹn| ≤ C|y0 − ỹ0|, (3.1)

with n := O

(
1

h

)
and C independent of h.

Thus, prior to discussing the main classes of numerical methods used to solve

differential and integral equations, we will briefly review these questions, noting

that all the points raised will be addressed in greater detail later.

So, to begin we shall outline the connection between convergence and error.

However, in order to proceed, we first require the following definition.

Definition 3.1.1 (Error estimates). Define a numerical method by

yn+1 = Ψ(tn, yn, h), (3.2)

where tn = t0 + ih, i = 1, 2, ..., n, and y(t0) = y0. Then, the local truncation

error, i.e. the error incurred in one increment (or step) of the calculation is

given by

en+1(h) = y(tn+1)−Ψ(tn, y(tn), h). (3.3)

Furthermore, the global truncation error (the error incurred over the whole

interval) is defined by

En(h) = yn − y(tn). (3.4)

Now, having introduced these error estimates, note that Convergence is estab-

lished via the global truncation error in that if this tends to zero as h→ 0, then

the method converges to the exact solution. Moreover, the local error, equation

(3.3), relates to the concept of Consistency which we shall now formally define.

Definition 3.1.2 (Consistency). A numerical method of the form defined in

equation (3.2) is consistent if for n ≥ 0,

lim
h→0

en(h)

h
= 0. (3.5)

Alternatively, if the local error decays sufficiently fast as h→ 0, then the method

is said to be consistent,

It is also important to know the rate of convergence and the degree of the error

produced during the calculation, hence, we now introduce the notion of order.
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Definition 3.1.3 (Order). A numerical method, Ψ, is of order r if en(h) =

O(hr+1).

Having completed this short introduction to the general theory of numerical

methods, we shall look now at the most commonly applied methods at ones dis-

posal. However, note that this list is not exhaustive. Others include product in-

tegration ([45],[52]), spectral methods ([28],[79],[115]), extrapolation ([47],[60])

and the block by block approach ([95],[66]), some of which we shall encounter

in the forthcoming chapters.

3.2 Commonly applied numerical methods

3.2.1 θ−methods

It was in the 18th Century that Euler first developed a numerical method for

solving differential equations. The method in question, which is still widely

used today, is known as the forward (or Explicit) Euler method. It belongs to

a wider class of methods, collectively referred to as the θ−methods, that also

includes the backward (implicit) Euler and trapezoidal method. This approach

to obtaining an approximate numerical solution to a particular differential equa-

tion is essentially based on the idea of transforming a continuous equation into

a discrete problem and in view of the close link between differential and integral

equations, it comes as no surprise that θ−methods were later also applied in

the latter case. Thus, the continuous integral equation is transformed into a

difference scheme. This is achieved by replacing the integral term with a sum-

mation using numerical quadrature. Note that the θ−methods represent the

most elementary class of method formulated using this technique and we shall

encounter more sophisticated methods based on quadrature rules later in this

chapter. However, our focus here is on the θ−methods. Therefore, the quadra-

ture rules associated with the forward Euler, backward Euler, trapezoidal and

general θ−method are now stated, as in [94].

(i) Forward Euler method:

b∫
a

f(x)dx ≈ h(f(a) + f(a+ h) + f(a+ 2h) + ...+ f(b− h)) (3.6)

= h

n−1∑
j=0

f(a+ jh), (3.7)
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where the integral is approximated by dividing the area under the curve

into n strips of width h =
b− a
n

and applying the rectangular rule for

numerical integration.

(ii) Backward Euler method:

b∫
a

f(x)dx ≈ h(f(a+ h) + f(a+ 2h) + ...+ f(b)) = h

n−1∑
j=1

f(a+ jh).

(3.8)

In this case, the area under the curve is, once again, approximated using

the rectangular rule for numerical integration.

(iii) Trapezoid method:

b∫
a

f(x)dx ≈ h(1/2f(a) + f(a+ h) + f(a+ 2h) + ...+ 1/2f(b)) (3.9)

= h

(
1/2f(a) +

n−1∑
j=1

f(a+ jh) + 1/2f(b)

)
. (3.10)

Here, the area under the curve is approximated by applying the trapezium

rule for numerical integration.

(iv) The general θ−method:

b∫
a

f(x)dx ≈ h

(
θf(a) +

n−1∑
j=1

f(a+ jh) + (1− θ)f(b)

)
, 0 ≤ θ ≤ 1.

(3.11)

Now, let us apply the above theory to equation (1.2), the linear Volterra integral

equation of the second kind, given by

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds.

Thus, with stepsize h, we have that t = nh and s = jh. Then, in terms of the

general θ−method, the approximate solutions yn are given by

yn = gn + h

(
θk(nh, 0)y0 +

n−1∑
j=1

k(nh, jh)yj + (1− θ)k(nh, nh)yn

)
, (3.12)

where the first and last terms in (3.12) correspond to the j values j = 0 and

j = n, respectively. The individual methods discussed previously can then be
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obtained from the general θ−method algorithm by assigning specific values to

θ in equation (3.12), as shown in Table 3.1.

Table 3.1: Table detailing the particular value of θ associated with the most

frequently encountered θ−methods.

θ value Corresponding method

θ = 1 Euler’s forward method

θ = 0 Euler’s backward method

θ = 1/2 The trapezoidal method

We continue this account of the θ−methods by discussing some general proper-

ties associated with all numerical methods, beginning with convergence. Note

that this topic is looked at in more detail later. Here, however, we shall limit our-

selves to simply stating the order of convergence associated with each method

(that is, the rate proportional to the stepsize h at which the approximation

error decreases) in Table 3.2. For example, when applying the forward Euler

method, if we halve the stepsize, the error in the approximation is likewise

roughly halved.

Table 3.2: Order of convergence associated with the most frequently applied

θ−methods.

Method Order of convergence

Euler’s forward method O(h)

Euler’s backward method O(h)

The trapezoidal method O(h2)

We turn our attention now to stability in relation to the θ−methods and begin

by noting that with the exception of the forward Euler method, corresponding

to θ = 1 in equation (3.12), the θ−methods are all implicit. The difference

between explicit and implicit methods is that explicit methods calculate the

state of a system at a later time, whereas implicit ones find a solution by

solving an equation involving both the current state of the system and at a

later time. Consequently, implicit methods do require an extra step in order to

solve the problem. However, they do in general tend to be more stable, hence,
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the solutions produced remain consistent when the original problem is subjected

to a small perturbation. We return to this discussion in Section 9.5, but for a

general introduction to stability theory in relation to numerical methods see,

for example, [73].

To conclude this section we will briefly summarize the advantages and disad-

vantages associated with the θ−methods. As can be seen from Table 3.2, the

θ−methods exhibit a low order of convergence and were often not considered

when a high degree of accuracy was required. However, due to advances in

technology, today’s powerful computers have largely overcome this issue as by

reducing the stepsize a highly accurate result can readily be achieved. Further-

more, θ−methods are particularly adept at predicting long term behaviour, for

example, when dealing with population models. They are also, in general, good

at preserving the qualitative behaviour of the exact solution.

3.2.2 Linear multistep methods

The next group of methods we focus on are the linear multistep methods. They

share the same origins as the θ−methods in that they were initially developed

in order to determine the solution to initial value problems and later adapted

to solve Volterra integral equations. In fact, as we shall see, the θ−methods

actually represent the simplest form of linear multistep method by setting the

number of steps s, s ≤ 1. They also start from an initial point then take a short

step forward in time to find the next solution point. However, for s > 1, multi-

step methods are considered more effective because they utilize the information

gained during the previous numerical calculations. More precisely, they retain

the values obtained from earlier steps in the computation and use them and

their derivatives in order to calculate the next step. Moreover, linear multistep

methods involve taking a linear combination of these points to construct the

numerical scheme.

So, having described the general background and motivation behind the linear

multistep methods, we will briefly focus on their application in relation to dif-

ferential equations. Thus, we begin with the following definition, attributed to

Hairer, et.al. (1993):

Definition 3.2.1 (Linear multistep method, Hairer, et.al., [61]). Consider the
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initial value problem

y′(t) = f(t, y), y(t0) = y0. (3.13)

Then, by setting ti = t0 + ih and yi ' y(ti), a multistep method can be con-

structed by using the previous steps to calculate the next value. In particular, a

linear multistep method uses a linear combination of yi and f(t, y) to calculate

the value of y for the desired correct step. The general difference equation takes

the form

asyn+s + as−1yn+s−1 + ...+ a0yn = h(bsfn+s + bs−1fn+s−1 + ...+ b0fn) (3.14)

or, alternatively,

s∑
j=0

ajyn+j = h
s∑
j=0

bjf(tn+j, yn+j), (3.15)

which includes all considered methods as special cases. In the formula ai and

bi are real parameters, h denotes the stepsize and fi = f(ti, yi). Throughout it

is also assumed that as 6= 0 and |a0|+ |b0| > 0.

The coefficients a0, ..., as−1 and b0, ..., bs determine the method and the idea

when choosing the coefficients is to balance the need to obtain the required

degree of accuracy against the computational cost.

Note, from equation (3.15), that if bs = 0 then the method is explicit but if

bs 6= 0 the method is implicit. In other words, the value of yn+s depends on the

value of f(tn+s, yn+s) and the equation must be solved for yn+s. A commonly

used technique is to use a combination of explicit and implicit methods. That is,

an explicit method is first applied to ’predict’ the value of yn+s, then this value

is used in an implicit formula to ’correct’ the result obtained. This approach is

referred to as a ’predictor-corrector’ method.

Equipped now with the relevant theoretical ideas that define linear multistep

methods, we shall now introduce the three specific, commonly applied classes

of method generally used to solve initial value problems.

(i) Adams-Bashforth methods. The Adams-Bashforth methods are ex-

plicit. The coefficients are as−1 = −1, as−2 = as−3 = ... = a0 = 0, whereas

the bj’s are chosen such that the method attains the required order s and,

thus, these determine the exact method uniquely. The derivation of each

of the methods for s = 1, 2, 3, 4 and 5, can be found in [26], where Butcher
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shows that the coefficients, bj, can be found using polynomial interpola-

tion. Hence, to find the polynomial P of degree s− 1 such that

P (tn+i) = f(tn+i, yn+i), i = 0, 1, ..., s− 1, (3.16)

Lagrange’s formula,

P (t) =
s−1∑
j=0

(−1)s−j−1f(tn+j, yn+j)

j!(s− j − 1)!hs−1

s−1∏
i=0
i 6=j

(t− tn+i), (3.17)

is applied. This produces a polynomial, P , that is locally a good approxi-

mation for the right hand side of the differential equation, y′(t) = f(t, y).

However, by substituting P (t) for f(t, y), this can be solved exactly; the

solution being the integral of P . Thus, taking

yn+s = yn+s−1 +

tn+s∫
tn+s−1

P (t)dt, (3.18)

we essentially replace f(t, y) by the interpolant. The error incurred is of

order h (see [73] for details) and it follows immediately that the s−step

Adams-Bashforth method is likewise of order h. We conclude this brief

account of the Adams-Bashforth method by discussing the coefficients, bj.

These are given by the formula

bs−j−1 =
(−1)j

j!(s− j − 1)!

1∫
0

s−1∏
i=0
i 6=j

(u+ i)du, j = 0, ..., s− 1. (3.19)

Note that in [26] the Adams-Bashforth methods for s = 1, 2, 3, 4, 5 are

computed. However, as an example, let us derive the two-step coefficients.

Therefore, with s = 2, we need to compute the coefficients bj for j = 0

and j = 1. Hence, for j = 0,

b1 =
(−1)0

0!(2− 0− 1)!

1∫
0

s−1∏
i=0
i 6=j

(u+ 1)du (3.20)

=

1∫
0

(u+ 1)du = 3/2. (3.21)
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Then, for j = 1,

b0 =
(−1)1

1!(0)!

1∫
0

s−1∏
i=0
i 6=j

udu (3.22)

= −
1∫

0

udu = −1/2. (3.23)

Thus, the Adams-Bashforth two-step method is given by

yn+2 − yn+1 = h

(
3

2
f(tn+1, yn+1)− 1

2
f(tn, yn)

)
. (3.24)

Note also that for s = 1,

yn+1 = yn + hf(tn, yn). (3.25)

Hence, it follows that the Adams-Bashforth one-step method and the

explicit Euler method are one and the same.

(ii) Adams-Moulton methods The Adams-Moulton methods, as was the

case with the Adams-Bashforth methods, arise from equation (3.14). They

also share the same coefficients, as−1 = −1 and as−2 = as−3 = ... = a0 =

0. However, the Adams-Moulton methods are implicit methods. Thus,

the restriction that bs = 0 no longer applies. Consequently, the s−step

method can achieve an order of s+1, in contrast to the Adams-Bashforth

method which is at most of order s.

Furthermore, the derivation of the Adams-Moulton methods is an ana-

logue of the one outlined for the Adams-Bashforth methods, although in

this case the interpolating polynomial uses not only the points tn−1, ..., tn−s

but also tn. Consequently, the coefficients are given by

bs−j =
(−1)j

j!(s− j)!

1∫
0

s∏
i=0
i6=j

(u+ i− 1)du, j = 0, 1, ..., s. (3.26)

For further details, including the derivation using Newton’s interpolation

formula of the first five Adams-Moulton methods for s = 0, 1, 2, 3, 4, please

refer to Hairer, et.al., [62]. However, note that for s = 0 we actually obtain

the implicit Euler method,

yn+1 = yn + hf(tn+1, yn+1), (3.27)
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whilst setting s = 1 yields the trapezoidal method,

yn+1 = yn +
1

2
h(f(tn+1, yn+1) + f(tn, yn)). (3.28)

(iii) Backward differentiation formulas The backward differentiation for-

mulas represent yet another family of implicit methods and they are par-

ticularly well-suited to tackling stiff differential equations. Note that the

precise definition of a stiff equation remains elusive (See [39] for more in-

formation), however, equations that render certain numerical methods for

solving the problem unstable, unless the step size is taken very small, are

generally referred to as being stiff

So to the method itself. The general formula for the backward differenti-

ation formulas is given by

s∑
k=0

akyn+k = hβf(tn+s, yn+s), (3.29)

where h denotes the stepsize and tn = t0 + nh (refer to [73] for details).

Since f is evaluated in terms of yn+s, each step in the solution process

often requires the determination of a nonlinear algerbraic equation. The

coefficients ak and β are chosen so that the method achieves its maximum

order s.

The approach taken to determine the coefficients once more makes use of

Lagrange interpolation. This yields the formula

y′(tn+s) ≈ p
′

n,s(tn+s), (3.30)

where p
′
n+s denotes the Lagrange interpolation polynomial for the points

(tn, yn), ..., (tn+s, yn+s). Finally, with tn = t0 +nh, we obtain the backward

differentiation method of order s.

Having identified the main classes of linear multistep method, we shall now

summarize their analytical properties and performance. Hence, we continue

our discussion by outlining the conditions under which this group of methods

are consistent and the consequential order conditions.

In general, a method is consistent if the local truncation error (the error incurred

in one step) goes to zero faster than the stepsize h as h → 0. However, in
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[61], the authors use Taylor series to prove that a linear multistep method is

consistent if, and only if,

s−1∑
k=0

ak = −1 (3.31)

and

s∑
k=0

bk = s+
s−1∑
k=0

kak. (3.32)

They then show that all three classes of method do indeed meet this criteria.

With regard to the question of order, recall that a numerical method is said

to have order p if the local error is of order O(hp+1) as h → 0. However, in

[62], Hairer et.al. prove that this is equivalent to showing that the following

conditions on the coefficients of the difference equation hold:

s−1∑
k=0

ak = −1 (3.33)

and

q
s∑

k=0

kq−1bk = sq
s−1∑
k=0

kqak, q = 1, ..., p. (3.34)

Consequently, they conclude that the s−step Adams-Bashforth method has

order s, whilst the s−step Adams-Moulton method has order s + 1. For more

details, the reader is referred to [62]. However, one final point to note is that

these conditions are frequently derived using the characteristic polynomials

ρ(z) = zs +
s−1∑
k=0

akz
k (3.35)

and

σ(z) =
s∑

k=0

bkz
k. (3.36)

In terms of these characteristic polynomials, the criteria under which the method

attains order p becomes

ρ(eh)− hσ(eh) = O(hp+1) (3.37)

as h→ 0. Moreover, the method is consistent if it has order at least one, i.e., if

ρ(1) = 0 and ρ′(1) = σ(1), (3.38)
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where the coefficients associated with both Adams methods, ak, were shown to

be as = 1, as−1 = −1 and as−2 = ... = a0.

We now focus our attention on stability conditions and convergence criteria.

However, as we have already seen, these properties are intrinsically linked. Nev-

ertheless, the exact relationship between the two varies and depends upon the

type of method in question, as we shall now see.

Recall in the previous section we looked at the θ−methods. These are one-

step methods and, according to Hairer, et.al., [61], one of the main differences

between single step and multistep methods is that in the latter case consistency

alone is not enough in itself to guarantee convergence. To briefly expand on this,

note that the numerical solution of a one-step method depends on the initial

condition, y0. In comparison, the solution generated by a multistep method

depends on all the starting values, y0, y1, ..., ys−1. Thus, the cumulative effect

of any perturbation in these values needs to be taken into consideration which,

in turn, implies that numerical stability is also required in order to ensure

convergence. Therefore, we shall now introduce the concept of zero stability.

Lemma 3.2.1 (Zero stability, Hairer, E., et.al., [61]). A linear multistep

method is zero stable for a certain differential equation1 on a given time interval

if a perturbation in the starting values of size ε causes the numerical solution

over that time interval to change by no more than kε for some k, independent

of the stepsize h.

Note that the converse to Lemma 3.2.1 also holds. Thus, when a zero stable

linear multistep method is applied to the differential equation

ẏ = 0, (3.39)

all solutions of the difference equation

s∑
j=0

ajyn+j = h
s∑
j=0

bjfn+j (3.40)

remain bounded.

Before concluding this discussion, note that zero stability can be determined by

analysing the characteristic polynomial ρ(z), given by equation (3.35). This is

1Note that it is sufficient to check that the condition holds for the differential equation

ẏ = 0.
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achieved by solving (3.35) and if the roots of this equation have modulus less

than or equal to one, the ’root condition’ is satisfied and the method is zero

stable.

We turn our attention now to convergence, noting that the emphasis here is to

show how all the topics discussed thus far are related. Therefore, we shall now

introduce the first of two well known results attributed to Dahlquist, [40].

Theorem 3.2.2 (First Dahlquist barrier). The order, r say, of a stable linear

s−step method satisfies

r ≤ s+ 2, if s is even , (3.41)

r ≤ s+ 1, if s is odd, (3.42)

r ≤ s, if bs/as ≤ 0. (3.43)

An important consequence of Theorem 3.2.2 is that, according to Hairer, et.al.,

[61], the highest attainable order of a linear s−step method is 2s. However, for

s ≥ 3, these methods are of no practical use.

To conclude this review of stability and convergence in relation to linear mul-

tistep methods, we first present a theorem, attributed to Hairer, et.al. [61], in

which the relationship between convergence and zero stability is established.

Theorem 3.2.3 (Convergence, Hairer, E. et.al.,[61]). Consider the application

of a consistent linear multistep method to a sufficiently smooth differential equa-

tion with starting values y1, ..., ys−1 that all converge to y0 as h→ 0. Then, the

numerical solution generated by such a scheme converges to the exact solution

as h→ 0 if, and only if, the method is zero stable.

Furthermore, in the following Lemma, the connection between order, error and

convergence is outlined.

Lemma 3.2.4. If a linear multistep method is stable and of order r, then it

is convergent of order r, which implies that for sufficiently accurate starting

approximations, y0, ..., ys−1, the global error, i.e., the difference between the nu-

merical solution and the exact solution at a fixed time, satisfies

yn − y(tn) = O(hr) (3.44)
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on compact intervals [u, nh], nh ≤ T . The constant symbolized by the O(hr)

notation is bounded by exp(TL), where L is a Lipschitz constant on the vector

field, f(t, y). Moreover, if the method is convergent and z = 1 is the only root

of modulus one, then it is strongly stable. If it is convergent and all roots of

modulus one are not repeated, but there is more than one such root, it is said

to be relatively stable. Note that one must be a root for the method to converge,

thus, convergent methods always satisfy one of these two criteria.

That completes our summary of linear multistep methods with regard to general

ordinary differential equations. However, we shall briefly focus our attention on

stiff equations. In order to solve this class of problem, careful consideration

is required when choosing an appropriate method. This is due to the fact

that stronger stability conditions are needed in order to ensure convergence.

In general, stiff differential equations cannot usually be solved using explicit

methods as they require an A-stable method in order to produce an accurate

approximation to the true solution. Therefore, in order to test the performance

of linear multistep methods on stiff equations, we apply it to the linear test

equation

ẏ = λy, (3.45)

which, in turn, yields the characteristic polynomial

π(z;hλ) = zs +
s−1∑
k=0

akz
k − hλ

s∑
k=0

bkz
k (3.46)

= zs +
s−1∑
k=0

akz
k − hλbszs − hλ

s−1∑
k=0

bkz
k (3.47)

= (1− hλbs)zs +
s−1∑
k=0

(ak − hλbk)zk (3.48)

= ρ(z)− hλσ(z). (3.49)

This is the stability polynomial associated with the multistep method. If all

of the roots have modulus less than one, then the numerical solution of the

multistep method will converge to zero and the method is said to be absolutely

stable for that value of hλ. The method is said to be A-stable if it is absolutely

stable for all λh with negative real part. The region of absolute stability is the

set of all λh for which the multistep method is absolutely stable.

The following theorem, the second Dahlquist barrier, identifies the methods

that are A-stable and summarizes some further associated analytical results.
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Theorem 3.2.5 (second Dahlquist barrier). There are no explicit A-stable lin-

ear multistep methods. The implicit ones have order of convergence at most

two. The trapezoidal rule has the smallest error constant amongst the A-stable

linear multistep methods of order two.

We now turn our attention to linear multistep methods and their application

with respect to Volterra integral equations. This topic is discussed at length

by van der Houwen and Riele, and Brunner and van der Houwen in [107] and

[25], respectively, to which the reader is referred. Here, however, we shall just

present the main analytical results and outline the Volterra linear multistep

(VLM) method itself, which we will now formally define.

Definition 3.2.2 (Volterra linear multistep methods, H.Brunner and P.J.van

der Houwen, [25] ). Consider equation (1.2), the general Volterra integral equa-

tion of the second kind

y(t) = g(t) +

t∫
0

k(t, s)y(s)ds, 0 ≤ s ≤ t ≤ T,

where g and k are given, k is bounded and it is assumed that the conditions for

the existence of a unique continuous solution, y(t), are satisfied. Now associate

with equation (1.2) the function

F (t, s) := g(t) +

s∫
0

k(t, x, y(x))dx (3.50)

for (t, s) ∈ S := {(t, s) : 0 ≤ s ≤ t ≤ T}. Note also that F (t, t) = y(t)

and F (t, 0) = g(t). Now let yn be the numerical approximation to the exact

solution, y(t), at t = tn. We then introduce the function Fn(t), representing the

numerical approximation to Fn(t) := F (t, tn). Furthermore, define

kn(t) := k(t, tn, yn), n ≥ 0. (3.51)

Then, F̃n(t) is given by the quadrature formula:

F̃n(t) = g(t) +
n∑
ı=0

wn,ıkı(t), n ≥ k̃, (3.52)

where wn,ı are given weights and k̃ is an integer such that F̃n(t) is a sufficiently

accurate approximation to Fn(t); in other words, k̃ should be sufficiently large.
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Moreover, define the uniform mesh such that hı = h, ı = 0, ..., N − 1 and the

quadrature formula of order r:

En[k] :=

tn∫
0

k(t, x, y(x))dx− h
n∑
ı=0

wn,ık(t, tıy(tı)) = O(hr), n ≥ k̃ (3.53)

as h ↓ 0 with t ∈ [0, tn], tn = nh, fixed. Then, set

En[k] := En(h, t) (3.54)

and Fn(t) and F̃n(t) as the analytical and numerical lag terms, respectively.

In view of Definition 3.2.2, we now introduce the equations that made up the

general class of VLM method, namely, the quadrature formula (equation (3.52))

which approximates the lag term and the linear multistep method formula

k∑
i=0

aiyn−i +
k∑
i=0

k∑
j=−k

βi,jF̃n−i(tn+j) = h
k∑
i=0

k∑
j=−k

γi,jkn−i(tn+j) (3.55)

with n = k∗, ..., N . The parameters ai, βi,j and γi,j are to be prescribed and

k∗ := k + k̃.

Note that the kernel, k(t, s, y), is not necessarily defined outside the domain S,

so we usually stipulate that

βi,j = γi,j = 0, j < −i. (3.56)

Furthermore, if βi,j 6= 0 and γi,j 6= 0 for j = 1, ..., k, we assume that S can be

extended to points (t, s) with T ≤ t ≤ T + kh. This extended domain will be

denoted by S̃ and here we only consider the case where ai 6= 0.

Example 3.2.1. Consider the VLM formula

3yn − 4yn−1 + yn−2 + 3F̃n(tn)− 4F̃n(tn+1) + F̃n(tn+2) = 2hkn(tn), n ≥ k̃ + 2,

(3.57)

where F̃ is some lag term approximation. This is an example of a special class of

so-called indirect backward differentiation formulas and, according to Brunner

and van der Houwen ([25], chapter seven), it is highly stable for problems whose

kernels possess large Lipschitz constants.
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Example 3.2.2. Another highly stable VLM formula is given by

3yn − 4yn−1 + yn−2 + 4(F̃n−1(tn−1)− F̃n−1(tn))

−(F̃n−2(tn−2)− F̃n−2(tn)) = 2hkn(tn), (3.58)

where n ≥ k̃ + 2. This is known as a modified multilag formula, attributed to

Wolkenfelt, [113].

The VLM method requires the starting values y0, ..., yk̂−1, where k̂ = k̃+k (See

[25], section 3.53 for details). The next step is to compute yk̂, yk̂+1, ... by solving

the equations

a0yn + h

k∑
j=−k

(β0,jwn,n − γ0,j)− k(tn+j, tn, yn) =
∑
n

, n ≥ k̂, (3.59)

where∑
n

= −
j∑

j=−k

β0,j[g(tn+j) + h
n−1∑
ı=0

wn,ıkı(tn+j)]

−
k∑
i=1

[aiyn−i +
k∑

j=−k

(βi,jF̃n−i(tn+j)− γi,jhkn−i(tn+j))]. (3.60)

Note that if

β0,jwn,n − γ0,j = 0, j = −k, ..., k, n ≥ k̂, (3.61)

the method is explicit; otherwise, it is implicit.

Having dealt with the starting values, in order to compute yn, we also require

the (n + k + 1) values of g(t) and at least 1/2(n + 1)(n + 2) values of the

kernel2. However, in practical applications it is sometimes more efficient to use

an alternative formula for the lag term, F̃n(t), instead of equation (3.52) and

the reader is referred back to [25] for further details.

We turn our attention now to the analytical behaviour exhibited by the VLM

methods and we begin by looking at consistency. Note that, as was the case

with ordinary differential equations, this can be established by way of the linear

difference-differential operator, Ln : C0,1(S)→ R, defined by

Ln[X] :=
k∑
i=0

{aiX(tn−i, tn−i) +
k∑

j=−k

[βi,j − γi,jh (∂/∂s)]X(tn+j, tn−i)}, n ≤ k̃,

(3.62)

2Unless the kernel is of convolution type and in that case, the number of kernel evaluations

is reduced to (n+ 1) evaluations of both k and F .
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where X ⊂ C0,1(S). However, the relationship between Ln and the VLM for-

mula isn’t obvious and so in [25] the exact solution, y(t), is substituted into the

VLM and, as a result, the following residual term is obtained

k∑
i=0

aiy(tn−i) +
k∑
i=0

k∑
j=−k

βi,jg(tn+j) +
k∑
i=0

k∑
j=−k

h

n−1∑
ı=0

wn−i,ık(tn+j, tı, y(tı))

−
k∑
i=0

k∑
j=−k

h
n−1∑
ı=0

γi,jhk(tn+j, tn−i, y(tn−i)).

(3.63)

Thus, equation (3.63) represents the sum of the errors incurred in both Ln[F ]

and Qn[y], the so-called lag term error, where

Qn[y]i :=
k∑
i=0

k∑
j=−k

βi,jEn−i(h, tn+j), (3.64)

with En(hjt) = En[k]. Therefore, in conclusion, equation (3.63) defines the

total local error in the VLM method.

This error plays an important role in the convergence analysis of VLM methods,

specifically with regard to consistency, which is defined as follows:

Definition 3.2.3 (Consistency, Brunner, et.al.,[25]). The VLM and lag term

formulas are said to be consistent if the respective errors, Ln[F ] and Qn[y], both

tend to zero as h ↓ 0, where F and y correspond to the exact solution. They

are said to be consistent of order p if p is the largest integer such that the errors

behave like O(hp+1) as h ↓ 0. Furthermore, the VLM method is consistent of

order p with equation (3.50) at t = tn if, and only if, both the VLM formula

and the lag term formula are consistent of order p.

Note that Qn[y] = O(hr) if the quadrature formula defining the lag term is of

order r. With regard to the VLM formula, the order of the truncation error

depends on αi, βi,j and γi,j. Problems associated with the differentiability of

the lag term can results in difficulties proving that Ln[F ] = O(hp+1) by way of

a Taylor series expansion. However, it is sufficient to allow Ln to operate on an

arbitrary test function, X. In light of this, we present the following definition.

Definition 3.2.4 (Order of the VLM formula, Brunner et.al., [25]). The VLM

operator, equation (3.62), and the associated VLM formula, equation (3.55),

are said to be of local order p at t = tn if p is the largest integer such that for

all X ∈ Cp+1(S), we have Ln[X] = O(hp+1) with tn fixed as h ↓ 0.
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Furthermore, the following theorem, Theorem 3.2.6, states the order conditions

in terms of the parameters αi, βi,j and γi,j.

Theorem 3.2.6 (Order conditions, Brunner et. al., [25]). The VLM operator,

equation (3.62), and associated VLM formula, equation (3.55), are of order p

if

Cq,ı :=
1

ı!(q − ı)!

k∑
i=0

[
(−1)qαi −

k∑
j=−k

jq−1(−i)ı−1(iβi,j + ıγi,j)

]
= 0 (3.65)

with the convention that (−i)ı−1ı = 0 if i = ı = 0 for q = 0, 1, ..., p and

ı = 0, ..., p+ 1.

At this point, having looked at order and consistency, we now deal with the

question of convergence. Thus, the conditions under which this is achieved are

outlined in Definition 3.2.5.

Definition 3.2.5 (Convergence, Brunner et.al., [25]). The VLM method is said

to be convergent if the following statement is true for all functions, g(t) and

k(t, s, y(s)), satisfying the usual continuity conditions that g ∈ C(I), k(t, s, y(s))

be continuous for all (t, s) ∈ S and k(t, s, y(s)) satisfying the uniform Lipschitz

condition:

|k(t, s, y(s))− k(t, s, z(s))| ≤ L|y(s)− z(s)|, (3.66)

where (t, s) ∈ S and L independent of y and z. If these conditions hold, and

letting y(t) denote the exact solution to equation (1.2), then

lim
h↓0
yn = y(t), tn = t, (3.67)

fixed ∀t ∈ I and all solutions {yn} of the VLM formula corresponding to starting

values {yj} with lim
h↓0

yj = y(tj), j = 0, ..., k − 1.

Brunner and Van der Houwen next focus on deriving the equation the VLM

method converges to as h→ 0. So, let

Aq :=
k∑
i=0

(i)qai, (3.68)

where A0 = α1, A1 = α′(1)− kα(1), and

α(z) :=
k∑
i=0

αiz
k−i. (3.69)

The authors then proceed by stating the following theorem:
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Theorem 3.2.7 (Brunner, et.al.,[25]). Let the lag term quadrature formula be

of order r. Let y be a function from Cm+1(I), m ≥ 0 and let the corresponding

lag term F , equation (3.50), be a function from Cm+1(S). Then, following

a substitution of the function y into the VLM method, the discrete equation

converges to:

m∑
q=0

hq

{
Aq
q!

dq

dtq
y(t) +

q∑
ı=0

[
Cq,ı −

Aq
ı!(q − ı)!

](
∂

∂t

)q−1(
∂

∂s

)ı
F (t, t)

}
= O(hr + hm+1) (3.70)

as h→ 0, t ∈ I, fixed. This equation is known as the modified equation.

Finally, the global error for the VLM method is derived and stated here, in

Theorem 3.2.8.

Theorem 3.2.8 (Global error bound, Brunner, et.al., [25]). Let the continuity

conditions for g(t) and k(t, s, y), as stated in definition 3.2.5 hold. Then:

a) Let α(z) = a0z
k, a0 6= 0, in which case there exists a constant, C, independent

of h such that for all sufficiently small h > 0

|εn| ≤ C[hδ(h) + E(h) + T (h)], n = k, ..., N, (3.71)

where δ(h) := max
1≤j≤k∗−1

|y(tj)−yj|, E(h) := |Ei(h; tj+ı)|
i≤j≤N

and T (h) := max
i≤N
|Li[F ]|.

b) Let β(z) = 0 and assume that α(z) and ∆k satisfy, respectively, the root

and Lipschitz condition:

|∆k(t, s, y, z)−∆k(u, s, y, z)| ≤ L∗|t− u||y − z|, (3.72)

where

(i) (t, s, y), (t, s, z), (u, s, y), (u, s, z) ∈ S×R and the Lipschitz constant, L∗,

is independent of t, u, y, z, and

(ii)

β(z) :=
k∑
i=0

βiz
k−i, βi :=

k∑
j=−k

βi,j, (3.73)

γ(z) :=
k∑
i=0

γiz
k−i, γi :=

k∑
j=−k

γi,j, (3.74)
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b := max
i,j
|βi,j|, c := max

i,j
|γi,j|, (3.75)

∆k(t, s, y, z) := k(t, s, y)− k(t, s, z), (3.76)

∆E(h) := max
i≤j≤N
ı≤k

|Ei(h; tj)− Ei(h; tj+ı)|. (3.77)

Then, there exists a constant C not depending on h such that for all sufficiently

small h,

|εn| ≤ Ch−1 [hδ(h) + ∆E(h) + T (h)] , n = k, ..., N. (3.78)

3.2.3 Runge-Kutta methods

We now focus on a family of methods, collectively referred to as Runge-Kutta

methods (R-K methods), which again have their origins in the study of initial

value problems. The methods are named after the mathematicians, Carl Runge

and Wilheim Kutta, whose research at the turn of the 19th Century formed

the basis of their subsequent development. Thus, we will briefly review their

application when dealing with the ordinary differential equation

dy

dt
= f(t, y), (3.79)

equipped with the initial condition, y(t0) = y0, and refer the reader to the source

material in [7], [26] and [80]. We begin by discussing the general form of the

explicit Runge- Kutta algorithm, where the approximation to the exact solution

is determined at certain points in the specified intervals, [ti, ti+1], i = 1, 2, ...N ,

by the formula

yi+1 := yi + h
s∑
i=1

biki, (3.80)

with

k1 = f(tn, yn), (3.81)

k2 = f(tn + c2h, yn + h(a21k1)), (3.82)

k3 = f(tn + c3h, yn + h(a31k1 + a32k2)), (3.83)

... (3.84)

ks = f(tn + csh, yn + h(as1k1 + as2k2 + ...+ ass−1ks−1)), (3.85)
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where s is the number of stages in the process and ci, i = 2, ..., s are the nodes.

Furthermore, the coefficients in equation (3.80), bi, i = 1, 2, ..., s, represent the

weights of the function ki and, as shown in [41], a sufficient and necessary

condition to ensure that an explicit Runge-Kutta method is consistent is that

s∑
i=1

bi = 1. (3.86)

Finally, observe that the functions ki, i = 1, , ..., s contain the unknown coef-

ficients, aij, 1 ≤ j < i ≤ s, which are to be determined. Now, in order to

determine these coefficients, note that although there are a number of ways to

derive these values, the most frequently used method is to apply the condition

i−1∑
j=1

aij = ci, i = 2, ..., s. (3.87)

However, this condition is neither sufficient nor necessary to ensure consistency.

We now introduce a convenient and frequently used way to display all the data,

i.e., the coefficients. This is known as the Butchers tableau. The general form

for explicit R-K methods is depicted in Figure 3.1. We briefly turn our attention

Figure 3.1: General form of Butchers tableau for explicit R-K methods.

0 0

c2 a21

c3 a31 a32

...
...

...

cs as1 as2 · · · ass−1

b1 b2 · · · bs−1 bs

now to the question of convergence. As a generalization, if an explicit, s−stage

Runge-Kutta method is of order p, then the number of stages required in the

computation must satisfy

s ≥ p (3.88)

and, for p ≥ 5,

s ≥ p+ 1. (3.89)
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Many familiar methods can, in fact, be classified as Runge-Kutta methods. For

example, the Forward Euler method, discussed in Section 3.2.1, is given by the

equation

yn+1 = yn + hf(tn, yn). (3.90)

This is the only consistent, explicit Runge-Kutta method with one stage. Its

Butchers tableau is as depicted in Figure 3.2

Figure 3.2: Butchers Tableau for the forward Euler method

0 0

1

Furthermore, in Chapter nine, we shall encounter the modified Euler method

and the improved Euler Method. These are both second order methods with

two stages, given by the formulas

yn+1 = yn + hf (tn + 1/2h, yn + 1/2hf(tn, yn)) (3.91)

and

yn+1 = yn +
h

2
(f(tn, yn) + f(tn + h, yn + f(tn, yn))) , (3.92)

Respectively. The corresponding Butchers tableaus are shown in Figure 3.3.

Finally, possibly the most widely known Runge-Kutta method is the classical

fourth order method and this is represented by the Butchers tableau in Figure

3.4.

Figure 3.3: Butchers tableaus depicting two common second order Runge-Kutta

methods.

(a) Modified Euler method.

0 0 0

1/2 1/2 0

0 1

(b) Improved Euler method.

0 0 0

1 1 0

1/2 1/2

The aforementioned methods provide an effective way to generate an accurate

numerical solution to many initial value problems, with a relatively low com-

putational cost, however, they do have their limitations. Equations that have a
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Figure 3.4: Butchers Tableau for the classical fourth order Runge-Kutta

method.

0 0 0 0 0

1/2 1/2 0 0 0

1/2 0 1/2 0 0

1 0 0 1 0

1/6 1/3 1/3 1/6

restricted region of absolute stability, that is, stiff equations, which we briefly

discussed in the previous section, cannot generally be solved using explicit meth-

ods. Therefore, to deal with such problems, we need to apply implicit methods

and, hence, introduce the general form for the implicit Runge-Kutta method,

given by the formula

yn+1 = yn + h
s∑
j=1

biki, (3.93)

where

ki = f

(
tn + cih, yn + h

s∑
j=1

aijkj

)
, i = 1, ..., s. (3.94)

The Butchers tableau in this case takes the form as depicted in Figure 3.5 or,

equivalently, as in Figure 3.6.

Figure 3.5: Butchers tableau for the general implicit Runge -Kutta method.

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s

...
...

...
. . .

...

cs as1 as2 · · · ass

b1 b2 · · · bs

b∗1 b∗2 · · · b∗s

Observing that, unlike in the case of explicit methods, the tableau in the im-

plicit case is not lower triangular and so, at every stage in the computation, a

system of algerbraic equations has to be solved. Consequently, implementing
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Figure 3.6: Equivalent form for the Butchers tableau representing the general

implicit Runge-Kutta method.

c A

bT

an implicit method incurs a far greater degree of computational cost. To il-

lustrate this, suppose an ordinary differential equation has a given number, m

say, of components. Then, applying an s−stage method produces a system of

algerbraic equations that has ms components.

We shall now list some of the most well known implicit R-K methods, beginning

with one previously discussed in Section 3.2.1, the backward Euler method. This

is, indeed, an implicit R-K method given by

yn+1 = yn + hk1, k1 = f(tn + h, yn + hk1), (3.95)

with corresponding Butchers Tableau, as per Figure 3.7. Likewise, the trape-

Figure 3.7: Butchers tableau for the backward Euler method.

1 1

1

zoidal method, previously classified in Section 3.2.1 as a θ−method, is also an

implicit R-K method, with Butchers tableau as shown in Figure 3.8.

Figure 3.8: Butchers tableau for the trapezoidal method.

0 0 0

1 1/2 1/2

1/2 1/2

1 0

However, this method is also a collocation method. In fact, all collocation

methods are implicit R-K methods, but, note that the converse to this statement

does not hold, in that not all implicit R-K methods are collocation methods.

For details and proof, the reader is referred to [80].

90



Some further examples of implicit R-K methods that are collocation methods

include the Gauss-Legendre collocation method, based on the points of Gauss

quadrature, where

1∫
−1

f(x)dx ≈
n∑
i=1

wif(xi), (3.96)

such that

(i) The number of sample points used is denoted by n.

(ii) The wi’s are the quadrature weights.

(iii) The xi’s are the roots of the nth Legendre polynomial.

This method, with s−steps, has order 2s. Therefore, arbitrarily high order

methods can be constructed in this case and the interested reader is referred

to [26] for further details, including the Butchers tableau for methods of fourth

and sixth order

Furthermore, collocation methods based on Lobatto and Radau points are also

implicit R-K methods and, once again, for a detailed account, please see [62],

[26] and [80].

So, having reviewed R-K methods in relation to determining a numerical solu-

tion to the initial value problem, we now consider their application when dealing

with Volterra integral equations. Given the close relationship between the two

forms, it follows that the method can readily be extended to the latter. A de-

tailed derivation of this process, albeit with alternate but equivalent notation,

can be found in [41]. However, much of the research in this area is concerned

with the determination of order conditions that, in turn, yield the most com-

putationally efficient numerical schemes. An influential and ground breaking

study in this respect was conducted by Brunner, Hairer and Nørsett (Please

see [23]), where the authors consider the application of Volterra Runge-Kutta

methods (VRK-methods) in relation to the nonlinear Volterra equation of the

second kind

y(t) = f(t) +

t∫
a

k(t, s, y(s))ds, t ∈ I : [a, b], (3.97)

where k is minimally continuous on S × Rn, S := {(t, s) : a ≤ s ≤ t ≤ b} and

the solution y exists and is unique and continuous on I.
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Then, in order to implement the VRK discretization, let tn = a + nh, n =

0, 1, ..., N with h =
(b− a)

N
, (N ≥ 1) and denote by yn any approximation to

y(tn). Moreover, by setting

Fn(t) := f(t) +

tn∫
a

k(t, s, y(s))ds, t ≥ tn, n = 0, 1, ..., N − 1, (3.98)

the function F̃n(t) denotes an approximation to Fn(t), to be determined. Thus,

an s−stage (implicit) Runge-Kutta method for equation (3.97) is given by the

so-called VRK-method,

yn+1 = Y
(n)
s−1 = F̃n(tn + h) + h

s∑
i=1

bik(tn + eih, tn + cih, Y
(n)
i ), (3.99)

where

Y
(n)
i = F̃n(tn + θih) + h

s∑
j=1

aijk(tn + dijh, tn + cjh, Y
(n)
j ), i = 1, ..., s (3.100)

and, by analogy with the case of R-K methods for initial value problems, the

assumption is that

ci =
s∑
j=1

aij, i = 1, ..., s. (3.101)

Note that the upper limit in equation (3.101) is now s, due to the method being

implicit, as opposed to s− 1 in the explicit case. Furthermore, observe that the

terms on the right hand side of equation (3.99) represent the ’lag term’ and the

’Runge-Kutta part’ of the scheme, respectively.

Brunner et.al. then state that the method defined by equations (3.99) and

(3.100) is completely characterized by the parameters aij, dij, bi, ei and θi.

Moreover, they introduce two special cases of this generalized scheme, the

Pouzet-type methods (PRK-methods) and the Bel’tyukov-type methods (BRK-

methods). The authors then proceed by summarizing the primary objective of

their study and its approach. This, in brief, is to obtain an efficient, com-

putationally inexpensive VRK-method, using the theory of PRK-methods to

determine the order conditions for the general problem. The research was mo-

tivated specifically by the following two questions

(i) Fix aij and bi. Now consider a general VRK-method of order p. Does

this general method always attain the same order p as the corresponding

Pouzet-type method?
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(ii) If so, is it possible to limit the number of kernel evaluations required to

produce a high order PRK-method and, hence, reduce the computational

cost if Bel’tyukov-type methods are admitted?

The paper concludes with some examples, where the coefficients associated with

all three methods, VRK, PRK and BRK, are computed for differing values of s

and the results compared. For example, the methods of first and second order

are computed in the explicit case, and via considered analysis of the second

order methods, the authors show that the Pouzet-type method requires two

kernel evaluations, whereas, the Bel’tyukov method only requires one. There-

fore, subject to this criteria, admitting BRK-methods does, indeed, produce a

more efficient numerical scheme.

Finally, note that numerous publications deal with the fundamental theoretical

analysis of R-K methods including stability and convergence conditions. Some

of the notable examples include [25], [11], and, more recently, [36], in which the

topic of order conditions is revisited.

3.2.4 Collocation

No summary of numerical methods would be complete without a review of collo-

cation, in fact, it is possibly the most frequently applied method when it comes

to dealing with Volterra integral equations, favoured by the likes of Gennadi

Vainikko, Teresa Diogo and Hermann Brunner. (See, for example, [104], [49]

and [19], respectively.). Therefore, we shall outline the details with regard to

the general collocation method, whilst noting that the definition encompasses

numerous variants, which we shall briefly discuss towards the end of this section.

In elementary terms, the collocation method seeks to obtain an approximate

solution at a finite number points in the equation’s domain, known as colloca-

tion points or nodes. A more precise definition can be found in [10], in which

Atkinson derives the method by considering the equation

ϕ− Aϕ = f, (3.102)

where Y = C(G) denotes the space of continuous functions on the domain G

and A : X → X, a bounded linear operator that maps the domain X onto

itself. Furthermore, let Xn ⊂ X and Yn ⊂ Y denote sequences of subspaces

with dimXn = dimYn = n and, finally, choose n points, x1, x2, ..., xn ∈ G, such
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that Yn is unisolvent with respect to these points. Then, Atkinson asserts, there

exists an element, ϕn ∈ Xn, satisfying the discrete equation

(ϕn)(xj)− (Aϕn)(xj) = f(xj), j = 1, 2, ..., n. (3.103)

Now assume Xn to be the basis spanned by the functions u1, u2, ..., un, i.e.,

Xn := span{u1, u2, ..., un}, and express ϕn as a linear combination given by

ϕn =
n∑
k=1

γkuk. (3.104)

It, therefore, follows that equation (3.103) takes the form

n∑
k=1

γk{uk(xj)− (Auk)(xj)} = f(xj), j = 1.2, ..., n. (3.105)

So now consider the Volterra integral equation of the second kind

ϕ(t)−
∫
G

k(t, s)ϕ(s)ds = f(t), t ∈ G. (3.106)

Applying the collocation method, as defined by equation (3.105), yields

γj −
n∑
k=1

γk

∫
G

k(tj, s)L(s)ds = f(tj), j = 1, 2, ..., n, (3.107)

by using the Lagrange basis for Xn and substituting

ϕn =
n∑
k=1

γkLk, (3.108)

where γj = ϕn(tj), j = 1, 2, ..., n.

Now we shall briefly describe the various types of collocation method used in

the study of Volterra integral equations. As a broad generalization, collocation

methods fundamentally fall into one of the two following categories:

(i) The first approach is based on decomposing the region of integration, I,

into the elements ∆1,∆2, ...,∆m, and then approximating the function,

ϕ(t) ∈ C(I), by a low degree polynomial over each of the elements ∆i.

This method is referred to as piecewise polynomial or spline collocation.

Hence, given the interval I ∈ [0, T ], let

In := {tn : 0 = t0 < t1 < t2 < ... < tn = T} (3.109)

94



be the mesh where en = (tn, tn+1], hn = tn+1 − tn, 0 ≤ n ≤ N − 1, with

mesh diameter

h := max{hn : 0 ≤ n ≤ N − 1}. (3.110)

Then, we can vary this scheme in one of the two following ways:

• Mesh type:

(a) Quasi-uniform mesh: In this case, there exists a constant,

γ <∞, independent of N , such that

max(n) hn
min(n)hn

≤ γ, ∀N ≥ 1, Nh ≤ γT. (3.111)

(b) Graded mesh In:

tn =
( n
N

)r
T, n = 0, 1, 2, ..., N. (3.112)

In this case, if r = 1, then In is a uniform mesh.

• The degree of the polynomial space:

Define the piecewise polynomial space by

S(d)
r (In), r ≥ 0, − 1 ≤ d < r, (3.113)

where

S(d)
r (In) := {v ∈ Cd(I) : V |en0 ≤ n ≤ N − 1} ∈ Pr. (3.114)

Then, let Pr define the space of real polynomials of degree not ex-

ceeding r. Consequently, this approach varies according to the degree

of Pr.

(ii) In the second case, ϕ(t) ∈ C(D) is approximated by using a family of func-

tions that are globally defined over the whole domain. Examples include

polynomials and trigonometric polynomials. These functions are infinitely

differentiable. The use of trigonometric polynomials and interpolation are

described in detail in [9], to which the reader is referred.

3.3 Conclusions and appraisal of numerical

methods

Having now introduced several classes of numerical method, we conclude this

chapter with a short comparative study. The θ−methods that we focussed on
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in Section 3.2.1 represent the simplest class of numerical methods and include

Euler’s explicit method, Euler’s implicit method and the trapezoidal method.

These methods have order of convergence O(h), O(h) and O(h2), respectively.

Therefore, as we stressed at the end of Section 3.2.1, they are often overlooked

when a high degree of accuracy is required. However, this issue can easily be

addressed and a highly accurate approximation can be obtained by reducing

the stepsize. Furthermore, being one-step methods the are computationally

inexpensive and the backward Euler and Trapezoidal methods are both implicit.

Hence, they are generally more stable.

We then turned our attention to the linear multistep methods. This large class

of methods also includes the θ−methods, when the number of steps, s, is set at

1. However, for s > 1, multistep methods are more complex and use the values

from previous calculations in order to compute the next step in the process.

The computational cost of this class of problem depends greatly on the number

of steps taken. As s increases, so does the number of calculations required to

solve a given problem. As a consequence, it is difficult to assess the performance

of this class of problem as a whole, but the following points should be noted.

(i) The greater the number of steps, the higher the order of convergence.

However, increasing the number of steps also increases the computational

cost.

(ii) The backward differentiation formulas are implicit and well suited to solv-

ing stiff differential equations or Volterra integral equations whose kernels

possess large Lipschitz conditions.

(iii) In relation to solving Volterra integral equations, the method is compli-

cated and involves two formulas: the lag formula and the linear multistep

formula.

The penultimate class of methods we discussed were the Runge-Kutta methods.

The general idea behind this approach is to obtain an approximate solution to a

given problem at particular points, known as the nodes, in the intervals ti, ti+1,

i = 1, 2, ..., N by way of a simple formula. The explicit Runge-Kutta methods

are known to produce an accurate approximation to the true solution when

applied to many initial value problems and are computationally inexpensive,

but, they are ineffective when applied to equations that are not universally A-

stable. In such cases, implicit methods are required in order to determine the
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solution and these incur a far greater degree of computational cost. One final

point to make is that Runge-Kutta methods, in theory, can be of arbitrarily high

order and there are well known methods of both order four and six. With regard

to Volterra integral equations, The method once again involves two terms: a

lag term and the Runge-Kutta formula and, according to Brunner et.al. in [23],

this approach can produce accurate results at low computational cost.

Finally, we looked at collocation. As with Runge-Kutta methods, this class of

method involves obtaining an approximate solution at a finite number of points

in the domain. Collocation methods tend to be of higher order and do require

a large number of calculations in their execution. Furthermore, problems may

arise if the integrals involved can not readily be evaluated.

Having now described each of the numerical methods we introduced and out-

lined their performance, it is clear that, unlike the case for analytical methods,

computational cost and effectiveness are determined more by the order of a par-

ticular method than by the class of method itself. For example, the first order

Euler method requires less computations than the fourth order Runge-kutta

method, but the Runge-Kutta method converges to the exact solution faster.

Therefore, with regard to numerical methods, the idea is to produce a highly

accurate approximation at low computational cost. With this in mind, the

trapezoidal method we feel to be a good choice for general problems, striking a

good balance between accuracy and computational expense.
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Chapter 4

An Introduction to Cordial

Volterra Operators

4.1 Initial comments and background informa-

tion

So far in this thesis we have attempted to provide, if not an exhaustive, a

comprehensive account of the basic theory of integral equations. We also, in

the final sections of Chapter one, defined the various types of integral equation

most often encountered. Moreover, in Chapters two and three, we described the

methods most frequently applied in order to solve them. It is, though, important

to note that the classification of equations presented in the introductory chapter

is broad in the sense that there are many sub-classes of equation. One such sub-

class is the so-called Cordial equations. As it transpires, these cannot be treated

by taking the standard approach, at least not without some manipulation of the

particular equation in hand or by adapting the solution method itself in some

way. The name, ’Cordial equation’, was first coined by Gennadi Vainikko in his

seminal 2009 paper, [100], which we will, in due course, look at in more detail.

This was the first in a series of works that begin by taking an analytical view

of the properties associated with problems of this type. In later publications,

a selection of effective solution methods were proposed. Collectively, the series

arguably constitutes the most comprehensive study of this class of equation to

date. The initial papers use spectral theory in an approach inspired by earlier

works dealing with similar types of equation. For example, Lamb, in his 1983
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paper, [79], studied the equations(
λI +Gη,1/2

)
φ(x) = ψ(x), x > 0 (4.1)

and (
λI +Hη,1/2

)
φ(x) = ψ(x), x > 0, (4.2)

where λ > 0 and Gη,1/2, Hη,1/2 are particular cases of the operators Gη,α and

Hη,α , defined for Re α > 0 and η ∈ C by

(Gη,α, φ) (x) = [Γ(α)]−1

∞∫
x

1

t

(x
t

)η (
log

(
t

x

))α−1

φ(t)dt (4.3)

and

(Hη,α, φ) (x) = [Γ(α)]−1

x∫
0

1

t

(
t

x

)η+1 (
log
(x
t

))α−1

φ(t)dt. (4.4)

Lamb’s work itself extends the results previously obtained by Rooney in [96],

in which the author used the Mellin transform to derive an inversion formula

in order to solve the equation(
I +G0,1/2

)
φ(x) = ψ(x), (4.5)

where I denotes the identity operator and G0,1/2 is given by

(
G0,1/2, φ

)
(x) = π−1/2

∞∫
x

1

t

(
log

(
t

x

))−1/2

φ(t)dt. (4.6)

Furthermore, as the title of the paper suggests, these equations had also been

studied by Ŝub-Sizonenko in [108].

4.2 Definitions, properties and analysis

Having now introduced Cordial equations and discussed in brief the historical

background that inspired Vainikko’s work, we shall now formally define the

general Cordial operator

Definition 4.2.1 (G.Vainikko, [100]). Consider the Volterra integral operator

(V u)(t) =

t∫
0

K(t, s)u(s)ds, 0 ≤ t ≤ T, (4.7)
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where V is bounded and non-compact in C[0, T ] and ur(t) = tr, 0 ≤ r < ∞,

are the eigenfunctions of V corresponding to the eigenvalues ϕ̂(r) =
1∫
0

ϕ(s)srds.

Operators of this form are said to possess property (A) and are known as Cordial

operators. Moreover, all such operators have kernels of the form K(t, s) =

t−1ϕ(s/t), 0 ≤ s ≤ t ≤ T , where the core function ϕ ∈ L1(0, 1).

Remark 1. Note that in order to conduct his study of Cordial operators,

Vainikko redefines the general operator, equation (4.7), in terms of the core

function, ϕ ∈ L1(0, 1), and then applies a change of variable, x = s/t, dx = ds/t.

Thus,

(Vϕu)(t) =

t∫
0

t−1ϕ
(s
t

)
u(s)ds =

1∫
0

ϕ(x)u(tx)dx, 0 ≤ t ≤ T, (4.8)

from which it follows that

(Vϕu)(0) = u(0)

1∫
0

ϕ(x)dx. (4.9)

We now present some specific examples of kernels, k(t, s), 0 ≤ s ≤ t ≤ T , that

generate Cordial operators, Vϕ. Furthermore, we state their core functions, ϕ,

and their eigenvalues, ϕ̂(r) =
1∫
0

ϕ(s)srds, corresponding to the eigenfunctions

tr, 0 ≤ r <∞.

Example 4.2.1. Let k(t, s) = t−µsµ−1, µ > 0. Then ϕ(s) = sµ−1 and the

eigenvalues are given by

ϕ̂(r) =
1

µ+ r
. (4.10)

In the second, more complex example we shall derive the eigenvalues to illustrate

the method.

Example 4.2.2. Let k(t, s) = (tγ − sγ)−1/γ, 1 < γ <∞. Then, in this case, we

apply the change of variable x = sγ. Hence,
dx

ds
= γsγ−1 and so as x = sγ ←→

s−1 = x−1/γ, in terms of x we have that

dx

ds
= γsγs−1 (4.11)

= γx.x−1/γ (4.12)

= γx(γ−1)/γ (4.13)
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and, therefore,

ds

dx
=

1

γ
x(1−γ)/γ. (4.14)

Finally, by setting

sr = (x1/γ)r = xr/γ, (4.15)

we can now derive the eigenvalues as follows:

ϕ̂(r) =

1∫
0

(1− sγ)−1/γsrds (4.16)

=
1

γ

1∫
0

(1− x)−1/γxr/γ
(
x(1−γ)/γ

)
dx (4.17)

=
1

γ

1∫
0

(1− x)−1/γx((r+1)/γ)−1dx. (4.18)

Now to evaluate the integral, recall that the Beta function is defined by the

formula

B(x, y) =

1∫
0

tx−1(1− t)y−1dt =
Γ(x)Γ(y)

Γ(x+ y)
. (4.19)

Thus,

ϕ̂(r) =
1

γ

Γ

(
r + 1

γ

)
Γ (1− 1/γ)

Γ

(
r + 1

γ
+ 1− 1/γ

)
 (4.20)

=
1

γ

Γ

(
r + 1

γ

)
Γ (1− 1/γ)

Γ

(
r + γ

γ

)
 , (4.21)

Note that these two examples, along with numerous others, have all previously

been studied as ’stand alone’ problems, as opposed to the approach taken by

Vainikko in presenting the generalized theory of the class of Cordial operators

and equations as a whole. For instance, equations with kernels as featured

in Example 4.2.2, for γ = 3/2, are referred to as Lighthill’s equations and

were introduced in [81]. Furthermore, for general γ, such equations have been

extensively studied by, amongst others, Brunner in personal communication
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with Vainikko, [100]. Likewise, equations with kernels of the form given in

example 4.2.1 have received much attention, particularly from Teresa Diogo

and her co-authors, with notable papers produced in collaboration with Ford,

Lima et.al. (See for example, [43] and [47]). However, we shall return to

this discussion shortly as the focus of our research in the forthcoming chapters

involves the study of such equations, indeed, it was inspired by the work began

by Diogo, et.al. in one of the aforementioned papers, [43].

However, returning to our introduction to the general equation, based upon

Vainikko’s analysis in [100]. Defining specific kernels and their associated cores

and eigenvalues, as briefly outlined in Examples 4.2.1 and 4.2.2, concludes sec-

tion one of the paper. Thus, moving on to section two. Here, Vainikko poses

the question, which kernels generate Volterra operators that possess property

(A), as defined in Definition 4.2.1? This is established by first applying the

change of variable s = tx, under the assumptions that k(t, s), 0 < s < t ≤ T

has partial derivatives of first order and that

sup
0<t≤T

t∫
0

{
|k(t, s)|+ t

∣∣∣∣ ∂∂tk(t, s)

∣∣∣∣+ s

∣∣∣∣ ∂∂sk(t, s)

∣∣∣∣} ds <∞. (4.22)

Thus, for r ≥ 0, we obtain

1∫
0

k(t, s)srds = tr
1∫

0

k(t, tx)txrdx, 0 < t ≤ T. (4.23)

So, by property (A),

1∫
0

k(t, tx)txrdx (4.24)

must be an eigenvalue of V corresponding to the eigenfunction tr. Therefore,

equation (4.24) is independent of t, from which it follows immediately that

d

dt

 1∫
0

k(t, tx)txrdx

 = 0. (4.25)

Hence, by differentiating under the integral sign, equation (4.25) becomes

1∫
0

[
t
∂

∂t
k(t, s) + s

∂

∂s
k(t, s) + k(t, s)

]
xrdx. (4.26)
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Finally, applying some geometrical arguments and recalling that any function

which is orthogonal to all xr, r ≥ 0, is also orthogonal to all polynomials and,

therefore, zero, it follows that k(t, s), 0 < s < t ≤ T satisfies the first order

differential equation

t
∂

∂t
k(t, s) + s

∂

∂s
k(t, s) + k(t, s) = 0 (4.27)

which can be shown to have general solution

k(t, s) = t−1ϕ
(s
t

)
, 0 ≤ s ≤ t <∞, (4.28)

where ϕ is an arbitrary function, determined by the specific kernel, k, in

question. Furthermore, the conditions set out in equation (4.27) ensure that

ϕ ∈ L1(0, 1). Hence, we have shown that the kernels that generate operators

possessing property (A) are of the form given by equation (4.28).

However, what about the converse to this last result? This is the question dealt

with in Section three of [100]. Here, Vainikko proposes that all operators with

kernel k(t, s) = t−1ϕ
(s
t

)
, 0 ≤ s ≤ t < T , for arbitrary ϕ ∈ L1(0, 1), have

property (A) and this assertion is formalized in the following theorem.

Theorem 4.2.1 (Cordial operators, G.Vainikko, Section 3, [100]). For ϕ ∈
L1(0, 1), the operator, Vϕ, defined in equation (4.8) and given by

(Vϕu)(t) =

t∫
0

t−1ϕ
(s
t

)
u(s)ds =

1∫
0

ϕ(x)u(tx)dx, 0 ≤ t ≤ T,

maps C[0, T ] into C[0, T ]. Furthermore, the following equalities hold:

‖Vϕ‖C[0,T ]−→C[0,T ] = ‖ϕ‖1. (4.29)

‖λI − Vϕ‖C[0,T ]−→C[0,T ] = |λ|+ ‖ϕ‖1, λ ∈ C. (4.30)

Finally, for uλ(t) = tλ, Re λ ≥ 0,

Vϕu = ϕ̂(λ)uλ. (4.31)

ϕ̂(λ) :=

1∫
0

ϕ(s)sλds. (4.32)
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With regard to the proof of Theorem 4.2.1, we shall briefly outline the main

points. The first part of the Theorem is justified by using the uniform continuity

of the function u ∈ C[0, T ] and the subsequent introduction of its modulus of

continuity,

ω(δ;u) = sup {|u(t1)− u(t2)| : 0 ≤ t1, t2 ≤ T, |t1 − t2| ≤ δ} , δ > 0, (4.33)

from which it follows, from equation (4.8), that with 0 ≤ x ≤ 1,

ω(δ;Vϕ) = sup {|(Vϕu)(t1)− (Vϕu)(t2)| : 0 ≤ t1, t2 ≤ T, |t1 − t2| ≤ δ} (4.34)

≤ sup {|u(t1x)− u(t2x)| : 0 ≤ t1, t2 ≤ T, |t1 − t2| ≤ δ}
1∫

0

|ϕ(x)| dx

(4.35)

≤ ‖ϕ‖1ω(δ;u)→ 0 as δ → 0. (4.36)

Hence, the operator Vϕ maps continuous functions onto continuous functions.

To prove the second part of Theorem 4.2.1, a simple argument is used to show

that both sets of inequalities

‖Vϕ‖C[0,T ]−→C[0,T ] ≤ ‖ϕ‖1, (4.37)

‖λI − Vϕ‖C[0,T ]−→C[0,T ] ≤ |λ|+ ‖ϕ‖1 (4.38)

and

‖Vϕ‖C[0,T ]−→C[0,T ] ≥ ‖ϕ‖1, (4.39)

‖λI − Vϕ‖C[0,T ]−→C[0,T ] ≥ |λ|+ ‖ϕ‖1 (4.40)

hold and, therefore, we must have equality. Finally, the proof of the last result

follows immediately by noting that with uλ(t) = tλ, Re λ ≥ 0,

(Vϕu)(t) =

1∫
0

ϕ(x)(tx)λdx (4.41)

= tλ
1∫

0

ϕ(x)xλdx (4.42)

= ϕ̂(λ)tλ (4.43)

= ϕ̂(λ)uλ(t), 0 < t ≤ T. (4.44)
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Section three then concludes with some supplementary results that together

form a corollary to Theorem 4.2.1. In summary, the first of these results states

that the product of two Cordial operators is itself a Cordial operator. In the

second part of the corollary, the ’core’ of this product is derived.

Our focus now turns to Sections four and five of [100], in which the spectra of

the Cordial operator Vϕ is studied in C[0, T ] and Cm[0, T ], respectively. The

analytical results obtained via this study are then applied in order to derive the

conditions under which the corresponding Cordial equation possesses a unique

continuous solution. However, in lieu of this discussion, we return to the latter

part of Section three. Here, it was shown that given two core functions, ϕ and

ψ, the following hold:

ϕ ∗ ψ = ψϕ (4.45)

and

‖ϕ ∗ ψ‖1 ≤ ‖ϕ‖1‖ψ‖1. (4.46)

As a consequence, L1(0, 1), equipped with the product operation,

(ϕ ∗ ψ)(s) =

1∫
0

t−1ϕ(t)ψ
(s
t

)
dt, 0 < s < 1, (4.47)

form what is known as a ’commutative Banach algebra’ (Refer to [78] for def-

inition) which is isomorphic to the commutative Banach algebra defined by

equation (4.8). With the addition of an identity element, they are then de-

noted by A and B, respectively. Thus, A consists of the elements λe + ϕ,

λ ∈ C, ϕ ∈ L1(0, 1), with identity element e, and B, consists of the Cordial

operators of the form λI + Vϕ, λ ∈ C, ϕ ∈ L1(0, 1). Furthermore, an element

λe + ϕ ∈ A is invertible in A if there exists an element µe + ψ ∈ A such that

(λe+ϕ) ∗ (µe+ψ) = e. The spectrum σA(ϕ) of ϕ ∈ L1(0, 1) is the compact set

in the complex plane defined by

σA(ϕ) = {λ ∈ C : λe− ϕ is not invertible in A} (4.48)

and similarly,

σB(Vϕ) = {λ ∈ C : λI − Vϕ is not invertible in B} , (4.49)

were Vϕ is defined as a compact operator in C[0, T ]. Finally, note that as A and

B are isomorphic,

σA(ϕ) = σB(Vϕ). (4.50)
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Vainikko then presents an alternative definition for σA(ϕ):

σA(ϕ) = {M(ϕ) : M ∈MA}, (4.51)

where MA is the set of all non-zero multiplicative linear functionals on A, a

linear functional M being multiplicative if

M((λe+ ϕ) ∗ (µe+ ψ)) = M(λe+ ϕ)M(µe+ ψ), λ, µ ∈ C, ϕ, ψ ∈ L1(0, 1).

(4.52)

The author then asserts that, as multiplicative linear functionals are always

continuous, it follows that M(e) = 1 for M ∈ MA. Thus, equation (4.52) can

be shown to be equivalent to

M(ϕ ∗ ψ) = M(ϕ)M(ψ), ϕ, ψ ∈ L1(0, 1). (4.53)

Equipped with this preliminary analysis, a formula is then sought that defines

all linear continuous functionals M in L1(0, 1) that satisfy equation (4.53) and

concludes that for M to fulfil this criteria, it must take the form

M(ϕ) = Mλ(ϕ) = ϕ̂(λ) =

1∫
0

ϕ(s)sλds, λ ∈ C, Reλ ≥ 0. (4.54)

We now state the two major results from section four, the first of which follows

directly as a consequence of equations (4.51) and (4.54).

Theorem 4.2.2 (The spectrum, σA(ϕ), Theorem 4.2, [100], G.Vainikko). For

ϕ ∈ L1(0, 1), it holds that

σA(ϕ) = {0} ∪ {ϕ̂(λ) : λ ∈ C, Reλ ≥ 0}. (4.55)

Moreover, Theorem 4.3, [100] defines an equivalence relation between σA(ϕ)

and σB(Vϕ). The remainder of this section is devoted to additional theory that

explores the structure of σA(ϕ) and σB(Vϕ). However, for the sake of brevity,

we once more refer the interested reader back to [100] for the details.

This brings us to Section five. Here, we are presented with theoretical arguments

and results that are analogous to those derived in Section four, but in this case

for u, Vϕu ∈ Cm[0, T ], the space of continuously differentiable functions of order

m. Therefore, before we can begin, we first need to reformulate equation (4.8)
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in order to accommodate functions u ∈ Cm[0, T ]. Thus, for ϕ ∈ L1(0, 1) and

Vϕu ∈ Cm[0, T ],

(Vϕu)(m)(t) =

1∫
0

ϕ(x)xmu(m)(tx)dx = (Vϕmu
(m))(t), 0 ≤ t ≤ T, (4.56)

where ϕm ∈ L1(0, 1) is defined by

ϕm(x) = ϕ(x)xm, 0 < x < 1 (4.57)

and Vϕ : Cm[0, T ] −→ Cm[0, T ] is a bounded linear operator. Furthermore,

prior to deriving the spectrum σm(Vϕ) and discussing the associated analysis,

two results concerning the solution to the equation

µu = Vϕu+ f (4.58)

for f ∈ Cm[0, T ], ϕ ∈ L1(0, 1) are presented, which we shall now summarize. In

the first instance, Vainikko shows that if u ∈ Cm[0, T ] is a solution to equation

(4.58), then v = u(m) ∈ C[0, T ] is a solution to the equation

µv = Vϕmv + f (m) (4.59)

with ϕm as defined by equation (4.57). The converse to this result is then

established and stated by way of an important Lemma, the significance of which

will become clear shortly.

Lemma 4.2.3. (Lemma 5.1, section five, [100], G.Vainikko). Let ϕ ∈ L1(0, 1),

f ∈ Cm[0, T ] and let 0 6= µ ∈ C satisfy µ 6= ϕ̂(k), for k = 0, 1, ...m− 2,m− 1.

Let v ∈ C[0, T ] be a solution of the equation µv = Vϕmv + f (m), with ϕm as

defined by equation (4.57). Then, the equation µu = Vϕu + f has a unique

solution, u ∈ Cm[0, T ], such that u(m) = v. Hence,

u(t) =
m−1∑
k=0

1

k!

f (k)(0)

µ− ϕ̂(k)
tk +

1

(m− 1)!

t∫
0

(t− s)m−1v(s)ds. (4.60)

The proof of Lemma 5.1.1, of which we shall provide brief details, considers the

case for m = 1. Note, however, that repeated applications of the steps involved

provides the desired result for arbitrary m ∈ N.

So, let v ∈ C[0, T ] be the solution of the equation µv = Vϕ1v+f ′, or equivalently,

µv(s) =

1∫
0

ϕ(x) + xv(sx)dx+ f ′(s) (4.61)
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for f ∈ C1[0, T ], µ 6= ϕ̂(0). Then, integrating both sides of equation (4.61) from

0 to t, yields

µ

t∫
0

v(s)ds =

t∫
0

1∫
0

ϕ(x)xv(sx)dxds+ f(t)− f(0) (4.62)

and by changing the order of integration we obtain the equation

µ

t∫
0

v(s)ds =

1∫
0

ϕ(x)x

 t∫
0

v(sx)ds

 dx+ f(t)− f(0). (4.63)

Now, apply the change of variable s′ = sx,
ds′

ds
= x to equation (4.63), as

follows:

µ

t∫
0

v(s)ds =

1∫
0

ϕ(x)x

 t∫
0

x−1v(s′)ds′

 dx+ f(t)− f(0) (4.64)

=

1∫
0

ϕ(x)

 tx∫
0

v(s)ds

 dx+ f(t)− f(0). (4.65)

Vainikko then introduces the following identity,

µw(t) =

1∫
0

ϕ(x)w(tx)dx+ µζ − ζ
1∫

0

ϕ(x)dx, (4.66)

where w represents a constant function and w = ζ ∈ C. Therefore, by adding

this identity to equation (4.65), the resultant equation becomes

µ

1∫
0

v(s)ds+ µw(t) =

1∫
0

ϕ(x)

 tx∫
0

v(s)ds

 dx+

1∫
0

ϕ(x)w(tx)dx

+ f(t)− f(0) + µζ − ζ
1∫

0

ϕ(x)dx. (4.67)

This equation is then simplified by making the substitution u(t) = ζ+
t∫

0

v(s)ds,

such that

µ (u(t)− w(t) + µw(t) =

1∫
0

ϕ(x) (u(tx)− w(tx)) dx+

1∫
0

ϕ(x)w(tx)dx

+ f(t)− f(0) + µζ − ζ
1∫

0

ϕ(x)dx. (4.68)
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Finally, by cancelling like terms in equation (4.68), this gives us the relation

µu(t) =

1∫
0

ϕ(x)u(tx)dx+ f(t)− f(0) + µζ − ζ
1∫

0

ϕ(x)dx. (4.69)

Note then that, by definition,

1∫
0

ϕ(x)dx = ϕ̂(0) 6= µ (4.70)

and, therefore, there exists a unique value of ζ for which

ζ

µ− 1∫
0

ϕ(x)dx

 = f(0). (4.71)

Thus, as u′ = v, it follows immediately that

u(t) =
f(0)

µ− ϕ̂(0)
+

t∫
0

v(s)ds, (4.72)

hence, u ∈ C1[0, T ] is the only solution to the equation

µu = Vϕu+ f. (4.73)

We now state the analogue to Theorem 4.2.2, in which Vainikko defines the

spectrum of the operator Vϕ acting on the function u ∈ Cm[0, T ].

Theorem 4.2.4 (The spectrum, σm(Vϕ), Theorem 5.2, [100], G.Vainikko). For

ϕ ∈ L1(0, 1), it holds

σm(Vϕ) = {0} ∪ {ϕ̂(k) : k = 0, 1, ...,m− 1} ∪ {ϕ̂(λ) : Reλ ≥ m} (4.74)

The proof to Theorem 4.2.4, which we shall now outline, uses the concept of a

’two way inclusion’. In other words, Vainikko shows that the spectrum, σm(Vϕ),

is contained within the set of elements {0}∪{ϕ̂(k) : k = 0, 1, ...,m−1}∪{ϕ̂(λ) :

Reλ ≥ m} and that this set of elements are contained within the spectrum.

Therefore, to prove that

{0} ∪ {ϕ̂(k) : k = 0, 1, ...,m− 1} ∪ {ϕ̂(λ) : Reλ ≥ m} ⊂ σm(Vϕ), (4.75)

note that, by definition, the eigenvalues of Vϕ, ϕ̂(k), k = 0, ...,m− 1 and ϕ̂(λ),

Reλ ≥ m, corresponding, respectively, to the eigenfunctions tk and uλ(t) =
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tλ = tReλeiImλ log t ∈ Cm[0, T ] must belong to σm(Vϕ). Thus, with regard to the

remaining elements, 0 and ϕ̂(λ) for Reλ = m, these too belong to σm(Vϕ) as

the spectrum forms a closed set and ϕ̂(λ) is continuous.

Now to the second inclusion:

σm(Vϕ) ⊂ {0} ∪ {ϕ̂(k) : k = 0, 1, ...,m− 1} ∪ {ϕ̂(λ) : Reλ ≥ m}. (4.76)

Take an arbitrary value µ ∈ C such that µ 6= 0, µ 6= ϕ̂(k) for k = 0, ...,m − 1,

and µ 6= ϕ̂(λ) for Reλ ≥ m. Then, as ϕ̂m(λ) = ϕ̂(λ + m) it follows, due to

the last condition set upon µ, that µ 6= ϕ̂m(λ) for Reλ ≥ 0. Now consider the

equation µv = Vϕmv + f (m), f ∈ Cm[0, T ] and recall that this has a unique

solution, v ∈ C[0, T ]. (See Proof of Theorem 4.3, [100]).

Moreover, by Lemma 4.2.3 (Lemma 5.1, [100]), the equation µu = Vϕu + f ,

f ∈ Cm[0, T ] has a unique solution, u ∈ Cm[0, T ], such that u(m) = v and as

the solution v is unique, the solution u is unique in Cm[0, T ].

Therefore, the inverse operator, (µI−Vϕ)−1 : Cm[0, T ] −→ Cm[0, T ], exists and

as Vϕ : Cm[0, T ] −→ Cm[0, T ] is bounded, (µI − Vϕ)−1 : Cm[0, T ] −→ Cm[0, T ]

is likewise bounded, as a consequence of Banach’s Theorem (please refer to [78]

for details). Thus, Vainikko concludes that µ 6= σm(Vϕ).

Remark 2. Note that the proof of Theorem 4.2.4 highlights the important

relationship between the spectrum of a Cordial operator and the solution to a

corresponding equation containing such an operator, as briefly made reference

to earlier in this Chapter.

The remainder of Section five is largely devoted to looking at Cordial operators

in Holder spaces, which is beyond the scope of this thesis. However, Vainikko

does make some final remarks regarding the spectrum, σm(Vϕ), of the Cordial

operator Vϕ ∈ Cm[0, T ] but, in the first instance, presents the following Corol-

lary:

Corollary 4.2.5 (Corollary 5.4, [100], G.Vainikko). If µ 6= σ0(Vϕ) and f ∈
Cm[0, T ], then the unique solution u of equation µu = Vϕu+f in C[0, T ] belongs

to Cm[0, T ] and v = u(m) satisfies the equation µv = Vϕmv + f (m) with ϕm ∈
L1(0, 1) and ϕm = ϕ(x)xm, 0 < x < 1, as per equation (4.57).

Our final comment regarding the theory presented in Section five, (Remark

5.5, [100]) is of particular interest as it once more demonstrates the highly
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significant relationship between the spectrum of a Cordial integral operator

and the solution to the related Cordial equation.

Remark 3. Assume that µ 6= 0 and µ 6= ϕ̂(λ) for Re λ ≥ m but µ = ϕ̂(k′) for

some k′, 0 ≤ k′ ≤ m− 1. Equation µu = Vϕu+ f remains solvable in Cm[0, T ]

if f ∈ Cm[0, T ] satisfies f (k′)(0) = 0 for those k′; the solution set in Cm[0, T ]

contains with any u also u+
∑
k′
ζk′t

k′ , with arbitrary ζk′ ∈ C.

Vainikko concludes the analytical study by focussing on examples of the spec-

trum corresponding to specific Cordial operators. In this short section, in ad-

dition to stating the eigenvalues that were calculated in section one, Vainikko

localizes the spectrum precisely in each case. Here, we shall just focus on one

such operator and once more refer the reader back to [100] for further examples.

Example 4.2.3. To begin, observe that for any ϕ ∈ L1(0, 1),

σA(ϕ) ⊂ {λ ∈ C : |λ| ≤ ‖ϕ‖1} (4.77)

and let ϕ(s) = sβ−1, β > 0. We now need to calculate the norm ‖ϕ‖1, hence,

‖ϕ‖1 =

1∫
0

|ϕ(s)|ds (4.78)

=

1∫
0

|sβ−1|ds (4.79)

=
1

β
. (4.80)

Nqw recall from section one, [100], that

ϕ̂(λ) =

1∫
0

sβ−1+λds =
1

β + λ
, Reλ ≥ 0. (4.81)

Thus, given that |λ| ≤ ‖ϕ‖1 = 1/2β, the linear fractional function, µ =
1

β + λ
,

transforms the imaginary axis one to one onto the circle |µ− 1/2β| = 1/2β and

the half-plane, Re λ ≥ 0, onto D1/β where

Dr := {µ ∈ C : |µ− r/2| ≤ r/2}, r > 0 (4.82)

is the closed disc of diameter r with centre on the real axis at the point (r/2, 0).

Therefore, by Theorem 4.3., [100],

σ0(Vϕ) = σA(ϕ) = D1/β. (4.83)
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Moreover, µ =
1

β + λ
transforms the region Reλ ≥ m onto the disc D1/(β+m)

and by Theorem 4.2.4, (Theorem 5.2, [100]),

σm(Vϕ) =

{
1

β + k
: k = 0, ...,m− 1 ∪D1/(β+m)

}
. (4.84)

That concludes the analytical study presented in [100]. However, in [101],

Vainikko extends this theory and provides analogous results for the general-

ized Cordial Volterra operator

(Vϕ,au)(t) =

t∫
0

t−1ϕ(s/t)a(t, s)u(s)ds, 0 ≤ t ≤ T, (4.85)

where ϕ ∈ L1(0, 1), a ∈ C and 0 ≤ s ≤ t ≤ T .

Our focus now turns to the penultimate section of Vainikko’s paper where, in

light of the preceding analysis, the first of two solution method are proposed.

(i) Polynomial approximation of the solution

Consider the equation of the second kind,

µu = Vϕu+ f, µ 6= 0, ϕ ∈ L1(0, 1), (4.86)

where µ 6= σm and f ∈ Cm[0, T ], m ≥ 0. Then, if there exists a bounded

inverse, (µI − Vϕ)−1 ∈ L(Cm[0, T ]), where L denotes the Banach algebra

of linear continuous operators, equation (4.86) has a unique solution, u ∈
Cm[0, T ]. (Note that the solution in C[0, T ] may be non-unique if µ ∈
σ0(Vϕ)\σm(Vϕ)). Therefore, it follows that the obvious way to determine

the solution to equation (4.86) is to approximate f by a polynomial,

fn(t) :=
n∑
k=0

ζkt
k, (4.87)

using, for example, Taylor series or interpolation. Now, define un = (µI−
Vϕ)−1fn, that is,

un(t) =
n∑
k=0

ζk
µ− ϕ̂(k)

tk, (4.88)

noting that µ − ϕ̂(k) is non-zero as ϕ̂(k) ∈ σm(Vϕ), k = 0, 1... and µ 6=
σm(Vϕ). Then,

‖u− un‖m,∞ ≤ ‖(µI − Vϕ)−1‖L(Cm[0,T ])‖f − fn‖m,∞ (4.89)
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defines an error bound on the solution u and if µ 6= σ0(Vϕ),

‖u− un‖∞ ≤ ‖(µI − Vϕ)−1‖L(C[0,T ])‖f − fn‖∞. (4.90)

So, considering these arguments, it appears that the method described is

simple and effective. However, potential problems may arise, particularly

in the computation of ϕ̂(k) and difficulties can also occur when approxi-

mating f by a polynomial if T is too large. In this case, the process needs

to be modified so that f is approximated by fn on a short interval, [0, t0],

t0 < T .

Thus, to determine the solution of equation (4.86), assume µ 6= σ0(Vϕ)

and un = (µI − Vϕ)−1fn on the interval [0, t0]. Now to find the solution

u(t) for t0 ≤ t ≤ T . In the first instance, rewrite equation (4.86) in the

form

µu(t) = t−1

t∫
t0

ϕ(st−1)u(s)ds+ f(t) + g(t), t0 ≤ t ≤ T, (4.91)

where

g(t) = t−1

t0∫
0

ϕ(st−1)u(s)ds, t0 ≤ t ≤ T. (4.92)

Then, we substitute un for u in equation (4.92). This yields

gn(t) = t−1

t0∫
0

ϕ(st−1)un(s)ds, t0 ≤ t ≤ T. (4.93)

Finally, we obtain the equation

µu(t) = t−1

t∫
t0

ϕ(st−1)u(s)ds+ f(t) + gn(t), t0 ≤ t ≤ T, (4.94)

which is then used to determine the solution, u, on the interval t0 ≤ t ≤ T .

Thus, essentially the problem is decomposed into three parts:

(i) The approximation of f by the polynomial fn on the interval [0, t0]

which, therefore, enables us to determine un using equation (4.88)

on [0, t0].

(ii) The computation of gn using equation (4.93) on the interval [t0, T ].
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(iii) The solution of the integral equation, defined by equation (4.94), on

the interval [t0, T ]. The integral operator is compact on [t0, T ], hence,

this equation can be solved using standard methods such as product

integration and piecewise polynomial collocation. (See, for example,

[45], [53] and [50]).

Moreover, as the solution is made up of three parts, the error incurred

will also be composed of three separate components,

‖u− un‖∞,[0,t0] ≤ ‖(µI − Vϕ)−1‖L(C[0,t0])‖f − fn‖∞,[0,t0], (4.95)

‖g − gn‖∞,[t0,T ] ≤ ct0‖u− un‖∞,[0,t0] (4.96)

and the error resulting from the specific method used to solve equation

(4.94).

We shortly turn our attention to the second solution method proposed

by Vainikko. However, section seven concludes with a discussion regard-

ing the concept of compactness, particularly in relation to solving Cordial

equations. Vainikko elaborates on this topic in Lemma 7.1, [100], and in

the closing remarks of the section. Given its importance, we now shall

outline the details. The results relate to the integral operator of equation

(4.94) in C[t0, T ], however, the theory presented is slightly more general-

ized.

Lemma 4.2.6. (Lemma 7.1, [100], G.Vainikko). Let ϕ ∈ L1(0, 1) and

t0 ∈ (0, T ). Then,

(V [t0,T ]
ϕ u)(t) = t−1

t∫
t0

ϕ(st−1)u(s)ds, t0 ≤ t ≤ T, u ∈ L∞(t0, T ) (4.97)

defines a compact operator from L∞(t0, T ) into C[t0, T ].

The proof is straightforward, as for ϕ ∈ L1(0, 1), the following bound

holds:

‖V [t0,T ]
ϕ ‖L∞(0,1)−→C[t0.T ] ≤ ‖ϕ‖1, (4.98)

Note that Lemma 4.2.6 is of particular interest as it acknowledges the

connection between the non-compactness of the Cordial operator, Vϕ ∈
C[0, T ], and the singularity in (Vϕu)(t) in the neighbourhood of t = 0.

The result that follows further explores this relationship.

114



Remark 4. (remark 7.2, [100], G.Vainikko). Let δ0 ∈ (0, T ) and let

ω : [0, δ0] −→ R+, be a continuous, non-decreasing function satisfying

ω(0) = 0; denote

Uω = {u ∈ C[0, T ] : ‖u‖∞,[0,T ] ≤ 1, |u(t)− u(0)| ≤ ω(t), 0 ≤ t ≤ δ0}.
(4.99)

Then, for ϕ ∈ L1(0, 1), the set VϕUω is relatively compact in C[0, T ].

One final observation here is that it is clear that Cordial operators are

non-compact in C[0, T ] and it is this property that causes difficulties when

trying to solve the corresponding Cordial equations. Therefore, a great

amount of research has been completed that studies this phenomenon.

For example, in [75], Kangro shows that the generalized Cordial equation,

as defined by equation (4.85), although non-compact in the space of con-

tinuous functions is, however, compact in the space of analytic functions,

A(D), where the domain D is a bounded, open region in the complex

plane containing [0, T ] such that if t ∈ D, then tx ∈ D ∀x ∈ [0, 1].

(ii) Solving via power series

We now come to the final section, section eight, of Vainikko’s paper. Here,

the author proposes a further solution method for equation (4.86) but

stresses that the method is only applicable when (4.86) can be solved

exactly. The most elementary criteria that satisfies this requirement is

when the free term, f(t), can be expressed as a linear combination of the

form f(t) =
M∑
k=0

ckt
λk , where Re λk ≥ 0. Then, for µ 6= ϕ̂, k = 0, ...,M , a

solution to equation (4.86) is given by

u(t) =
M∑
k=0

ck
µ− ϕ̂(λk)

tλk . (4.100)

However, this result can be extended when the function f can be expressed

as a power series, with expanding centre 0. The idea is formally presented

in the following theorem.

Theorem 4.2.7 (Theorem 8.1, [100], G.Vainikko). Assume that f ∈
C∞[0, T ] can be expanded into the power series

f(t) =
∞∑
k=0

ckt
k (4.101)
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which converges for 0 ≤ t ≤ T ′ with some T ′ > T and let ϕ ∈ L1(0, 1),

µ 6= 0, µ 6= ϕ̂(k) for k = 0, 1, 2....Then equation (4.86),

µu = Vϕu+ f, µ 6= 0, ϕ ∈ L1(0, 1),

has in C∞[0, T ] a unique solution given by the power series

u(t) =
∞∑
k=0

ck
µ− ϕ̂(k)

tk (4.102)

which converges uniformly for 0 ≤ t ≤ T .

The proof to Theorem 4.2.7 is very straightforward and first establishes

that the power series in equation (4.102) converges by determining the

theoretical convergence radius using the root test. Therefore,

R = 1/lim sup
k−→∞

|ck|1/k, R ≥ T ′. (4.103)

Furthermore, as ϕ̂(k) −→ 0 as k −→∞, we see that

1/lim sup
k−→∞

∣∣∣∣ ck
µ− ϕ̂(k)

∣∣∣∣1/k = 1/lim sup
k−→∞

|ck|1/k ≥ T ′ (4.104)

Hence, the power series in equation (4.102) converges for 0 ≤ t < T ′

and defines a function, u ∈ C∞[0, T ]. Note also that the convergence is

uniform on the interval [0, T ] and, in conclusion, as the operator µI − Vϕ
is bounded in C[0, T ], it can be applied under the sum symbol in (4.102).

Thus, u satisfies equation (4.86) for 0 ≤ t ≤ T . A further Theorem is

presented, Theorem 8.4, [100], which is an analogy of Theorem 4.2.7, but

generalizes the result by replacing k by αk, α > 0 and for details the

reader is referred back to the source. However, Vainikko concludes with

some additional remarks that are of particular relevance in relation to our

forthcoming work, therefore, they are worthy of a mention here.

Remark 5. Under the conditions of Theorem 4.2.7, µ may belong to

σ0(Vϕ) and the solution u defined in equation (4.102) may be non-unique

in C[0, T ]. More precisely, if µ = ϕ̂(λ0) with λ0 ∈ C, Re λ0 ≥ 0, the

solution set is given by {u + ζtλ0 : ζ ∈ C} which belongs to C[0, T ] if Re

λ0 ≥ 0 or if λ0 = 0.

Remark 6. Let the conditions of Theorem 4.2.7 be fulfilled except the

last one. Instead, let µ = ϕ̂(k′) for k′ ∈ K, where K is some set of

116



numbers, 0, 1, 2, ...., and let f (k′)(0) = 0 for k′ ∈ K. Then, equation (4.86)

is still solvable in C∞[0, T ] and

u(t) =
∞∑

k=0, k 6=K

ck
µ− ϕ̂(k)

tk +
∑
k′∈K

ζk′t
k′ (4.105)

is a solution for any ζk′ ∈ C, k′ ∈ K. Note that the set K is finite since

ϕ̂(k) −→ 0 as k′ −→∞.

That concludes our account of the results presented in [100]. A number of the

author’s later works were devoted to presenting effective solution methods to

deal with Cordial equations and include detailed convergence and error analysis

(see, for example, [102] and [103]). Moreover, Cordial equations of the first

kind were studied in [104] and [106]. Since the publication of [100], a number

of well respected researchers have also produced works dealing with the general

class of Cordial equation, such as Urve Kangro and Hermann Brunner ( for

example, [22], [21], [75]). However, as we mentioned at the beginning of the

chapter, individual examples of such problems have also been studied in depth

and a wide selection of methods have been proposed to deal with them. There-

fore, if we recall Vainikko’s approach using polynomial approximation, key to

the success of the method was splitting the integral into two distinct parts,

effectively isolating the singularity in the first interval, [0, t0]. As it transpires,

this concept was pioneered earlier in [43] in which the interval of integration

was split with the first integral approximated using an additional data point.

θ−methods were then applied to the integral over the interval [t0, T ] in order

to determine the solution. Inspired by this and recognizing the potential for

further research that builds upon the work began in [43], in the next chapter

we introduce the particular Cordial equation that Diogo, et.al. analysed in the

paper. However, we conclude this chapter with a brief assessment of Vainikko’s

notable contribution in this field of study.

4.3 Concluding review

Our overview of Vainikko’s work that we presented in this chapter clearly shows

that the author’s series of published papers, dedicated to the study of Cordial

equations, are of significant theoretical importance as they represent the first

comprehensive study of this class of equations as a whole. As we stated earlier,

individual examples of such equations have been studied previously as stand

117



alone problems. However, it was Vainikko who established that each of these

problems belong to a particular class of equation that share the same properties.

Furthermore, Vainikko demonstrated that the key to understanding this type

of equation and its qualitative behaviour was to carefully analyse its spectrum.

The most important results to come out of his study relate to establishing the

conditions for which such equations possess a unique solution in the continuous

function space C[0, T ] and the space of continuously differentiable functions,

Cm[0, T ], m ≥ 1. To be precise, Vainikko considers the general Cordial equation,

given by equation (4.59),

µv = Vϕmv + f (m),

where Vϕm represents the Cordial operator

(Vϕmv)(t) =

∫ t

0

t−1ϕ
(s
t

)
xmv(s)ds. (4.106)

Vainikko then determines the spectrum of the operator Vϕm , σm(Vϕ) and sub-

sequently proves that equation (4.59) possesses a unique solution, v ∈ Cm[0, T ]

if, and only if, µ /∈ σm(Vϕ). This result is not only of great theoretical impor-

tance, moreover, it enables the construction of effective solution methods that

are equipped to deal this complex class of equations.
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Chapter 5

An overview of Diogo’s equation

5.1 Definitions and analysis

5.1.1 Introduction

In this chapter we formally introduce the Cordial Volterra integral equation of

the second kind

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0. (5.1)

Recall that this equation was referred to in the previous chapter, where we

stated that it had already received much attention from Teresa Diogo. Further-

more, we also remarked that a series of notable papers focusing on the problem

had been published by Diogo, in collaboration with numerous co-authors, for

example, in [45], [48] and [43]. The research conducted therein is comprehensive

and highly acclaimed, and as a consequence in some works, such as [100] and

[85], equation (5.1) itself is thus referred to as ’Diogo’s equation’.

Now, in Chapter four we defined the general class of Cordial operator and

the integral operator in equation (5.1) was, indeed, given as an example of

such. Moreover, Cordial equations are generally deemed to be weakly singular.

However, in [43], the authors state the following result, which we present in the

form of a Lemma, that contradicts the latter assumption.

Lemma 5.1.1 (T.Diogo, et.al., [43]). Consider equation (5.1). In the case for

which µ > 1, the singularity at t = 0 does not persist for values of t > 0.
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However, for 0 < µ ≤ 1, there is a singularity in the kernel at s = 0 for all

values of t > 0.

In light of these observations, we shall seek to address this anomaly in Section

5.1.2.

5.1.2 Proof of Cordiality

Here, we begin by referring back to Lemma 5.1.1. This implies that for 0 < µ ≤
1, equation (5.1) is strongly singular which, in general, is uncharacteristic in

terms of Cordial equations. Hence, we shall now prove that (5.1) is of Cordial

type. Note here that we provide two proofs. The first requires knowledge

of functional analysis, in particular, a deeper understanding of the concept of

compactness, whilst the second approaches the problem from the viewpoint of

spectral analysis for readers more familiar with this field of study.

Theorem 5.1.2. The kernel in equation (5.1),
sµ−1

tµ
, can be shown to generate

a Cordial operator.

Proof. We shall now prove the above theorem. Firstly, we note that ϕ =
(s
t

)µ−1

is first order differentiable everywhere except at the origin, hence, ϕ ∈ L1(0, 1).

Clearly

(
sµ−1

tµ

)
= t−1

(s
t

)µ−1

and so ϕ(s/t) =
(s
t

)µ−1

. Its now a simple

matter to compute the eigenvalues

1∫
0

ϕ(s)srds =

1∫
0

sµ−1srds =

[
1

µ+ r
sµ+r

]1

0

=
1

µ+ r
= ϕ̂(r),

corresponding to the eigenfunctions ur(t) = tr. We shall now show that for any

u ∈ C[0, 1], the map V preserves this continuity. We begin by using a change

of variable to transform equation (4.8). By letting s = tx ⇐⇒ ds = tdx, we

note that

(V u)(t) =

t∫
0

t−1ϕ(s/t)u(s)ds =

1∫
0

t−1ϕ(x)u(tx)tdx =

1∫
0

ϕ(x)u(tx)dx. (5.2)

Then, setting V̄ (ε;u) = sup|u(t1) − u(t2)| for t1, t2 ∈ [0, T ], t1 6= t2, where

|t1 − t2| < ε, we apply some standard theoretical results concerning bounded

120



linear operators. Thus,

V̄ (ε;V u) = sup|V u(t1)− V u(t2)| ≤
1∫

0

|ϕ(x)|dx sup|u(t1)− u(t2)|

= V̄ (ε;u)

1∫
0

|ϕ(x)|dx ≤ V̄ (ε;u)‖ϕ‖1 → 0

as ε→ 0. This, therefore, proves that if u ∈ C[0, T ], then so is the operator V .

A similar proof then confirms that V is bounded by observing that

|u(t)| ≤ max
t∈[0,1]

|u(t)| = ‖u‖C[0,1]

Hence,

‖V u‖ = max
t∈[0,1]

∣∣∣∣∣∣
1∫

0

ϕ(x)u(tx)dx

∣∣∣∣∣∣ ≤ max
t∈[0,1]

1∫
0

|ϕ(x)||u(tx)|dx

≤ ‖u‖C[0,1]

1∫
0

|ϕ(x)|dx = ‖u‖C[0,1]‖ϕ‖1.

However, as C[0, 1] has infinite dimension, boundedness alone does not imply

compactness. A necessary condition drawn from Fredholm theory for integral

equations shows that the kernel must also be continuous, thus, we conclude that

the operator, V , is non-compact in C[0, 1].

Alternatively, this follows immediately by referring back to the eigenvalues,

ϕ̂(r), corresponding to the eigenfunctions, ur(t) = tr, r ∈ R+. Clearly from

this we deduce that the spectrum of Vϕ, σ(Vϕ), is uncountable and so, upon

applying a result from the theory of compact operators which states that σ(Vϕ)

must be at most countably infinite, we conclude that Vϕ is non-compact.

5.1.3 Some useful theorems and preliminaries

At this stage, we include a selection of important theorems which describe the

analytical behaviour of equation (5.1). Specifically, we are interested in the

uniqueness and smoothness of the solutions generated for differing values of µ.

For further details and proofs, please refer to [63].

Theorem 5.1.3 (Weimin Han, Lemma 2.1(c), [63]). For µ > 1 and g ∈
Cm[0, T ], where m is any integer ≥ 0, equation (5.1) has a unique solution
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y, y ∈ Cm[0, T ], given by

y(t) = g(t) + t1−µ
t∫

0

sµ−2g(s)ds. (5.3)

Moreover, this solution satisfies the inequality

‖y‖m ≤ c‖g‖m, (5.4)

where ‖y‖m = max
0≤j≤m

max
0≤t≤T

≤ |y(j)t| defines the usual norm in Cm[0, T ].

Theorem 5.1.4 (Weimin Han, Lemma 2.1(b), [63]). For µ = 1, assume that

for some integer m, m ≥ 1, g ∈ Cm[0, T ]. Then equation (5.1) possesses an

infinite family of solutions,

y(t) = c0 + g(t) +

t∫
0

s−1g(s)ds, c0 ∈ R (5.5)

that depend upon a parameter c0. Out of this solution set, there is one smooth

solution with C1-continuity. This solution is unique and, in this case, ‖y‖m ≤
c‖g‖m.

Theorem 5.1.5 (Weimin Han, Lemma 2.1(a), [63]). For 0 < µ < 1 and g ∈
Cm[0, T ], (m ≥ 1, an integer), the solutions of equation (5.1) are given by

y(t) = c0t
1−µ + g(t) +

1

µ− 1
g(0) + t1−µ

t∫
0

sµ−2(g(s)− g(0))ds, c0 ∈ R (5.6)

and depend on the parameter c0.

We do not include the proof of Han’s Lemma here. However, from the proof,

one critical result emerges. Thus, we shall briefly outline the details. It concerns

the existence of solutions in the case where µ = 1 in equation (5.1). In order

to establish this result, a change of variable, s = tτ , is applied to the integral

term, as follows.

t∫
0

sµ−1

tµ
y(s)ds =

1∫
0

τµ−1y(tτ)dτ. (5.7)
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Hence, upon letting t→ 0+ in equation (5.1), we obtain

y(0) = y(0)

∫ 1

0

τµ−1dτ + g(0) (5.8)

=
1

µ
y(0) + g(0) (5.9)

=
µ

µ− 1
g(0), µ 6= 1. (5.10)

Therefore, a necessary condition for the existence of solutions in the case for

which µ = 1 is that g(0) = 0.

The final theorem we present from Han’s paper addresses the question of unique-

ness of the solutions derived in the above Theorems.

Theorem 5.1.6 (Weimin Han, Theorem 2.2, [63]). When 0 ≤ µ ≤ 1, for any

g ∈ Cm[0, T ], ((m ≥ 1), an integer), with g(0) = 0, if µ = 1, equation (5.1) has

a family of solutions depending on a parameter. Out of the family of solutions,

there is one particular solution, y, with C1-continuity. Such a solution is unique

and ‖y‖m ≤ c‖g‖m.

Once again, we omit the proof, noting, as Han states, that this just requires us

to prove the regularity estimate ‖y‖m ≤ c‖g‖m is satisfied.

5.2 A brief literary review

5.2.1 Introductory remarks

In the previous section we quoted a number of theorems, attributed to Han,

that state the form in which the solutions to Diogo’s equation takes for various

values of µ. The results quoted clearly highlight the complexity of the equation

itself and the reader may well enquire regarding the obvious implications this

has when one attempts to construct an effective solution method. Therefore, in

this section, we shall look at some of the past research conducted in relation to

overcoming the difficulties encountered and, ultimately, solving the equation.

Primarily, our focus will be on the methods applied in the case for which 0 <

µ < 1. Note, however, that the purpose of this review is not to provide a

definitive account of all the available literature on the topic. Instead, we aim to

conduct a short comparative study. To be more precise, we shall first outline

the split interval method, introduced in [43] and briefly described at the end of

Chapter four, prior to reviewing some recent papers and the methods applied
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therein. Finally, we conclude this section by discussing the relative merits of

the different approaches discussed.

5.2.2 The split interval method

When attempting to derive a numerical approximation to Diogo’s integral equa-

tion, careful consideration must first be given to the preliminary analysis as this,

essentially, dictates the choice of approach. This was undoubtedly the case when

Diogo et.al. developed the split interval method which, in essence, transforms

the singular problem into a regular one by means of a change of variable and re-

sultant shift of the origin. Hence, the difficulties associated with the singularity

are eliminated. The method is especially useful in the context of applied mod-

elling because it allows us to choose the specific solution we wish to numerically

determine. Furthermore, another advantageous feature of the method is that

solutions obtained in this manner also effectively simulate the exact solution in

terms of its qualitative behaviour. However, as all the solution trajectories pass

through the point

(
0,

µ

µ− 1
g(0)

)
, in order to identify a particular path, we

require a further data point, y(ε), where 0 < ε < t. Thus, equation (5.1),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

can then be equivalently re-written in the following terms

y(t) = g(t) +

ε∫
0

sµ−1

tµ
y(s)ds+

t∫
ε

sµ−1

tµ
y(s)ds (5.11)

= g̃(t) +

t∫
ε

sµ−1

tµ
y(s)ds, (5.12)

where g̃(t) = g(t) +
ε∫

0

sµ−1

tµ
y(s)ds. Now, let ỹ be any particular solution over the

interval [0, ε] and define

ε∫
0

sµ−1ỹds = c. (5.13)

Clearly then the solution ỹ can be extended to produce a solution y that holds

over the entire interval [0, T ] for any fixed T . If we then refer back to the original
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problem we note that, subject to some elementary algebraic manipulation,

ε∫
0

sµ−1y(s)ds = εµ(y(ε)− f(ε)). (5.14)

Therefore, we conclude that there exists a unique solution to equation (5.1) on

any interval [ε, T ]. Now, before we continue our account of the split interval

method, note that here we have made the assumption that the additional data

point, y(ε), will identify the particular solution we wish to approximate. This,

in turn, implies that only one of the solution trajectories passes through the

point (ε, y(ε)), ε > 0.

However, we need to understand the trajectories evolution as t increases, their

geometry and structure. Hence, in order to prove this result we shall now refer

back to [43], in which, the authors present the following arguments.

The analysis is conducted by considering both intervals of integration sepa-

rately. Therefore, with regard to [0, ε], Diogo and her co-authors propose that,

apart from at the origin, the infinite set of solution trajectories y(t) each follow

a unique path and set about proving this assertion by contradiction. Thus,

they assume that there are several solutions to equation (5.1) on the interval

[0, ε] passing through an arbitrary point, (ε, β). The authors then conclude, by

assigning δ1 : 0 < δ1 < ε and considering equation (5.1) with reversed time,

that the solution on [δ1, ε] passing through (ε, β) is unique.

The next step is to take a sequence, δ1 > δ2 > ... > δn > ... > 0, such that

δn → 0. Hence, by examining each of the intervals [δ2, ε],...,[δn, ε] in turn, they

deduce that the solution passing through the point (ε, β) on each interval [δi, ε],

i = 1, 2, ..., n is also unique, thus, proving that there must only be one solution

passing through (ε, β) on the whole initial interval [0, ε].

Diogo et.al. then turn their attention to the interval [ε, T ] and conclude, by

considering equation (5.13), that for each value of c there is a unique solution

for any T > ε crossing each point on the line t = ε. Thus, away from the origin,

the solution trajectories each follow a unique path.

We shall now return to our overview of the method itself. Clearly, as a conse-

quence of the analysis we have just presented, the standard theory of integral

equations now applies. Therefore, for sufficiently smooth g(t), conventional

methods can now be used in order to determine a numerical solution to the
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problem. In [43], the authors chose a linear θ-method and redefined equation

(5.1) as follows.

Let tn = ε + nh for uniform h > 0. Then, with yn ≈ y(tn), substitution into

equation (5.1) yields the following discretized problem

yn = g(tn) +

ε∫
0

sµ−1

tµn
y(s)ds+ In,h, (5.15)

where

In,h =
n∑
j=0

wn,j
(ε+ jh)µ−1

(ε+ nh)µ
yj (5.16)

for quadrature weights wn,j, j = 0, ..., n;n ∈ N. This follows immediately when

we consider that when implementing a regular scheme we let t = nh and s =

jh. Hence, to apply a discrete scheme over the transformed interval, [ε, t], we

effectively shift the origin from 0 to ε.

Now, let τ = t− ε and σ = s− ε for t ≥ ε and define a new function, u, τ > 0,

such that

u(τ) = f(τ) +

τ∫
0

(σ + ε)µ−1

(τ + ε)µ
u(σ)dσ, (5.17)

where

f(τ) = g(τ + ε) +
A

(τ + ε)µ
(5.18)

with the constant A representing the integral term
ε∫

0

sµ−1y(s)ds. Thus, from

equation (5.17), we conclude that the functions u and y satisfy the relation

u(τ) = y(τ + ε) and, furthermore, standard theoretical arguments and conver-

gence analysis can now be applied.

5.2.3 Recent developments

(i) Reproducing kernel method. Inspired by the seminal work of Diogo,

et al., Chen and Jiang in [34] develop a new method based on the theory

of reproducing kernels to approximate Diogo’s equation, equation (5.1).

The authors’ approach here is semi-analytic in that they derive an exact

series to approximate the unique C1−smooth solution within the infinite
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solution set. To this end, a new reproducing kernel space, W 2
2,p[0, T ], is

introduced and, thus, defined as

W 2
2,p ≡ W 2

2,p[0, T ] = {u(x)|u′(x) ∈ Ca[0, T ] and ψ(x) <∞}, (5.19)

where Ca denotes the space of absolutely continuous real-valued functions

and

ψ(x) =

t∫
0

√
x(u′′(x))2dx. (5.20)

The space is equipped with the inner product and the norm, given, re-

spectively. by

〈u, v〉W 2
2,P

:= u(0)v(0) + u′(0)v′(0) +

T∫
0

√
xu′′(x)v′′(x)dx, ∀u, v ∈ W 2

2,p

(5.21)

and

‖u‖W 2
2,p

:=
√
〈u, v〉W 2

2,P
, ∀u ∈ W 2

2,p. (5.22)

W 2
2,p[0, T ] is a refinement of the traditional reproducing kernel space, W 2

2 ,

that can be utilized to accommodate the singular problem in hand. The

authors subsequently prove that the reproducing kernel associated with

W 2
2,p is given by

Rx(y) :=

1 + xy + 4xy3/2

3
− 4y5/2

15
, if y ≤ x.

1 + xy + 4yx3/2

3
− 4x5/2

15
, if y > x.

(5.23)

Therefore, for every x ∈ [0, T ] and u(y) ∈ W 2
2,p,

〈u(y), Rx(y)〉W 2
2,p

= u(x). (5.24)

An exact solution is then sought by defining an operator, L[u] : W 2
2,p →

C[0, T ], equivalent to equation (5.1), such that

Lut = tµu(t)−
t∫

0

sµ−1u(s)ds = tµg(t), t ∈ (0, T ]. (5.25)

Thus, setting

ϕi(x) = LyRx(y)|y=xi (5.26)

= xµi Rx(xi)−
xi∫

0

sµ−1Rx(s)ds, (5.27)

where {xi}∞i=1 is a dense subset of [0, T ], it is then shown that ϕi(x) ∈ W 2
2,p,
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i = 1, 2, ..., and also that the sequence {ϕi(x)}∞i=1 ∈ W 2
2,p is complete.

Finally, by normalizing this sequence in order to obtain an orthonormal

basis of W 2
2,p, {ϕi(x)}∞i=1, where

ϕi(x) =
i∑

k=1

βikϕk(x), βii > 0, i = 1, 2, ... (5.28)

and βik represents the coefficient associated with the normalization, the

authors show that the exact solution can be expressed in terms of the

infinite series

u(x) =
∞∑
i=1

i∑
k=1

βikg(xk)ϕi. (5.29)

Truncating this series then yields an n-term approximation,

un(x) =
n∑
i=1

i∑
k=1

βikg(xk)ϕi. (5.30)

The paper concludes by showing that the series approximations for both

un(x) and u
′
n(x) converge to u(x) and u′(x), respectively, and the numeri-

cal results presented suggest that, in certain cases, first order convergence

may be achieved.

(ii) Product integration over a variable mesh. Turning our attention

now to recent numerical approaches to the problem, which include the

use of a graded mesh, as in [85]. The method, as previously adopted by

Hermann Brunner (jn [19] and [17], for example), essentially works on the

premise that by concentrating the mesh points close to the singularity, an

improved convergence rate can be achieved. Here, the authors combine the

concept of a variable, adaptive stepsize with the product Euler method and

begin by defining the grid and associated grid points, tj, j = 0, 1, ..., N ,

as follows.

Definition 5.2.1 (J. Ma, Y.Jiang, [85]). For a positive integer N , define

a mesh such that

ΠN := {t0, ..., tN : 0 = t0 < t1 < ... < tN = T}, (5.31)

where the mesh points are given by

tj = T

(
j

N

)r
, j = 0, ..., N (5.32)

for r ≥ 2, the grading exponent that characterizes the non-uniformity of

the mesh.
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This suggests that the mesh points are densely clustered about the origin

and it is shown that the ratio, tj+1/tj, satisfies the upper bound

tj+1

tj
≤ 2r, j = 1, ..., N − 1. (5.33)

The research documented in [85] initially focusses on establishing the con-

sistency error associated with the method in order to derive a global error

estimate and, hence, prove scheme convergence. Throughout the paper,

the authors invoke the use of the now familiar product Euler method (see,

for example, [45], [48], [47]), where, by letting t = ti for i ≥ 1 in equation

(5.1), we obtain

y(ti) = g(ti) +

ti∫
0

sµ−1

tµi
y(s)ds. (5.34)

Therefore, (5.1) can then be approximated by the equation

yNi = g(ti) +
1

tµi

i−1∑
j=0

DjyNj , i = 1, ..., N (5.35)

with

Dj :=

tj+1∫
tj

sµ−1ds =
tj+1 − tj

µ
. (5.36)

The associated consistency error, δ(N, ti) is subsequently defined by

δ(N, ti) =
i−1∑
j=0

tj+1∫
tj

sµ−1

tµ
(y(s)− y(tj)ds (5.37)

and an upper bound for δ(N, ti) is derived by splitting the problem, in

order to accommodate the variation in stepsize. Thus,

δ(N, ti) = δ1(N, ti) + δ2(N, ti), (5.38)

where

δ1(N, ti) =

t1∫
0

sµ−1

tµi
(u(s)− u(t0))ds (5.39)

and

δ2(N, ti) =
i−1∑
j=1

tj+1∫
tj

sµ−1

tµi
(u(s)− u(tj))ds. (5.40)
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The error incurred by the method is also investigated and the following

error estimates, |eNi |, are established for various µ.

|eNi | :=


CN−1, if µ ≥ 1.

C/N rµ, if 0 < µ < 1/r.

C lnN/N, if 1/r ≤ µ < 1.

(5.41)

The authors subsequently present a number of numerical examples and

apply the method of Diogo and Lima, [48], in order to estimate the asso-

ciated convergence rates using the formula

k := − log2

 max
i
|eNi |

max
i
|eN/2i |

 (5.42)

and, in conclusion, they show that the experimental results obtained by

adopting this approach are consistent with the theoretical arguments put

forward.

(iii) Nyström method In the final paper we shall highlight in this section,

[12], a Nyström method was proposed and a solution derived by way of

an interpolant based on the Gauss-Radau nodes. Here, the generalization

of equation (5.1),

y(t) =

t∫
0

k(t, s)
(s
t

)µ y(s)

s
ds+ g(t), t ∈ (0, T ], T > 0 (5.43)

for k(t, s) 6= 1, is also considered and solutions sought in the space

Cε[0, T ] := {y(t) = tεh(t), h ∈ C[0, T ], 0 < ε < 1, ‖y‖ = ‖h‖∞}. (5.44)

Specifically, it is then shown that for |k(t, s)| ≤ 1 and 0 ≤ s ≤ t ≤ 1,

(a) equation (5.43), with µ > 1, possesses a unique solution, yε ∈
Cε[0, T ], ∀g ∈ Cε[0, T ]; and

(b) for 0 < µ ≤ 1, the equation also has a unique solution, yε ∈ Cε[0, T ],

provided µ+ ε > 1.

The construction of the method itself is quite complex and involved, how-

ever, we shall briefly outline the main points. To begin, for u ∈ (−1, 1],

set

k1(u, x) = k

(
T

2
(u+ 1),

T

2
(x+ 1)

)
. (5.45)
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Now define another function, q1(u, x), by

q1(u, x) =

(
x+ 1

u+ 1

)µ(
1

x+ 1

)
(5.46)

and then rewrite equation (5.43) in the form

g(u) = v(u)−
u∫
−1

k

(
T

2
(u+ 1),

T

2
(x+ 1)

)(
x+ 1

u+ 1

)µ(
v(x)

x+ 1

)
dx.

(5.47)

A solution can now be sought by way of the quadrature rule

u∫
−1

k1(u, x)

(
x+ 1

u+ 1

)µ(
v(x)

x+ 1

)
dx ≈

n∑
i=1

Wni(q1, u)v(xni) ≡ K1nv(x),

(5.48)

Wni(q1, u) = wni(q1, u)k1(u, xni), wni(q1, u) =

u∫
−1

(
x+ 1

u+ 1

)µ(
`ni(x)

x+ 1

)
dx.

(5.49)

Hence, v(x)k1(u, x) is replaced by the Lagrange interpolation polynomial

associated with the n+ 1 nodes of the Gauss-Radau Formula,

1∫
−1

u(s)ds ≈
n∑
i=0

λniu(Sni), (5.50)

and the resultant Nyström interpolant is, thus, given by

vn(u) = g(u) +
n∑
i=1

Wni(q1, u)vn(xni). (5.51)

Convergence of the quadrature rule is then established by analysing the

remainder term of equation (5.48),

Rn(g, u) =

u∫
−1

k1(u, x)q1(u, x)g(x)dx−
n∑
i=1

Wni(q1, u)g(xni) (5.52)

and, furthermore, as the interpolant is stable and certain conditions of

continuity apply, an error estimate

‖v − vn‖ = O(n−2σ+δ), σ > 2, δ > 0 (5.53)

is also obtained. Finally, a number of numerical experiments are per-

formed which produce results in agreement with the theory presented.

131



5.2.4 Concluding discussion

This chapter was essentially split into two parts. In the first, we introduced

Diogo’s equation and outlined its basic properties. We specifically provided

some insight into why this particular equation has generated so much interest.

This is due to the unusual singularity present within its kernel. This, in turn,

directly effects the nature of its solutions. The general form that these solutions

take are then presented in a series of theorems, attributed to Han, [63]. Now, in

view of the fact that Diogo’s integral equation is linear with a separable kernel,

on initial inspection one may assume that the analysis of the problem would

be relatively straightforward and, for µ > 1, this is indeed the case and the

equation possesses a unique solution, y(t) ∈ C1[0, T ]. However, for 0 < µ < 1,

Diogo’s equation possesses an infinite number of solutions, only one of which

has C1−continuity. This clearly presents a number of challenges when one

attempts to solve the problem in this case. Therefore, in the second part of the

chapter, we reviewed a number of papers in which solution methods, designed

to overcome these challenges, were presented.

The first method we focussed on was the split interval method, [43], and our

overriding initial observation was that this represents a simple and direct ap-

proach to solving Diogo’s equation. Moreover, adopting this approach has a

number of advantages over the other methods we discussed, particularly when

applied in practical applications, where it is assumed an approximation to a spe-

cific solution out of the infinite set would invariably be required. In contrast,

in each of the recent papers we reviewed in Section 5.2.3, the methods pre-

sented (the reproducing kernel method, [34], the product integration method in

[85] and the Nyström method in [12]) were only designed to compute the unique

smooth solution to the problem. Furthermore, the split interval method is adept

at preserving the qualitative behaviour of the solutions. Another advantage of

the split interval method is its flexibility. In [43], the authors chose to apply the

explicit Euler method, the implicit Euler method and the trapezoidal method

with rates of convergence O(h), O(h) and O(h2), respectively. However, the

split interval approach can be applied using higher order methods, should this

be required by a particular application.

By comparison, the reproducing kernel and Nyström methods, in particular, are

complicated. The reproducing kernel method, for example, requires a detailed

knowledge of functional analysis and operator theory. Moreover, the conver-
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gence results presented conclude that, at best, the method can only achieve

first order convergence. Finally, all the methods highlighted in Section 5.2.3 are

computationally expensive, due to the number of components and calculations

involved in each case, and require very sophisticated algorithms in order to com-

pute a solution to a given equation. Taking all these factors into account, it is

unlikely that the reproducing kernel, Nyström or product integration methods

would be adopted in a real world environment and we conclude that the split

interval approach represents a more suitable model, particularly with practical

applications in mind.
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Chapter 6

A new method for solving

Diogo’s equation using a Taylor

series expansion

6.1 Introductory remarks

To begin this section we shall start by providing some general insight into our

research that we present in this, and subsequent, chapters. As we commented

earlier, equation (5.1),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

has been the topic of a number of studies to date and various solution methods

have been proposed. In view of this fact, the reader may naturally enquire

why we have chosen to look again at the problem. Thus, we shall endeavour to

answer this question by giving an account as to our motivation.

Firstly, as the reader may recall from the Section 5.1.3 of the previous chapter,

the nature of the solution(s) to Diogo’s integral equation varies according to the

value of µ (see Theorem 5.1.3, 5.1.4 and 5.1.3 for details). The simplest case is

that for which µ > 1, as under this criteria Diogo’s Equation possesses a unique

solution, y(t) ∈ C1[0, T ]. As a consequence, this is the case that has previously

received by far the most attention.

Furthermore, in the limited number of studies were the case for 0 < µ < 1

has been considered, higher order methods have generally been applied which
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are often computationally expensive. Moreover, a few analytical methods have

also been developed. However, these methods are often extremely complex in

their structure and this may prove to be problematic should an attempt be

made to make the transition from a theoretical to a practical setting. These

potential difficulties are a major concern when one considers that, in practice,

mathematical models involving integral and differential equations often occur

in the broader scientific field. Therefore, our aim is to develop simple and

practical methods that do not require a high level of mathematical knowledge

to implement, but nevertheless, do not result in a significant compromise being

made with regard to the level of accuracy we subsequently obtain. To this end,

we shall in the next section present just such a method, using Taylor series,

with, subject to certain conditions, has the advantage of providing an exact

solution.

6.2 A Taylor series method

Before we begin, its worth noting the rationale behind our proposal. Here, we

draw on the analysis conducted in [43] in which the authors consider equation

(5.1) when viewed in operator form:

L [y] (t) = y(t)−
t∫

0

sµ−1

tµ
y(s)ds. (6.1)

Due to the linearity of equation (5.1), the infinite solution set for 0 < µ < 1

is given by ỹ(t) + α0t
1−µ, α0 ∈ R, where the solution corresponding to α0 = 0

represents the smooth solution, as detailed in [43]. In brief, the authors show

that with y(t) = α0t
1−µ, L [y] (t) = 0 ⇐⇒ α0t

1−µ ∈ ker(L). Thus, for any

smooth solution ỹ(t) of L [y] (t) = g(t), ỹ(t) +α0t
1−µ also satisfies the equation.

However, this analysis assumes the existence of a solution ỹ. Hence, the condi-

tions under which equation (5.1) possesses a smooth solution are discussed in

[43]. The authors assert that the existence of a such a solution depends upon

the function g(t). They then show that for ỹ ∈ F, F some function space, a

solution exists for functions g ∈ L[F] exactly. Conditions under which solutions

to the general Cordial equation exist in Cm[0, T ] are considered in [100] and

[101], and are discussed in Chapter four. Here, however, we shall prove, using

equation (5.6), that if g(t) is at least first order differentiable and α0 = 0, a

smooth solution exists that, by Theorem (5.1.6), is unique. Then, subject to
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these conditions being met, we can derive the solution, ỹ(t), using a Taylor

series expansion.

These arguments are now formalized by way of the following theorem.

Theorem 6.2.1. Consider equation (5.6), given by

y(t) = α0t
1−µ + g(t) +

1

µ− 1
g(0) + t1−µ

t∫
0

sµ−2(g(s)− g(0))ds, α0 ∈ R.

Now, assume that g(t) is at least first order differentiable and that α0 = 0.

Then it can be shown that the resultant equation represents the unique, smooth

solution to equation (5.1) for 0 < µ < 1.

Proof. We begin by applying integration by parts to equation (5.6). Hence,

y(t) = g(t) +
1

µ− 1
g(0) + t1−µ

t∫
0

sµ−2(g(s)− g(0))ds (6.2)

= g(t) +
1

µ− 1
g(0) + t1−µ

 t∫
0

sµ−2(g(s)ds−
t∫

0

sµ−2(g(0)ds

 (6.3)

= g(t) +
1

µ− 1
g(0) + t1−µ

[ sµ−1

µ− 1
(g(s)− g(0))

]t
0

−
t∫

0

sµ−1

µ− 1
g′(s)ds

 (6.4)

= g(t) +
g(t)

µ− 1
− t1−µ

t∫
0

sµ−1

µ− 1
g′(s)ds. (6.5)

Therefore, as g(t) is differentiable, the integral in equation (6.5) exists. As a

consequence, equation (6.2) represents the unique smooth solution to equation

(5.1). We shortly present the first of two examples, Example (6.2.1), in which

we compute the solution to equation (5.1) via a Taylor series method and we

use this derivation to justify the solutions we obtain. Note that in this example,

with g(t) = 1 + t, we are able to obtain a closed form solution.

Moreover, now assume that g(t) is infinitely differentiable, such as in the second

example, Example (6.2.2), where we set g(t) = et. Here, we express the solution
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in series form and so in order to validate the solution obtained in this case, we

apply the integration by parts formula once more to equation (6.5) to yield

y(t) = g(t) +
1

µ− 1
g(0) + t1−µ

[
sµ

µ(µ− 1)
g′(s)

]t
0

+ t1−µ
t∫

0

sµ

µ(µ− 1)
g′′(s)ds

(6.6)

= g(t) +
1

µ− 1
g(0)− tg′(t)

µ(µ− 1)
+ t1−µ

t∫
0

sµ

µ(µ− 1)
g′′(s)ds. (6.7)

Two further applications of the process then produces the equation

y(t) = g(t) +
g(t)

µ− 1
− tg′(t)

µ(µ− 1)
+ t1−µ

[
sµ+1g′′(s)

(µ+ 1)µ(µ− 1)

]t
0

− t1−µ
t∫

0

sµ+1g′′′(s)

(µ+ 1)µ(µ− 1)
ds (6.8)

= g(t) +
g(t)

µ− 1
− tg′(t)

µ(µ− 1)
+

t2g′′(t)

(µ+ 1)µ(µ− 1)

− t1−µ
t∫

0

sµ+1g′′′(s)

(µ+ 1)µ(µ− 1)
ds (6.9)

= g(t) +
g(t)

µ− 1
− tg′(t)

µ(µ− 1)
+

t2g′′(t)

(µ+ 1)µ(µ− 1)

− t1−µ
[

sµ+2g′′′(s)

(µ+ 2)(µ+ 1)µ(µ− 1)

]t
0

+ t1−µ
t∫

0

sµ+2g(4)(s)

(µ+ 2)(µ+ 1)µ(µ− 1)
ds (6.10)

= g(t) +
g(t)

µ− 1
− tg′(t)

µ(µ− 1)
+

t2g′′(t)

(µ+ 1)µ(µ− 1)

− t3g′′′(s)

(µ+ 2)(µ+ 1)µ(µ− 1)

+ t1−µ
t∫

0

sµ+2g(4)(s)

(µ+ 2)(µ+ 1)µ(µ− 1)
ds. (6.11)

Hence, a pattern is seen to emerge and we conclude that by integrating n times,
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we obtain

y(t) = g(t) +
g(t)

µ− 1
− tg′(t)

µ(µ− 1)
+

t2g′′(t)

(µ+ 1)µ(µ− 1)
− t3g′′′(s)

(µ+ 2)(µ+ 1)µ(µ− 1)

+t1−µ
t∫

0

sµ+2g(4)(s)

(µ+ 2)(µ+ 1)µ(µ− 1)
ds+ · · ·

+
(−1)n−1tn−1g(n−1)(t)

(µ+ n− 2)(µ+ n− 1) · · · µ(µ− 1)

+(−1)nt1−µ
t∫

0

sµ+n−2g(n)(s)

(µ+ n− 2)(µ+ n− 1) · · · µ(µ− 1)
ds. (6.12)

Thus, by virtue of the fundamental theorem of calculus and an elementary

result from the theory of Riemann integration, that is, that the product of two

Riemann integrable functions is itself Riemann integrable, the integrals in this

case exist. Furthermore, consider the nth term of equation (6.12),

(−1)nt1−µ
t∫

0

sµ+n−2g(n)(s)

(µ+ n− 2)(µ+ n− 1) · · · µ(µ− 1)
ds. (6.13)

Note that for all n, g(n)(t) is bounded such that

max
0≤s≤t≤T

|g(n)(t)| ≤ L, L ∈ R. (6.14)

Moreover, as equation (6.13) is dominated by the factorial within the denomi-

nator, it tends to zero as n→∞. Therefore, the sequence as given by equation

(6.12) converges and, hence, represents the unique smooth solution to equation

(5.1) when the forcing term, g(t), is infinitely differentiable.

We shall now apply a Taylor series method to equation (5.1),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

in order to determine the unique smooth solution to the problem. Thus, assign-

ing ỹ(t) =
∞∑
n=0

ant
n, we substitute ỹ into the equation

L[y](t) = g(t), (6.15)

which in turn yields

∞∑
n=0

ant
n = g(t) +

t∫
0

(
sµ−1

tµ

∞∑
n=0

ans
n

)
ds (6.16)

and then demonstrate the computation via a number of worked examples.
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Example 6.2.1. In this first example, we shall set g(t) = 1 + t, therefore, we

have that

∞∑
n=0

ant
n = 1 + t+

t∫
0

(
sµ−1

tµ

∞∑
n=0

ans
n

)
ds (6.17)

= 1 + t+
1

tµ

t∫
0

∞∑
n=0

ans
n+µ−1ds (6.18)

= 1 + t+
1

tµ

[
∞∑
n=0

ans
n+µ

n+ µ

]t
0

(6.19)

= 1 + t+
∞∑
n=0

ant
n

n+ µ
. (6.20)

Finally, by expanding both sides of equation (6.20), it is now simply a matter

of equating the corresponding coefficients of tn, n = 0, 1, 2, .... Thus,

a0 + a1t+ a2t
2 + ... = 1 + t+

a0

µ
+

a1t

µ+ 1
+

a2t
2

µ+ 2
+ ... (6.21)

From which we conclude that

a0 = 1 +
a0

µ

=
µ

µ− 1
,

a1 = 1 +
a1

µ+ 1

=
µ+ 1

µ

and a2 = a3 = ... = 0. Hence, ỹ is given by

ỹ(t) =
µ

µ− 1
+
µ+ 1

µ
t. (6.22)

Example 6.2.2. In this example, we take g(t) = ex and begin by making a few

observations. Firstly, ex is an infinitely differentiable function. Now note that,

in order to compute the coefficients, an, we need to replace ex by its Taylor

series,
∞∑
n=0

tn

n!
, in equation (6.16). Hence,

∞∑
n=0

ant
n =

∞∑
n=0

tn

n!
+

1

tµ

t∫
0

∞∑
n=0

ans
n+µ−1ds
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=
∞∑
n=0

tn

n!
+

1

tµ

[
∞∑
n=0

ans
n+µ

n+ µ

]t
0

=
∞∑
n=0

tn

n!
+
∞∑
n=0

ant
n

n+ µ

=
∞∑
n=0

tn(n+ µ) + tnann!

n!(n+ µ)
. (6.23)

However, given that g(t) is infinitely differentiable, the expression representing

the solution, ỹ(t), contains an infinite number of terms and so we shall begin

by computing the first few coefficients only. Thus,

a0 =
µ+ a0

µ
= 1 +

a0

µ
=

µ

µ− 1
, (6.24)

a1 =
µ+ 1 + a1

1 + µ
= 1 +

a1

1 + µ
=
µ+ 1

µ
, (6.25)

a2 =
(2 + µ) + 2!a2

2!(2 + µ)
=

1

2!
+

a2

2 + µ
=

2 + µ

2!(µ+ 1)
. (6.26)

Now to the general term for the nth coefficient. This is given by

an =
(n+ µ) + n!an
n!(n+ µ)

(6.27)

=
1

n!
+

an
n+ µ

(6.28)

=
(n+ µ)

n!(n+ µ− 1)
. (6.29)

Therefore, we conclude that with g(t) = ex, the smooth solution to equation

(5.1) is represented by the series

ỹ(t) =
∞∑
n=0

(n+ µ)

n!(n+ µ− 1)
tn. (6.30)

6.3 Concluding notes

In this short section, we shall highlight the advantages of applying the Taylor

series method that we have introduced in this chapter. The method is extremely

advantageous in that it provides a closed form or series solution to the Diogo’s

equation. Therefore, it is the ideal approach to take in applications where

accuracy is of the upmost importance. It also fufils our objective of deriving

simple but effective methods to solve the problem that can easily be applied in

real-world models by scientists from non-mathematical backgrounds.
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However, the Taylor series method does have its limitations. Note that when

this approach is applied to Diogo’s equation (equation (5.1)),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t),

for µ in the interval 0 < µ < 1, we can only directly determine the unique

C1[0, T ] solution out of the infinite solution set.

One final thing to consider is that, in general, most mathematical models used

in practice take the form of differential, as opposed to integral, equations. Some

well-known examples include Laplace’s equation,

∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0, (6.31)

which is used in potential theory, harmonic analysis and the study of wave

motion. Furthermore, we have the Lotka-Volterra predator prey equations in

biology, which we discussed in detail in Section 2.1.4. However, a number of

models are known to take both a differential and integral form, an example being

Maxwell’s equations which occur in the study of electromagnetism, details of

which can be found in many publications relating to the study of differential

equations in mathematical physics, including the classical work of Courant and

Hilbert, [38].

Taking all these considerations into account, in the forthcoming three chapters

we shall convert Diogo’s integral equation into an associated differential form

and present a solution method that overcomes all the limitations and difficulties

we have identified with the methods that have been applied to date.
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Chapter 7

The associated differential form

of Diogo’s integral equation

7.1 Introduction and preliminary analysis

7.1.1 Objectives and further motivation

Recall that in Section 5.2.3 we reviewed three new methods that have recently

been developed to solve Diogo’s integral equation (equation (5.1)),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0.

Then, in Section 6.2, we introduced a Taylor series method to determine the

solution to the problem. Furthermore, at the end of Chapter six, we summa-

rized the relative benefits and the disadvantages of applying these methods.

However, the problems we highlighted are not just present in the methods that

we discussed. Extensive research of the available literature relating to Diogo’s

equation revealed that these problems were inherent in (almost) all the meth-

ods that have, thus far, been proposed. In brief, these were identified to be the

following:

(i) The vast amount of research conducted to date relates to obtaining a

solution to Diogo’s equation for µ > 1, the case for which the equation

possesses a unique solution, y(t) ∈ C1[0, T ].

(ii) The few studies that have been completed with regard to obtaining a so-

lution to the problem for 0 < µ < 1, have almost exclusively concentrated
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on determining only the unique, differentiable solution out of the infinite

solution set.

(iii) The analytical methods applied in previous research have, in general, been

complicated. As a consequence, this limits their use in practice.

(iv) With regard to the numerical approaches that have previously been pro-

posed, the emphasis has been on using higher order methods that, again,

can be structurally complex and computationally expensive.

With this in mind, our aim was to derive a method that would address these

concerns. To this end, the decision was made to convert Diogo’s integral equa-

tion into a differential equation, noting that many well-known mathematical

models have both a differential and integral form. Moreover, we also noted that

in practical applications, the traditional, and often preferred, modelling tool for

scientists and engineers is the differential equation.

Further motivation to pursue this approach came by way of research presented

in [105]. Recalling from Chapter four our discussion regarding the considerable

contribution in the field of non-compact, or ’Cordial’ Volterra integral operators

by Gennadi Vainikko. The author’s series of published papers, as we have

already seen, began with an analytical overview of the general form of such

equations, given by equation (4.8),

(V u)(t) =

t∫
0

t−1ϕ(s/t)u(s)ds, 0 ≤ t ≤ T.

The papers examined the spectrum of V , σ(V ), and formulated the results

presented using the theory of commutative Banach algebras. Subsequent works

focussed on deriving numerical solution methods, most notably using spline and

polynomial collocation. However, the series then culminated with an article

exploring the solution of the linear system of singular differential equations

tu′(t) = Au(t) + f(t), 0 < t ≤ T, (7.1)

where A = (ap,q)
n
p,q=1 ∈ Cm

n×n[0, T ], M ≥ 0, n ∈ N is an n × n matrix and

f = (f1, ...fn)T ∈ Cm
n [0, T ], a given vector. The analysis involves reducing this

system to a set of Cordial Volterra integral equations of the type depicted by

Diogo’s equation, equation (5.1). Therefore, an interchange between the two

forms of equation, integral and differential, had already been established, albeit

from a system of differential equations to one of a set of integral equations, which
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as we shall later discuss, analytically presents less of a challenge. Thus, prior to

deriving the associated differential form of Diogo’s equation in the next section

and, in Section 7.3.2, investigating the qualitative behaviour of the solutions

to the problem in the most elementary case for which µ > 1, we shall briefly

review the basic theory of singular initial value problems.

7.1.2 A review of singular initial value problems

General systems of singular ordinary differential equations with smooth free

terms have been the subject of a number of previous studies and in both the

linear and nonlinear cases

y′(t) =
My(t)

t
+ f(t), 0 < t ≤ T (7.2)

and

y′(t) =
My(t)

t
+ f(t, y), 0 < t ≤ T, (7.3)

respectively, whereM is a constant matrix and y, f are vector functions, a variety

of methods have been proposed. However, of greater significance in relation to

our research is that a number of important analytical results concerning the

nature of the solutions to equations (7.2) and (7.3) have also been established

during the course of these studies. Notable works include a number of papers

by Frank De Hoog and Richard Weiss, ([68],[69] and [70]). In [68], the main

focus of the study relates to the boundary value problem of the same class

as equation (7.2), subject to the boundary condition B0y(0) + B1y(1) = 0.

Nevertheless, as many methods require that the solution to the initial value

problem be determined in the first instance, much of the theory developed in

[68] in relation to the boundary value problem can still be applied. We are

particularly interested in the analytical results concerning the uniqueness and

smoothness of the solution. These results are derived via an application of a

theorem attributed to Coddington and Levinson (please refer to [35] for details

and proof) which, in brief, states that when M is in Jordan Canonical form,

such that equation (7.2) is reduced to

y′(t) =
Jy(t)

t
+ f(t), 0 < t ≤ 1, (7.4)
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where J is given by the matrix

J =



α 1

α 1

α 1

. . .
. . .

α 1

α


(7.5)

with α = σ + iβ, every solution y(t) of equation (7.4) then takes the form

y(t) = yp(t) + Y (t)c = tJ
t∫

1

s−Jf(s)ds+ tJc, (7.6)

where c is a constant n-vector, yp(t) is the solution of equation (7.4) and

Y (t) = tJ = exp(J ln t) = tα



1 ln t
(ln t)2

2!
· · · (ln t)n−1

(n− 1)!

1 ln t · · · (ln t)n−2

(n− 2)!
. . .

. . .
...

. . . ln t

1


(7.7)

is the fundamental solution matrix that satisfies the homogeneous equation

y′(t)− Jy(t)

t
= 0, Y (1) = I, 0 < t ≤ 1. (7.8)

The authors of [68] then seek to extend this result by way of a series of Lemmas

that determine the conditions under which equation (7.4) possesses a unique

solution y ∈ C[0, T ] and, in addition, establish bounds on y and y(p) which

not only depend upon f(t) but also on the nature of Re(α). Moreover, results

regarding the smoothness of y(t) are presented and, in brief, it is shown that

the existence of a smooth solution depends directly on the smoothness of the

function f(t).

Analogous results are later given for general M , as in equation (7.2). The

analysis in this case is more complex and involves the orthogonal projections

onto both the eigenspace corresponding to the zero eigenvalue of M and the

invariant subspace associated with all eigenvalues for which Re(αi) > 0, denoted

by R and S, respectively. The derivation of a number of direct relationships
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between these projections and y(t) then establish the corresponding theory. In

order to produce the boundary conditions for the problem, equation (7.2) is

defined in operator form as

L0[y] = y′ − My

t
, 0 < t ≤ 1

and the restrictions that need to be imposed on B0 and B1 to ensure that the

operator L0 is Fredholm are then determined using the theory of compact linear

operators. The paper concludes with a brief examination of the non-linear prob-

lem. The concept of the uniqueness is clearly fundamental to the development

of any effective numerical scheme and, as a consequence, this theory is further

reviewed in the authors’ subsequent papers, [69] and [70].

Now consider the specific system described by equation (7.1). The analytical

behaviour of this problem depends on the nature of the eigenvalues of the matrix

A and in [105], Vainikko derives the necessary and sufficient conditions under

which this system possesses a unique Cm-smooth solution. A recurrent theme

throughout the work is the analysis of σ(A(0)), the eigenspectrum of A at t = 0

and, as it transpires, the study shows that the required results can be derived

entirely in these terms. The article initially outlines a series of conditions under

which the equation possesses a unique solution, by way of a set of theorems

and corollaries. The most important result is presented in the first theorem,

Theorem 1.1, [105], which states that if A ∈ Cn×n[0, T ] and

max
λk∈σ(A(0))

Reλk < 0, (7.9)

where λk is the eigenvalue of A(0) with largest real part, then equation (7.1) has

a unique solution u ∈ Cn[0, T ], u′ ∈ Cn[0, T ] for any f ∈ Cn[0, T ]. Furthermore,

if the limit

lim
t→0

A(t)− A(0)

tβ
∈ Cn×n, β > 0

exists, then the above condition concerning the sign of Re(α) is also necessary

for the existence of a unique solution. Equivalent assertions are then made for

A ∈ Cm
n×n[0, T ], m ≥ 1. Here, the constraint on λk is given by

m > max
λk∈σ(A(0))

Reλk, σ(A(0)) ∩ N0 = ∅ (7.10)

and if this is shown to hold, then equation (7.1) has a unique solution u ∈
Cm
n [0, T ] for any f ∈ Cm

n [0, T ]. These results are then extended by looking
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at the conditions under which equation (7.1) possesses a solution of the form

u = tµv and asserts that this the case if, and only if, v is a solution of

tv′(t) = (A(t)− µI)v(t) + g(t), g(t) = t−µf(t). (7.11)

We shall now provide a simple proof for this hypothesis.

Proof. Let u(t) = tµv(t) and
du

dt
= µtµ−1v(t) + tµv′(t). Then, by making this

substitution in equation (7.1), we obtain

t(µtµ−1v(t) + tµv′(t)) = A(t)tµv(t) + f(t).

Collecting terms and simplifying, yields the equation

tµ+1v′(t) = (A− µI)tµv(t) + f(t).

Hence, by dividing throughout by tµ, we have that

tv′(t) = (A− µI)v(t) + t−µf(t). (7.12)

Theorem 1.1, [105], is then applied to equation (7.12) and we conclude that if

the following inequality,

max
λk∈σ(A(0))

Re(λk − µ) < 0, µ ∈ C (7.13)

holds, the system described by equation (7.1) has a unique solution of the form

u = tµv, v ∈ Cn[0, T ] for any f = tµg, g ∈ Cn[0, T ], where v is a unique solution

in Cn[0, T ] of equation (7.11). Moreover, the inequality stated in equation (7.13)

represents a necessary and sufficient condition for a unique solution to equation

(7.11) to exist in Cn[0, T ] for all g ∈ Cn[0, T ].

Further theorems relating to the homogeneous form of equation (7.1) are then

presented, whilst the remainder of the paper is devoted to proving these results.

This involves establishing the inverse relationship between the cordial Volterra

operator

(Vϕαw)(t) =

t∫
0

1

t

(s
t

)α−1

w(s)ds, w ∈ C[0, T ] (7.14)

and the system of equations

(D1 + αI)u = (A+ αI)u+ f, (7.15)

where (D1u)(t) = tu′(t). This relationship is then used to complete the detailed

proofs in the final section.
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7.2 Converting Diogo’s integral equation into

a differential form

In this section, our goal is to derive a differential form of Diogo’s integral equa-

tion (equation (5.1)),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0.

This will form the basis of our new approach. Therefore, we start the process

by applying Leibniz’s rule for differentiating under the integral sign to equation

(5.1). Thus, we obtain

y′(t) =
d

dt

t∫
0

sµ−1

tµ
y(s) + g′(t) (7.16)

=

t∫
0

∂

∂t

(
sµ−1

tµ
y(s)

)
ds+

y(t)

t
+ g′(t), (7.17)

which yields the equation

y′(t) =
−µ
t

t∫
0

sµ−1

tµ
y(s)ds+

y(t)

t
+ g′(t). (7.18)

The next step is to eliminate the integral term. This is achieved by noting from

equation (5.1) that

t∫
0

sµ−1

tµ
y(s)ds = y(t)− g(t). (7.19)

Hence, upon making this simple substitution in equation (7.18), we obtain a

first order differential equation, which we define as follows.

Definition 7.2.1 (The associated differential form of Diogo’s equation). Con-

sider Diogo’s integral equation, equation (5.1). Differentiating and making an

elementary substitution for the integral term yields

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0. (7.20)

This represents the associated differential form of Diogo’s equation.1

1From here on in, we shall refer to this equation as just ’the associated differential form’

for brevity.
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Finally, recall that in Section 5.1.3 we derived the formula for y(0). Conse-

quently, we conclude that equation (5.1) can be reduced to a singular initial

value problem of the form

y′(t) +
A

t
y(t) +

f(t)

t
= 0, y(0) = β (7.21)

for 0 < t ≤ T , where A and β are constants and f ∈ Cm[0, T ],m ≥ 1.

Remark 7. We note that although the kernel in equation (5.1) is separable,

k(t, s) =
n∑
i=1

Pi(t)Qi(s) =

(
1

tµ

)
sµ−1,

conventional theoretical results pertaining to this class of equations cannot be

applied due to the presence of the singularity at t=0. Furthermore, as a result of

this singular point in the domain, converting equation (5.1) into the differential

equation (7.20) does not necessarily produce an equivalent problem and so our

task now is to look at this in greater detail and establish what results already

stated for equation (5.1) still hold in relation to the associated differential form.

7.3 Qualitative analysis of the differential form

of Diogo’s integral equation

7.3.1 Review of classical existence and uniqueness the-

ory

The main aim of this section is to determine the analytical properties of the

differential form of Diogo’s equation (equation (7.20)),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0,

and ultimately compare these results with those associated with equation (5.1),

the original Volterra integral form of Diogo’s equation, given by

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0.

We begin by noting that there has been a great deal of research conducted in

relation to singular systems of equations of the type given by equation (7.21).

Indeed, a number of papers were cited in Section 7.1.2 that focus on establishing
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whether a solution to a particular system exists and, if so, is it the only one.

However, due to fact that the system is singular, standard analytical techniques

and results relating to existence and uniqueness theory are generally inapplica-

ble. So, in the first instance, we shall briefly review the classical theory relating

to the Cauchy problem,

y′(t) = f(t, y), y(t0) = y0, (7.22)

and discuss to what extent, if any, this can be applied to equation (7.20) with

the initial condition y(0) =
µ

µ− 1
g(0), µ 6= 1. Now clearly, just as with the

original integral equation, equation (7.20) is continuous everywhere except at

the isolated singular point where t = 0. Thus, although the aforementioned

standard techniques all assume conditions of continuity on f , some hold under

weaker assumptions than others. Indeed, we note that on any domain

D = {t ∈ R | ε ≤ t ≤ T, ε > 0},

f is (locally) Lipschitz continuous in y. Therefore,

|f(t, y1 − f(t, y2))| =
∣∣∣∣1− µt (y1 − y2)

∣∣∣∣ ≤ max
ε≤t≤T

∣∣∣∣1− µt
∣∣∣∣ |y1 − y2| = L|y1 − y2|,

where

L = max
ε≤t≤T

∣∣∣∣1− µt
∣∣∣∣ <∞.

Hence, the initial value problem,

y′(t) = f(t, y), y(ε) = y0, (7.23)

with

f(t, y) =

(
1− µ
t

)
y(t) +

(µ
t
g(t) + g′(t)

)
(7.24)

can be represented identically by its equivalent integral equation

y(t) = y0 +

t∫
ε

f(s, y) ds. (7.25)

An elementary contraction mapping argument can now be applied in order to

establish uniqueness as clearly, by the fundamental theorem of calculus, any

continuous solution of equation (7.23) represents a C1-continuous solution of

equation (7.25). This analysis will be of significant importance to us later as it

is a central factor in the development of our proposed numerical method.
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7.3.2 Existence and uniqueness of solutions: µ > 1

Let us for now return to our original problem, equation (5.1), and recall that,

by Theorem 5.1.3, this possesses a unique continuous solution for µ > 1. The

fundamental question we hope to address here is does this also hold for the

associated differential problem, equation (7.20). Intuitively, by observing the

arguments presented in [63], [105] and [68], the answer to this question would be

yes, with specific reference to Theorem 1.1 in [105], where an analogous result

was presented for the system of equations described by equation (7.1),

tu′(t) = Au(t) + f(t), 0 < t ≤ T.

In [105] Vainikko proved that a necessary condition to ensure the existence of

a unique continuous solution to the system given by equation (7.1) is that for

λk ∈ (A(0)), max Reλk < 0. Here, we shall construct a proof to show that an

equivalent result does, indeed, hold in the case of our scalar equation, equation

(7.20).

Proposition 7.3.1. Assuming g ∈ Cm[0, T ], m ≥ 1 and y′ ∈ C(0, T ], the

scalar differential equation

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0

possesses a unique continuous solution for µ > 1.

Proof. We begin by applying an elementary integrating factor method. Thus,

upon multiplying equation (7.20) throughout by tµ−1 we obtain

tµ−1y′(t) + (µ− 1)tµ−2y(t) = tµ−1g′(t) + tµ−2µg(t)

or, equivalently,

d

dt

(
tµ−1y(t)

)
= tµ−1g′(t) + tµ−2µg(t).

If we then integrate this equation from t0 to t, for t0 ∈ (0, T ), as follows,

tµ−1y(t) = tµ−1
0 y(t0) +

t∫
t0

sµ−1g′(s)ds+

t∫
t0

µsµ−2g(s)ds = W (t), (7.26)

we note that for µ > 1,

W (0) = lim
t0→0+

tµ−1
0 y(t0) = 0. (7.27)
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Therefore, by substituting equation (7.27) into equation (7.20) and integrating

the right hand side as t0 → 0, we conclude that

tµ−1y(t) =

t∫
0

sµ−1g′(s)ds+

t∫
0

µsµ−2g(s)ds

=
[
sµ−1g(s)

]t
0
−

t∫
0

(µ− 1)sµ−2g(s)ds+

t∫
0

µsµ−2g(s)ds

= tµ−1g(t) +

t∫
0

sµ−2g(s)ds. (7.28)

Hence, the solution of equation (7.20) in this case is given by

y(t) = g(t) + t1−µ
t∫

0

sµ−2g(s)ds. (7.29)

Recall, from Theorem 5.1.3, equation (5.3), that this solution is of the same

form as the solution to Diogo’s integral equation, as derived by Han in [63].

However, for the sake of completeness, the final step in the proof is to establish

whether y(t) exists all. Clearly, if so, y(t) is unique, but what conditions need

to be imposed to ensure that the integral term

t∫
0

sµ−2g(s)ds (7.30)

can actually be evaluated? The following discussion, put forward to address this

question, invokes the use of some standard results from real analysis concerning

the Riemann integral which we shall now state without proof.

Lemma 7.3.2. If f, g : [a, b]→ R are both integrable functions, that is, if over

any bounded interval the integrals
b∫
a

f(s)ds and
b∫
a

g(s)ds are finite, then the

product of f and g, fg : [a, b]→ R, is also integrable.

Now, applying Lemma 7.3.2 to equation (7.30), we immediately note that func-

tion g(s) ∈ [0, T ], by definition, is integrable. However, turning our attention

to sµ−2, upon integration we obtain

t∫
0

sµ−2ds =

[
sµ−1

µ− 1

]t
0

(7.31)

=
µ− 1

tµ−1
. (7.32)
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Thus, by simple inspection, we deduce that this integral is finite if, and only if

µ > 1, from which the result follows immediately.

As a final note on the unique solvability of equation (7.20) for µ > 1, we refer

to the general form of this problem, equation (7.1). The preceding discussion

clearly demonstrates the relationship between the Cm-smoothness of the inho-

mogeneous term, g(t), and the consequential smoothness of the solution, y(t)

(assuming such a solution exists). In fact, as the reader will have undoubtedly

observed, the question of existence itself depends upon the differentiability of

g(t) and, thus, we shall now apply a Theorem, as presented in [105]. This result,

Theorem 7.3.3, connects these properties and is applied to illustrate that our

findings are consistent with those derived using the theoretical arguments put

forward in [105].

Theorem 7.3.3 (G.Vainikko, [105], Theorem 1.11). Let f, A ∈ Cm
n [0, T ] for

any m ≥ 1, m > maxλk∈σ(A(0)) Reλk. Furthermore, for 1 ≤ l ≤ m,

σ(A(0)) ∩ {l, l + 1, ...} = ∅. (7.33)

Then, equation (7.1),

tu′(t) = Au(t) + f(t), 0 < t ≤ T,

is solvable if, and only if, the recursive algerbraic system

(kI − A(0))u
(k)
0 = f (k)(0) +

k−1∑
j=0

(
k

j

)
Ak−j(0)u

(j)
0 , k = 0, .., l − 1, (7.34)

obtained by differentiating tu′(t) = A(t)u(t) + f(t) k times and setting t = 0,

is consistent. Moreover, for each solution, u
(j)
0 , j = 0, ..., l − 1, of this system,

there exists a corresponding unique solution, u ∈ Cm
n [0, T ], to the problem

tu′(t) = A(t)u(t) + f(t), 0 < t ≤ T, u
(j)
0 = u(j)(0), j = 0, ..., l − 1. (7.35)

Thus, applying this Theorem to equation (7.20), where σ(A(0)) = {(1− µ)}, we

deduce that σ(A(0))∩N0 = ∅ for µ > 1. Hence, upon making the substitution

l = 1, we obtain the consistency condition (1 − µ)y0 = −f(0). Assuming this

and the other conditions of Theorem 7.3.3 hold, we conclude that equation

(7.20) has a unique solution, y ∈ Cm[0, T ], ∀ µ > 1 and this solution satisfies

not only the differential form of Diogo’s equation but represents the unique

C1−solution to the original integral equation, equation (5.1), ∀ µ > 1.
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7.4 Final remarks and conclusions

We began this chapter by outlining our work in subsequent chapters. We stated

that our ultimate aim was to develop a new approach to solving Diogo’s equa-

tion, equation (5.1), that fills a gap in the research to date and, moreover,

addresses many of the disadvantages and limitations associated with existing

methods. Furthermore, we discussed the factors that influenced our decision to

convert Diogo’s integral equation into a differential form, which we derived in

Section 7.2. However, the most important and significant result to feature in

this chapter was that, in Section 7.3.2, we proved that the unique C1−solution

to Diogo’s integral equation, equation (5.1),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

also represents the solution to our differential form, equation (7.20),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0,

for all µ > 1.

Nonetheless, recall that one of our main objectives was to derive a solution

method that could be applied to derive any particular solution to Diogo’s equa-

tion out of the infinite set when 0 < µ < 1 and, furthermore, only one of

these solutions is first order differentiable. Therefore, in the classical theory

of differential equations, only the C1−solution would be deemed a solution of

our differential form of the problem. Thus, in the next chapter, we shall test

this theory using advanced techniques and established theoretical results and

ultimately prove that, subject to slightly weaker conditions, all the solutions

to Diogo’s integral equation for 0 < µ < 1 also satisfy its differential form,

equation (7.20).
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Chapter 8

Qualitative behaviour of the

solutions to the differential form

of Diogo’s equation for 0 < µ < 1

8.1 Introduction and chapter summary

We now turn our attention to the case of greatest interest where, in equation

(7.20),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0,

µ lies in the interval 0 < µ < 1. To begin, we recall from Theorem 5.1.6

that Diogo’s equation possessed an infinite solution set. Within that set, there

exists a unique solution in C1[0, T ], whilst the remaining solutions fail to be

differentiable at the origin. This unusual behaviour is not surprising in light of

the fact that for 0 < µ < 1, Diogo’s equation, equation (5.1) given by

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

contains a strongly singular kernel. This naturally implies that the analysis of

the associated differential equation (equation (7.20)) for µ ∈ (0, 1) will be more

complex than that presented for µ > 1. Consequently, we shall begin our in-

vestigation with an informal discussion in which we put forward some intuitive,

heuristic arguments. We then formally introduce the concept of weak solutions.

These are, in essence, solutions that satisfy the differential equation in some
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precise sense but do not meet the strict criteria required to qualify as a classical

solution. The notion of a solution in the extended sense is then presented and in

view of this and our initial observations, we state our hypothesis that the infi-

nite set of non-smooth solutions to Diogo’s integral equation represent the weak

solutions to its differential form. We then introduce Carathéodory’s existence

theorem which we subsequently apply in order to prove our conjecture.

8.2 Initial observations

The purpose of this informal discussion is to compare the solutions to Diogo’s

integral equation, equation (5.1), to those that satisfy the associated differential

form, equation (7.20). Note that the preliminary analysis we are about to

present holds for any suitably smooth forcing term g(t). However, for our

purposes here we shall set g(t) = 1 + t. The next step is to substitute the

solution of equation (5.1),

y(t) =
µ

µ− 1
+
µ+ 1

µ
t+ αt1−µ, α ∈ R, (8.1)

into equation (7.20). We subsequently determine that these solutions do, indeed

,satisfy both the equation and the initial condition, y(0) =
µ

µ− 1
g(0). However,

they are not differentiable at t = 0 for α 6= 0. Therefore, in terms of the classical

theory of ordinary differential equations, aside from the solution corresponding

to α = 0, this infinite set of solutions to Diogo’s integral equation would not

be considered solutions of the associated differential form. But this contradicts

our previous results, derived in Section 7.3.2, where we proved that equation

(7.20) is uniquely solvable if, and only if µ > 1. With these observations in

mind, we are led to consider the concept of weak solutions. This phenomenon

arises frequently in the study of partial differential equations and a number of

the most well-known examples of such, for instance, the wave equation, have

been shown to produce such solutions. Hence, recalling that the technique of

reducing partial differential equations using symmetry often produces a system

of singular equations similar to that described by equation (7.20), supports our

reasoning.

Nevertheless, in the context of ordinary differential equations our understanding

of weak solutions is not quite so well developed and, furthermore, the existing

theoretical analysis of such, for the most part, relates to a particular class of
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problem in each case. As a consequence, no definitive, generalized criteria for

their occurrence actually appears to exist. Therefore, in general (rather am-

biguous) terms, they are considered to be functions that satisfy the equation

in some precisely defined sense but fail to possess all the properties (continu-

ity, smoothness) associated with the classical solution. However, in [37] the

following definition is presented.

Definition 8.2.1. Consider the first order initial value problem

dY

dt
= F (Y ), Y (0) = C. (8.2)

A strong solution of equation (8.2) is defined as a function Y (t) that is contin-

uous and differentiable at each point in the domain of definition of Y (t), which,

when substituted into equation (8.2), satisfies both the equation and initial

condition. If, however, differentiability is lost at isolated points, then Y (t) is

deemed a ’weak solution’ of the problem.

Clearly under these conditions the non-smooth solutions to equation (5.1), as

given by equation (8.1), are, unequivocally, weak solutions of equation (7.20).

We now put forward one final observation prior to our formalizing the arguments

presented. It is worth noting that weak solutions traditionally occur less often

in relation to ordinary differential equations than in partial problems due to

their more simplistic structure (particularly in the linear case). They do, how-

ever, play a significant role in the study of equations with discontinuous right

hand sides, most notably in the well known theory developed by Carathéodory.

This gives further credence to our hypothesis regarding the occurrence of weak

solutions to our singular problem. This concludes our discussion, as a result of

which, we present the following proposition.

Proposition 8.2.1. For 0 < µ < 1, the non-smooth solutions of the integral

equation, equation (5.1), represent the weak solutions of the associated differ-

ential equation, equation (7.20).

Remark 8. Note here we have made a stronger assertion regarding the solu-

tions to equation (7.20) in that we shall presently prove our proposal for any

sufficiently smooth function g(t).
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8.3 Proof of Proposition 8.2.1

Before we attempt to construct a rigorous proof of the above proposition, recall

the lack of clarity we mentioned with regard to there existing no universal defini-

tion as to what actually constitutes a weak solution to an initial value problem.

As it transpires, the concept itself is subject to a number of different interpre-

tations. For example, consider distributional solutions. These frequently occur

in the study of partial differential equations and are based upon transforming

the original function into a linear functional which maps a set of test functions

onto the real line. This in turn defines the ’weak formulation’ of the initial

value problem which subsequently yields the weak solutions. However, more

generalized forms of weak solution are often described by integrals, defined in

the Lebesgue sense, of measurable functions. Carathéodory’s criterion, which

we previously made reference to, in brief, defines certain non-classical solutions

using this approach by way of the following Theorem which can be found in

[35], (Theorem 1.1, Chapter 2).

Theorem 8.3.1 (Carathéodory existence theorem). Consider equation (7.22),

the Cauchy problem given by

y′(t) = f(t, y), y(0) = y0,

defined on a domain D in (t,y)-space, and let the following hold:

(i) The function f(t,y) be continuous in y for almost all t;

(ii) The function f(t,y) be measurable in t for each y;

(iii) There exists a function M(t), with M(t) integrable in the Lebesgue sense

on each finite interval (if t is unbounded in D), such that

‖f(t, y)‖ ≤M(t).

If the above criteria are all satisfied, then y′(t) = f(t, y) has a solution, in the

extended sense, in the neighbourhood of the initial condition. This Theorem can

be equivalently expressed as follows:

A function y(t) is a solution in the extended sense of the differential equation

y′(t) = f(t, y) with initial condition y(0) = y0 if y is absolutely continuous,

y satisfies the differential equation almost everywhere and y satisfies the initial

158



condition. The absolute continuity of y implying that its derivative exists almost

everywhere.

Thus, these solutions represent the absolutely continuous solutions of the inte-

gral form of the Cauchy problem1, equation (7.22)). Weak solutions of equation

(7.22) defined in this way are referred to as ’solutions in the extended sense’ or

in some texts, Carathéodory solutions, as the requirement that they be continu-

ously differentiable over the whole domain on which they are defined is relaxed.

Thus, solutions exist that hold under less stringent, milder conditions. Hence,

we are led intuitively back to the problem in hand, that is, to show that the

solutions of equation (5.1) that fail to be differentiable at the origin do, indeed,

correspond to the weak solutions of equation (7.20). To, therefore, prove our

conjecture, summarized in Proposition 8.2.1, we shall now apply the principles

set out in Theorem 8.3.1.

Clearly we already suspect, but in some instances have yet to prove, that most

of the conditions that define a solution in the extended sense are satisfied, i.e.

y(t) satisfies the differential equation and the initial condition, it is differentiable

everywhere except at t = 0 and it satisfies the original integral equation. As

a consequence, all we now have to consider is absolute continuity, which, by

definition, requires us to prove that for y : [0, T ] −→ R and every ε > 0, there

exists some δ > 0, such that

n∑
i=1

|y(ti)− y(si)| < ε, (8.3)

whenever {[ti, si] : i = 1, ..., n} is a finite collection of mutually disjoint subin-

tervals of [0, T ] with

n∑
i=1

|ti − si| < δ. (8.4)

Moreover, note that the sum of any two absolutely continuous function is also

absolutely continuous. With this in mind, and before we perform the analysis,

we refer back to the comments presented at the beginning of Section 6.1, where

a result attributed to Diogo, et.al. in [43] was quoted. Here, the authors proved

that for 0 < µ < 1, the solutions of Diogo’s integral equation take the form:

y(t) = ỹ(t) + αt1−µ, (8.5)

1These absolutely continuous solutions of course includes any classical solution.

159



where ỹ(t) represents the unique smooth solution out of the infinite solution

set. Therefore, it follows that we only need to prove that the term αt1−µ is ab-

solutely continuous as ỹ(t) is, by definition, differentiable and, thus, absolutely

continuous for all sufficiently smooth functions g(t).

Now when µ = 1/2, it is a simple matter to prove that αt1−µ is absolutely

continuous directly by determining a suitable value for δ. So, defining

|y(t)− y(s)| = |αt1/2 − αs1/2| < ε

and observing that (t1/2− s1/2)(t1/2 + s1/2) = t− s, we assign δ = ε2/α2. Hence,

upon noting that (t1/2 − s1/2) ≤ (t1/2 + s1/2), we obtain

(t1/2 − s1/2)2 ≤ (t1/2 − s1/2)(t1/2 + s1/2) = t− s < δ.

Therefore, having proved that equation (8.5) is absolutely continuous when µ =

1/2, we conclude that the non-smooth solutions to Diogo’s integral equation,

equation (5.1), are, indeed, the solutions in the extended sense of the associated

differential form, equation (7.20).

Turning our attention now to the general case. We need to prove that ỹ = αt1−µ

is absolutely continuous for all µ ∈ (0, 1). Thus, in order to prove this assertion,

we have to apply the following theorem.

Theorem 8.3.2 (Absolute continuity). Let f : [a, b] −→ R. Then, the following

statements are equivalent

(i) The function f is absolutely continuous;

(ii) f is differentiable almost everywhere, f ′ ∈ L1[a, b] and the following holds

for all x ∈ [a, b].

f(x) = f(a) +

x∫
a

f ′(t)dt. (8.6)

Hence, to prove that y(t) is absolutely continuous we need to show that the

three properties defined in Theorem 8.3.1 hold and we begin by first verifying

that y′(t) ∈ L1[0, T ]. So, upon differentiating equation (8.5), we obtain

y′(t) = ỹ′(t) + α(1− µ)t−µ, µ ∈ (0, 1). (8.7)

Now clearly ỹ′(t) ∈ L1[0, T ]. However, in order to prove that y′(t) ∈ L1[0, T ], we

first need to apply two standard results from the theory of Lebesgue integration,

which we now present by way of the following theorems.
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Theorem 8.3.3 (Riemann and Lebesgue integration, Nelson, G.S., [88]). Let

B[a, b] = {f |fa bounded function on [a, b]}. Then, if f ∈ B[a, b] is Riemann

integrable on [a, b], it is also Lebesgue integrable on [a, b].

Theorem 8.3.4 (Linearity, Nelson, G.S., [88]). If f and g are Lebesgue inte-

grable functions and a, b ∈ R, then af + bg is Lebesgue integrable and∫
(af + bg)dµ = a

∫
fdµ+ b

∫
gdµ. (8.8)

Thus, as a consequence of Theorems 8.3.3 and 8.3.4, it follows immediately that

it is sufficient to show that t−µ, µ ∈ (0, 1) is in L1[0, 1]. So, to formally prove

this assertion we need to show explicitly that it is integrable in the Lebesgue

sense, that is, that for f(t) = t−µ, the following inequality holds.∫
X

|f | dµ <∞. (8.9)

Therefore, in order to provide some insight into how we should proceed, we now

state two results, Definition 8.3.1 and Theorem 8.3.5, which can be found in

any text covering the subject of Lebesgue integration and measure theory (for

example, [112]).

Definition 8.3.1. Let (X,A, µ) be a measurable space and f : X → KN , a

function. Then f is measurable if, and only if, f−1|U | ∈ A for every open set,

U ⊆ KN . Equivalently, f : X → R is measurable if, and only if, f−1([α,∞)) ∈
A for every rational α ∈ R.

Theorem 8.3.5 (Monotone Convergence). Let (X,A, µ) be a measurable space.

Let f1, f2, ..., fn be a pointwise non-decreasing sequence of measurable functions,

where fn : X → [0,∞) and

0 ≤ fn ≤ fn+1, ∀n ∈ N. (8.10)

Next, set the pointwise limit of the sequence {fn} to be f , thus, f(x) = lim
n→∞

fn(x),

∀x ∈ X. Then, f is A− measurable and

lim
n→∞

∫
fndµ =

∫
fdµ. (8.11)

One final point to note is that, although t−µ is not Riemann integrable, it

can nevertheless be evaluated as an improper Riemann integral. However, this
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does not always imply a function f is integrable in the Lebesgue sense. One

often quoted counter example being f(x) = (1/x) sin(1/x). This exists as an

improper Riemann integral:

1∫
0

(1/x) sin(1/x)dx =

∞∫
1

sin y

y
dy (8.12)

<

∞∫
0

sin y

y
dy (8.13)

=
π

2
(8.14)

but under Lebesgue integration,

∞∫
1

sin y

y
dy = +∞. (8.15)

So, how do we determine if a function f is integrable in the Lebesgue sense? To

answer this question, we turn our attention to the following definition, which

can be found in [88]. Here, a method is described that allows us to compute

the Lebesgue integral by essentially ’converting’ the problem into that of deter-

mining two Riemann integrals.

Definition 8.3.2. Let f be an unbounded function defined on [a, b]

(i) Suppose f(x ≥ 0) for all x ∈ [a, b]. For N > 0 define:

Nf(x) =

f(x), if f(x) ≤ N.

N, otherwise.
(8.16)

We say that f is Lebesgue integrable on [a, b] if Nf is Lebesgue integrable

for all N > 0 and

lim
N→+∞

 b∫
a

NF

 (8.17)

is finite. In this case,
b∫
a

f is defined to be

b∫
a

f = lim
N→+∞

 b∫
a

Nf

 . (8.18)
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(ii) Suppose f(x) < 0 for some x ∈ [a, b]. Set:

f+(x) =

f(x), if f(x) ≥ 0.

0, otherwise.
(8.19)

and

f−(x) =

−f(x), if f(x) < 0.

0, otherwise.
(8.20)

We say that f is Lebesgue integrable on [a, b] if both f+ and f− are

Lebesgue integrable on [a, b]. In this case, we define

b∫
a

f =

b∫
a

f+ −
b∫

a

f−, (8.21)

the function f+ is called the positive part of f and f−, the negative part.

We then define the set of Lebesgue integrable functions on [a, b], denoted

L[a, b] by:

L[a, b] = {f |f is Lebesgue integrable on [a,b]} . (8.22)

So, to begin we shall set µ = 1/3, in order to illustrate the method prior to

determining the result in the general case. Hence, applying Definition 8.3.2, let

g(t) =

1/ 3
√
t, if t 6= 0.

0, if t = 0.
(8.23)

Then, to determine if g(t) ∈ L1[0, 1], set

Ng(t) =


N, if 0 < t ≤ 1/N3.

1/ 3
√
t, if 1/N3 < t ≤ 1.

0, if t = 0.

(8.24)

This yields

1∫
0

Ng =

1/N3∫
0

N +

1∫
1/N3

1
3
√
t

(8.25)

= [Nt]1/N
3

0 +

[
3t2/3

2

]1

1/N3

(8.26)

=
1

N2
+

3

2
− 3

2

(
1

N3

)2/3

(8.27)

=
1

N2
+

3

2
− 3

2

(
1

N2

)
. (8.28)
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Note that here we have Riemann integrable functions, therefore, g(t) ∈ L[0, 1]

and

lim
N→∞

1∫
0

Ng =
3

2
. (8.29)

This concurs with the value we would obtain if we evaluated the integral as an

improper Riemann integral,

1∫
0

dt
3
√
t

= lim
a→0+

1∫
a

t−1/3dt (8.30)

= lim
a→0+

(
3/2− 3/2a2/3

)
(8.31)

=
3

2
. (8.32)

However, it also illustrates the difference between two methods of integration.

Now to the general case. Here, the aim is to compute the Lebesgue integral and

determine for what values of µ it exists. So, let

g(t) =

1/tµ, if t 6= 0.

0, if t = 0.
(8.33)

Note that, as in the last example, we have set T = 1. Hence, we proved that

g(t) ∈ L[0, 1]. However, by extension, this is sufficient to prove that g ∈ L[0, T ]

as T is finite. Thus, without loss of generality, we shall determine if g ∈ L[0, 1]

and for N > 1 on this interval. Therefore,

Ng(t) =


N, if 0 < t ≤ 1/N1/µ.

1/tµ, if 1/N1/µ < t ≤ 1.

0, if t = 0.

(8.34)

This then yields the following integrals,

1∫
0

Ng =

1/N1/µ∫
0

N +

1∫
1/N1/µ

1

tµ
(8.35)

= [Nt]1/N
1/µ

0 +

[
t1−µ

1− µ

]1

1/N1/µ

(8.36)

= N
µ−1
µ +

1

1− µ
−

(
N

(µ−1)
µ

1− µ

)
, (8.37)
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from which, we observe that

lim
N→∞

1∫
0

Ng =
1

1− µ
. (8.38)

Thus, as this Riemann integral exists for all 0 < µ < 1, we conclude that g(t)

is Lebesgue integrable for all 0 < µ < 1. Furthermore, note that improper Rie-

mann integral once again concurs with the Lebesgue integral and is computed

as follows.

1∫
0

dt

tµ
= lim

a→0+

1∫
a

dt

tµ
(8.39)

= lim
a→0+

[(
t1−µ

1− µ

)]1

a

(8.40)

= lim
a→0+

1− a1−µ

1− µ
(8.41)

=
1

1− µ
. (8.42)

Thus, in conclusion, we have shown that t−µ is a Lebesgue integrable function.

Hence, upon applying Theorems 8.3.3 and 8.3.4, we have proved that y′(t), as

given by equation (8.7), where

y′(t) = ỹ′(t) + α(1− µ)t−µ, µ ∈ (0, 1),

is Lebesgue integrable and, therefore, y′(t) ∈ L1[0, T ], the space of Lebesgue

integrable functions on the interval [0, T ] equipped with the usual L1−norm.

We now have to prove that the other conditions set out in Theorem 8.3.2 are

satisfied and to do this we begin by noting the fact that every function f of

bounded variation is differentiable almost everywhere. Thus, in order to pro-

ceed, we require the following definition.

Definition 8.3.3. Let f : [a, b]→ R be a function and [c, d] any closed subin-

terval of [a, b], where {xi : 1 ≤ i ≤ n} is a partition of [c, d] s.t. c = x0 < x1 <

... < xn = d. If the set

S =

{
n∑
i=1

|f(xi)− f(xi−1)| : {xi : 1 ≤ i ≤ n} ∈ [c, d]

}
(8.43)

is bounded, then the variation of f on [c, d] is defined to be ∨(f, [c, d]) = supS.

If S is unbounded then the variation of f is said to be ∞. A function f is of

bounded variation on [c, d] if ∨(f, [c, d]) is finite.
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However, before we can apply the above theory, we first need to examine in

more detail our solution, y(t), term by term. Thus, noting that it is made up of

a smooth function, ỹ(t), and the term αt1−µ, we only need to concern ourselves

with the latter as, by definition, a differentiable function is of bounded variation.

Moreover, note that αt1−µ is strictly monotone and so it is a simple matter to

prove that this is, likewise, of bounded variation. Therefore, as the sum of

any set of functions of bounded variation on an interval [a, b] is also of bounded

variation on [a, b], we conclude that the second condition of Theorem 8.3.2 holds

and y(t) is, indeed, differentiable almost everywhere. An elementary proof to

confirm that any increasing function is of bounded variation is presented below.

However, a similar proof and further details of the other results used here can

be found in any real analysis text, for example, [58].

Proof. Let {xi : 1 ≤ i ≤ n} be a partition of [a, b]. If f(x) is an increasing

function on [a, b], then the difference between any two successive terms is always

positive. Hence,

|f(xi)− f(xi−1)| = (f(xi)− f(xi−1)). (8.44)

Now note that

n∑
i=0

(f(xi)− f(xi−1)) = (f(xn)− f(xn−1)) + ...+ (f(x1)− f(x0))

= (f(xn)− f(x0))

= f(b)− f(a)

<∞

on any finite interval [a, b]. Therefore, ∨(f, [a, b]) < ∞ and f is of bounded

variation.

Finally we come to the last condition of Theorem 8.3.2, that is, that for all

t ∈ [0, T ]

y(t) = y(0) +

t∫
0

y′(s)ds, (8.45)

which follows immediately, with

y(0) =
µ

µ− 1
g(0) (8.46)
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and

y′(s) = ỹ′(s) + α(1− µ)s−µ. (8.47)

We have now verified that all the conditions required to satisfy Theorem 8.3.1

hold. Thus, we conclude that the non-smooth solutions, y(t), of Diogo’s integral

equation, as defined in equation (8.5) by

y(t) = ỹ(t) + αt1−µ

are, indeed, solutions in the extended sense of equation (7.20). This result is

summarized in the following Theorem.

Theorem 8.3.6. The non-smooth solutions of the Diogo’s integral equation,

equation (5.1),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t),

for 0 < µ < 1, t ∈ [0, T ], given by equation (8.5), represent solutions in the

extended sense of the associated initial value problem,

y′(t) =

(
1− µ
t

)
y(t) +

(µ
t
g(t) + g′(t)

)
, y0 = y(0),

for all sufficiently smooth g(t).

8.4 Concluding statements

In this chapter, we gave details of the most important outcome of our research.

As a consequence of our study, we proved that the non-smooth solutions of

Diogo’s integral equation, equation (5.1), for 0 < µ < 1, are in fact the weak so-

lutions of its differential form, equation (7.20). The discovery of an equivalence

between the two solution sets represents a major advancement in our under-

standing of Diogo’s equation and its solutions. It is a significant breakthrough,

not only from a theoretical viewpoint, but in terms of solving the problem, as

we shall see in the forthcoming chapter.

Furthermore, this result has wide ranging implications with regard to ongoing

research as, although the theory of integral equations is well established, our

knowledge and understanding of differential equations is much more advanced.

Therefore, in future studies, the differential form of Diogo’s equation could be

analysed and the results translated to its integral form.
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Chapter 9

A novel method to determine

the non-smooth solutions to

Diogo’s equation

9.1 Introductory notes

In this section we are concerned with the construction of an appropriate nu-

merical scheme to approximate the solutions of equation (7.20),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0.

As the problem is relatively straightforward for µ > 1, we shall restrict our

attention to deriving a suitable procedure for 0 < µ < 1, that is, the case for

which equation (7.20) possesses an infinite set of weak solutions and one classical

solution. This clearly suggests the process requires detailed consideration and

presents a number of initial challenges. Firstly, as a result of the ’blow-up’ at t =

0, the problem demands the use of an effective starting method that overcomes

the issues arising due to the singularity. Hence, a scheme that corrects or

’smooths out’ significant errors in its initial output must be utilized in the

region close to t = 0. Moreover, we need to ensure that our chosen method

allows us to specify the particular solution we are seeking to approximate out

of the infinite set. One final point to note is that aside from the theoretical

importance of the analysis presented in the last Section, we also made reference

to its relevance when applied to problems occurring in practical ’real world’

applications. With these points in mind, in the next section we shall outline
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our new approach to solving Diogo’s equation.

9.2 Formulating an effective approach

To begin, note that in Section 7.1.1 we stated that, to date, the vast majority

of research conducted in relation to Diogo’s equation (equation (5.1)),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

has been in relation to the case for µ > 1. Moreover, in the limited number

of studies undertaken where the case for 0 < µ < 1 has been considered, the

emphasis has been on determining the unique C1−solution out of the infinite

solution set. However, there is one notable exception to this rule.

Recall that in Section 5.2.2 we discussed the split interval method, as introduced

in [43]. This paper was the first of two publications credited to Diogo, Ford,

et.al. in which Diogo’s equation was ’split’ into two equivalent equations; one

singular equation for t ∈ [0, ε], 0 < ε < t ≤ T , and one regular one, taken over

the interval t ∈ [ε, T ]]. The singular equation was evaluated via elementary

algerbraic manipulation of the problem and the use of an additional data point,

y(ε), in order to identify the particular solution to be determined.

Now, in light of the result summarized in Theorem 8.3.6, it follows immediately

that the solution to Diogo’s integral equation passing through the point y(ε)

and the solution to its differential form passing through the same point are one

and the same. Therefore, it also follows from Definition 8.2.1 and the arguments

presented in Section 8.3, that the classical solution to the differential form of

Diogo’s equation, equation (7.20), with initial value y0 = y(ε) , ε > 0, represents

the weak solution to the problem over the whole interval, t ∈ [0, T ].

Consequently, equipped with an additional data point, obtaining a numerically

accurate approximation to any chosen solution to Diogo’s integral equation

reduces to that of solving a regular initial value problem and, having eliminated

the singularity, we can now simply apply any standard numerical method we

choose in order to obtain our results.
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9.3 Choice of numerical method

Our particular choice of method was chosen to replicate the methods applied

by Diogo, et.al. in [43]. Hence, the decision was made to apply θ−methods and

we begin by rearranging equation (7.20) into the standard form, y(t) = f(t, y).

Then, for t > ε, we let tn = nh, yn ≈ y(tn) and y(ε) = y0. Thus, upon

substituting f(t, y) into the formula

yn+1 = yn + h (θf(tn, yn) + (1− θ)f(tn+1, yn+1)) , (9.1)

we obtain the equation

yn+1 = yn + hθ

(
1− µ
tn

yn +
µ

tn
g(tn) + g′(tn)

)
+ h(1− θ)

(
1− µ
tn+1

yn+1 +
µ

tn+1

g(tn+1) + g′(tn+1)

)
. (9.2)

Finally, with g(t) = 1 + t, we used MATLAB1 to compute the successive ap-

proximations for various values of ε, µ, T and the stepsize h. The results of

these numerical experiments are presented in the next section.

9.4 Experimental results and higher order

methods

In all our calculations we have chosen to set θ=1 and θ = 0, corresponding

to the explicit Euler and implicit Euler methods, respectively. These methods

are often overlooked in computational models due to their low order of conver-

gence, particularly in the explicit case due to the issues regarding its stability.

However, by implementing some elementary techniques and amendments, they

form the basis of many accelerated numerical approaches whilst still preserving

the simplicity of the original scheme. Therefore, we have also approximated the

solutions using the Modified Euler method and the Improved Euler method.

The Modified Euler method can be derived using Richardson extrapolation and,

in brief, this involves equating the explicit Euler method at two different step-

sizes, h and h/2, and then using the two approximation formulas to eliminate

the error term. So, as Euler’s method has a local truncation error of the form

1For further details regarding the programs used to generate our numerical results, please

refer to appendix .1.
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Kh2,

yi+1 = yi + hf(ti, yi) +Kh2 +O(h3). (9.3)

Then, denoting ti+1/2 = ti + h
2

and yi+1/2 = y(ti + h
2
), we obtain an alternative

formula for yi+1 by taking two steps of Euler’s method with stepsize h/2, given

by

yi+1/2 = yi +
h

2
f(ti, yi) +K

(
h

2

)2

+O(h3) (9.4)

and

yi+1 = yi+1/2 +
h

2
f(ti+1/2, yi+1/2) +K

(
h

2

)2

+O(h3). (9.5)

We then substitute for yi+1/2 in equation (9.5) using equation (9.4), hence,

obtaining the equation

yi+1 =yi +
h

2
f(ti, yi) +K

(
h

2

)2

+O(h3) +
h

2
f(ti+1/2, yi +

h

2
f(ti, yi))

+K

(
h

2

)2

+O(h3), (9.6)

which when simplified yields

yi+1 = yi +
h

2
f(ti, yi) +

h

2
f(ti+1/2, yi +

h

2
f(ti, yi)) +K

(
h2

2

)
+O(h3). (9.7)

Finally, we can eliminate the leading error term by multiplying equation (9.7)

by 2 and then subtracting equation (9.3), as follows.

2yi+1 − yi+1 = 2

(
yi +

h

2
f(ti, yi) +

h

2
f(ti+1/2, yi +

h

2
f(ti, yi)) +K

(
h2

2

)
+O(h3)

)
−
(
yi + hf(ti, yi) +Kh2 +O(h3)

)
, (9.8)

which, upon cancelling terms, yields the Modified Euler method,

yi+1 = yi + hf

(
ti+1/2, yi +

h

2
f(ti, yi)

)
+O(h3). (9.9)

The Improved Euler method is given by

yi+1 = yi + h/2 (f(ti, yi) + f(ti+1, yi + hf(ti, yi))) . (9.10)

This method, based upon the trapezoidal rule, is essentially a predictor-corrector

scheme in that the usual implicit yi+1 term on the right hand side is replaced by
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Table 9.1: Error incurred in the approximation of the smooth solution corre-

sponding to α = 0, for µ = 0.5.

T h ε Explicit Improved Implicit Modified

Euler Euler Euler Euler

T = 1 0.0500 0.250 4.4409e-16 4.4409e-16 4.4409e-16 4.4409e-16

T = 1 0.0005 0.001 1.5543e-14 1.5543e-14 1.5543e-14 1.5543e-14

T = 10 0.0500 0.250 9.5923e-14 9.5923e-14 9.5923e-14 9.5923e-14

T = 10 0.0005 0.001 1.0090e-12 1.0090e-12 1.0090e-12 1.0090e-12

the forward Euler method, yi+hf(ti, yi). This initial approximation, thus, ’pre-

dicts’ the solution, which is then ’corrected’ during each computation. Clearly,

these methods exhibit a higher order of convergence, (O(h2)), than the other

two methods we initially consider here and yet they remain, in computational

terms, relatively inexpensive.

In each case, in order to determine the accuracy of our results, the approximate

values, yn(t), are computed and then compared to the exact solution, y(t).

To begin with we looked at obtaining numerical estimates at time T = 1 and

T = 10 for the smooth solution, hence, in our initial experiments we set α = 0.

In order to examine the effect of taking an initial value close to the origin, we

ran two sets of experiments, for ε = 0.25 and ε = 0.01, respectively. The results

were then collated, compared to the known exact value and the error in each

case recorded in Table 9.1. As can be seen, by reviewing the sample data, the

errors incurred in our approximations were negligible

We then turned our attention to approximating the non-smooth solutions and,

thus, chose to set α = 1 in all our subsequent analysis. Once again we assigned

µ = 0.5 and, in our initial computation, set T = 1 and ε = 0.25. The errors

observed here are displayed in Table.9.2. These results confirm that even when

approximating the weak solutions of equation (7.20), the expected convergence

rates are obtained in each case, that is, O(h) for the explicit and implicit Euler

methods and O(h2) for the Improved Euler method, based on the trapezium

rule. What is really of interest here though is the results obtained using the

Modified Euler method, derived by applying Richardson’s extrapolation. Clas-

sically, we would expect the order of convergence to be proportional to h2,
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Table 9.2: Error observed in non-smooth solution corresponding to α = 1

for T = 1, µ = 0.5 and ε = 0.25.

h Explicit Euler Improved Euler Implicit Euler Modified Euler

0.05000 0.01888600 0.00110840 0.01639300 2.0225e-5

0.02500 0.00941390 0.00028514 0.00876580 2.5544e-6

0.01250 0.00469790 0.00007227 0.00453260 3.2015e-7

0.00625 0.00234640 0.00001890 0.00230470 4.0045e-8

Table 9.3: Error observed for α = 1, T = 1, µ = 0.5 and ε = 0.01.

h Explicit Euler Improved Euler Implicit Euler Modified Euler

0.0010000 0.1282400 0.02337100 0.0739070 0.0020366

0.0005000 0.0637800 0.00679300 0.0475560 0.00030143

0.0002500 0.0316290 0.00182680 0.0271790 3.9948e-5

0.0001250 0.0157220 0.00047210 0.0145560 5.1663e-6

0.0000625 0.0078339 0.00012014 0.0075358 7.4238e-7

Table 9.4: Error observed for α = 1, T = 10, µ = 0.5 and ε = 0.01.

h Explicit Euler Improved Euler Implicit Euler Modified Euler

0.0010000 0.40593000 0.07390500 0.23404000 0.0064402

0.0005000 0.20188000 0.02148100 0.11505500 0.00095319

0.0002500 0.10011000 0.00577690 0.08603500 0.00012633

0.0001250 0.04976100 0.00149480 0.04607500 1.6337e-5

0.0000625 0.02479600 0.00037992 0.02385200 2.3476e-6

as we have previously shown. However, our results (approximately) demonstrate

a convergence rate of O(h3).

The penultimate set of experiments were performed in order to study the effect

of varying T and ε, the results of which are displayed in Tables 9.2, 9.3 and 9.4.

These results concur with our original findings that although taking ε closer

173



Table 9.5: Errors noted at T = 10 for α = 1, ε = 0.2 and µ = 0.4.

h Explicit Implicit Improved Modified Original

Euler Euler Euler Euler results

0.1000000 0.2346800 0.1718100 0.0270360000 0.0023315 0.10650000

0.0500000 0.1174700 0.1000300 0.0073537000 3.3285e-5 0.02762000

0.0250000 0.0586650 0.0540710 0.0019144000 0.0005280 0.00697600

0.0125000 0.0293010 0.0281230 0.0004880500 0.0006371 0.00174900

0.0062500 0.0146410 0.0143430 0.0001231900 0.0006624 0.00043750

0.0031250 0.0073180 0.0072428 0.0000309440 0.0006685 0.00010940

0.0015625 0.0036583 0.0036395 0.0000077544 0.0006700 0.00002735

to the origin may have a small adverse effect on the initial error, the expected

orders of convergence are still fundamentally preserved.

Finally, in our last set of calculations, we chose to take the parameters α = 1,

µ = 0.4, ε = 0.2 and T = 10, as did the authors of [43] when using the

split interval method to determine the approximate solution of Diogo’s integral

equation,

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0.

Thus, in Table 9.5, we present our results alongside those observed for the

original problem (using the trapezoidal rule). In this example, we note that the

Explicit, Implicit and Improved Euler methods perform as expected, that is,

they display the predicted rates of convergence, however, the Modified method

converges very quickly for larger values of h, whilst for h < 0.05, the results

appear to slowly diverge.

9.5 Error analysis

9.5.1 Local error and stability

In light of our observations in the previous section, here, we will restrict our dis-

cussion to the results obtained when implementing the modified Euler method

174



(equation (9.9)), given by the formula

yi+1 = yi + hf

(
ti+1/2, yi +

h

2
f(ti, yi)

)
+O(h3),

as in this case we encountered a deviation from the expected order of conver-

gence, O(h2). In order to confirm that, theoretically, the modified Euler method

is second order, we shall now derive the local truncation error using the well

known approach of applying a Taylor series expansion to equation (9.9). To

begin, we need to compute the derivatives, y′′ and y′′′, in terms of f , given that

y′ = f(t, y(t)). Hence,

y′′ =
df

dt
+
df

dy

dy

dt
= ft + ffy (9.11)

and

y′′′ = ftt + ftyy
′ + (ft + fyy

′)fy + (fyyy
′ + fty)f

= ftt + 2ffty + f 2fyy + ftfy + ff 2
y

= ftt + 2ffty + f 2fyy + (ft + ffy)fy.

However, as y′′ = ft + ffy, we conclude that

y′′′ = ftt + 2ffty + f 2fyy + y′′fy. (9.12)

We now need to apply the general Taylor series expansion for functions of two

variables,

f(t+ δ, y + ∆) = f(t, y) + δft(t, y) + ∆fy(t, y) +
δ2

2
ftt(t, y)

+δ∆fty(t, y) +
∆2

2
fyy(t, y) + ..., (9.13)

to both the exact solution, y(ti+1), and the numerical solution, yi+1, obtained

using equation (9.9). The difference between the two values, Ei+1 = y(ti+1) −
yi+1, then gives us the error incurred at each step of the discretization.

Firstly, we note that y(t0) = y0, hence, we shall determine E1 as clearly this

result holds for all j, j = 0, 1, 2, .... Therefore, with f = f(t0, y0) = y′(t0) and

y(t0) = y0, we obtain

y1 = y + h

(
f +

h

2
ft +

h

2
ffy +

h2

8
ftt +

h2

8
f 2fyy +

h2

4
ffty +O(h3)

)
(9.14)

= y + hf +
h2

2
(ft + ffy) +

h3

8
(ftt + f 2fyy + 2ffty) +O(h4). (9.15)
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But, recalling from equations (9.11) and (9.12) that y′′ = ft + ffy and

y′′′ = ftt + 2ffty + f 2fyy + y′′fy,

upon substitution into equation (9.15), this yields

y1 = y + hy′ +
h2

2
y′′ +

h3

8
(y′′′ − y′′fy) +O(h4) (9.16)

We now turn our attention to the exact solution which, if we apply Taylor’s

Theorem to y(t1), becomes

y(t1) = y(t0 + h) = y + hy′ +
h2

2
y′′ +

h3

6
y′′′ +O(h4). (9.17)

Thus, the local truncation error is given by

E1 = y(t1)− y1 =
h3

6
y′′′ − h3

8
(y′′′ − y′′fy) +O(h4) (9.18)

and, hence, the Modified Euler method is second order accurate. However, in

our last example, the method converged rapidly for larger h, but then appeared

to slowly diverge as h decreased. We shall now attempt to investigate the

potential reasons for this uncharacteristic behaviour and in the first instance,

we will briefly examine the method itself, beginning with the issue of stability.

The usual approach, (please refer, for example, to [80] for further details), is to

determine the stability region associated with the method when applied to the

test equation, y′ = λy. Thus, with λy = f(t, y), equation (9.9),

yi+1 = yi + hf

(
ti+1/2, yi +

h

2
f(ti, yi)

)
+O(h3),

can be written as

yi+1 = yi + hλ

(
yi +

1

2
hλyi

)
=

(
1 + hλ+

h2λ2

2

)
yi. (9.19)

Therefore, the region of absolute stability, S, defined by S = {hλ ∈ C| |f(hλ)|<
1}, where yi+1 = f(hλ)yi, is given by∣∣∣∣1 + hλ+

h2λ2

2

∣∣∣∣ < 1, (9.20)

from which we deduce that, as this inequality doesn’t hold for all Re(hλ) < 0,

the method is not A-stable. However, this property is common to all explicit

methods and so now we shall look instead at the specific equation in question,

equation (7.20),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0
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and discuss the well documented and yet vague concept of ′stiffness ′. The no-

tion of a stiff equation loosely relates to the instability of the said problem upon

the implementation of certain numerical methods, but no definitive mathemat-

ical criteria has ever been established that can readily identify such equations.

However, a major factor appears to be the inclusion of terms that vary rapidly

with t or, more precisely, terms that decay at a much greater speed than others

within the equation. Such problems often contain negative exponential factors

within their solution. Typically in such cases, methods that do not possess

A-stability over the entire left half complex plane perform poorly when ap-

plied to stiff problems and require an extremely small stepsize. So, in light of

this description, we shall now return to our problem. What we observed upon

collating our experimental results was that the Forward (explicit and, thus,

not A-stable) and Backward (implicit and A-stable) Euler methods performed

equally well. Both methods attained the expected order of convergence and,

when compared against the exact solution, the errors noted in both cases were

approximately of the same magnitude. Moreover, the explicit ’Improved Euler’

method worked particularly well, demonstrating a high degree of accuracy and

’method typical’ order of convergence, O(h2). We note also that, in fact, it

was when using a smaller stepsize that our problem began to diverge, contrary

to the behaviour generally displayed by stiff equations where a smaller step-

size is actually necessary for convergence or to avoid oscillations. A final point

to consider is that stiff equations generally possess large Lipschitz constants.

Thus, our problem does not possess the typical characteristics associated with

the phenomenon. Therefore, in view of this analysis, we conclude that stiffness

does not appear to explain why our problem behaved in such an unusual man-

ner when we applied the Modified Euler Method. Hence, we shall now focus on

whether rounding errors could have affected our results. (For a more definitive

account of stiff equations, the interested reader is referred to for example, [80])

9.5.2 Hypersensitivity

Rounding errors can occur as a consequence of the iterative numerical process

itself or due to the limitations of floating point arithmetic. Small errors within

the initial data can also lead to significant errors in the solution. Taking this

into consideration, we shall, therefore, endeavour to establish whether our prob-

lem is overly sensitive to small changes in the initial conditions. Intuitively, the

accuracy observed in our first four numerical experiments, when compared to
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this last example, suggests this may be the case. Evidence in support of this

hypothesis can be found when analysing the results displayed in Tables 9.1-9.4,

corresponding to µ = 0.5. In this instance, the initial value, y(ε), is rational.

However, in the last example with µ = 0.4, the exact value of y(ε) is irra-

tional and was initially rounded off to four decimal places. The results of this

experiment are displayed in Table 9.5 and these do, indeed, indicate that the

problem may be that it is hyper-sensitive to any small perturbation in the initial

Table 9.6: Revised error

estimates.

Stepsize Modified Euler

0.1000000 0.0030025

0.0500000 0.0006373

0.0250000 0.00014251

0.0125000 3.3394e-05

0.0062500 8.0623e-06

0.0031250 1.9795e-06

0.0015625 4.9036e-07

value. Thus, we investigated this theory

directly by repeating the experiment with

y(ε) rounded to ten decimal places. The

amended results are displayed in Table 9.6

and clearly these revised values add weight

to the above argument. The new results

now exhibit O(h2) convergence, as is typi-

cal of the method. In [43], the authors look

at the effect on the error of varying the pa-

rameters ε and µ and they specifically focus

on how the accuracy of the initial data ef-

fects the subsequent numerical approxima-

tions to Diogo’s integral equation, equation

(5.1). The reader is referred to [43] and [45]

for details. However, we note that care must be taken with regard to the accu-

racy of the initial value as an incorrect calculation and/or reading may lead to

the numerical scheme converging to a neighbouring, thus erroneous, solution.

To formalize this theory analytically in relation to our associated differential

equation (equation (7.20)),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0,

we will now construct a rigorous proof of a result presented (without proof) in

[26].

Theorem 9.5.1 (Sensitive dependence on initial conditions). Let y(t) and z(t)

be solutions of the respective initial value problems

y′(t) = f(t, y), y(ε) = y0 (9.21)

and

z′(t) = f(t, z), z(ε) = z0. (9.22)
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If the growth of initial perturbations is bounded above as follows

‖y(t)− z(t)‖ ≤ eL(t−ε)‖y0 − z0‖, (9.23)

the solution trajectories separate at an exponential rate and in this case the dif-

ferential equation may exhibit a sensitive dependence upon the initial conditions.

Proof. To begin, we need to show that for any function, f(t) : [a, b]→ X, X a

Banach space and f ∈ C1[a, b],

d

dt
‖f(t)‖ ≤ ‖f ′(t)‖.

Now, note that for arbitrary t ∈ [a, b] and sufficiently small δ, such that [t, t +

δ] ⊂ [a, b],

‖f(t+ δ)‖ − ‖f(t)‖ ≤ ‖f(t+ δ)− f(t)‖ (Triangle inequality).

Hence, using first principles, we obtain

t+δ∫
t

d

ds
‖f(s)‖ ≤

∣∣∣∣∣∣
∣∣∣∣∣∣
t+δ∫
t

f ′(s)ds

∣∣∣∣∣∣
∣∣∣∣∣∣ .

Thus, letting δ → 0 yields the desired result which we can now apply to the

problem in hand. Consequently,

d

dt
‖y(t)− z(t)‖ ≤ ‖y′(t)− z′(t)‖ (9.24)

= ‖f(t, y)− f(t, z)‖ (9.25)

≤ L‖y(t)− z(t)‖, (9.26)

as f is locally Lipschitz on [ε, t]. Hence, from equation (9.26), we obtain the

first order homogeneous, linear differential equation

d

dt
‖y(t)− z(t)‖ − L‖y(t)− z(t)‖ ≤ 0, (9.27)

to which we can now apply an elementary integrating factor method. So, if we

multiply equation (9.27) throughout by the integrating factor e
∫
−Ldt = e−Lt

and then integrate over the interval [ε, t], we obtain the inequality

d

dt

(
e−Lt‖y(t)− z(t)‖

)
= e−Lt‖y(t)− z(t)‖ − e−Lε‖y0 − z0‖ ≤ 0. (9.28)

Finally, upon multiplying both sides of equation (9.28) by eLt, we conclude that

‖y(t)− z(t)‖ ≤ eL(t−ε)‖y0 − z0‖. (9.29)

This upper bound on the initial perturbations implies that the trajectories sub-

sequently separate at a rate proportional to eL(t−ε) and so our problem may be

sensitive to any small numerical deviation away from the exact initial value, as

we suspected in light of our experimental results.
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9.6 Computational efficiency

In the development of any effective numerical method, much consideration needs

to be given to the simplicity of the scheme and its computational cost. In

fact, these properties are major features of the split interval method in that

Table 9.7: execution times recorded by Matlab

using the ’tic toc’ command.

Stepsize Run time Run time

(New results) (Original results)

0.1000000 0.000554 secs 0.130014 secs

0.0500000 0.001122 secs 0.222189 secs

0.0250000 0.002296 secs 0.281814 secs

0.0125000 0.002245 secs 0.379951 secs

0.0062500 0.002806 secs 0.412826 secs

0.0031250 0.001745 secs 0.440013 secs

0.0015625 0.001931 secs 0.442748 secs

the approach, as applied

in [43], utilizes a simple

change of variable to erad-

icate the singularity. This

regularization of the equa-

tion allowed the authors

to apply standard numer-

ical methods and, com-

putationally, their schemes

required relatively short,

simple programmes in or-

der to produce the required

results. However, by ap-

plying a modified version of

the split interval approach

to the associated differen-

tial equation, this enabled us to simplify the procedure even further by elimi-

nating the need to apply a change of variable. Moreover, the programmes devel-

oped in this instance avoid the necessity to include a complex loop, thus, aiding

the code execution. In Table 9.7, we compare the time elapsed in computation

between the original method, applied to equation (5.1) (Diogo’s equation),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0, (9.30)

and our codes produced to simulate our modified approach for equation (7.20).

The results depict the time taken to compute the errors, noted in Table 9.5,

for all four methods using our differential equation, whereas for Diogo’s integral

equation, the execution times recorded indicate the time taken to calculate the

error using just the Trapezoidal rule. This clearly demonstrates the efficiency

of our programmes which we have shown to produce very accurate results in

minimal run-time.
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9.7 Closing remarks

In Chapters seven and eight, we discussed, at some length, the advantages of

obtaining a solution to Diogo’s integral equation, equation (5.1), by convert-

ing it into a differential form. However, the detailed analysis conducted in

Chapter eight enabled us to construct an approach that has a number of ad-

ditional benefits. We began this chapter with an appraisal of the split interval

method, pioneered by Diogo, Ford, et.al. This groundbreaking approach pro-

vided the inspiration for our method as, when its is applied to equation (5.1)

where 0 < µ < 1, it allows us to directly compute any particular solution out

of the infinite solution set. Furthermore, the method is simple, requiring just a

change of variable and the computation of an initial approximation using ele-

mentary algebraic techniques. Nevertheless, in Section 9.2, we showed that our

method simplifies the problem even further by reducing it to one of a regular

initial value problem. Then, in Section 9.3, we noted that, much like with the

method of Diogo, Ford, et.al., our approach is flexible in that any standard nu-

merical method can be applied to determine the solution, allowing the method

to be tailored to accommodate any specific requirements. This is a particularly

useful feature in practice where, for example, a high degree of accuracy may

be required. Our methods of choice where the θ−methods, the modified Euler

method and the improved Euler method. These methods were chosen in part

due to their simplicity and, in part, due to the fact that Diogo, et.al. applied the

same or similar methods in [43]. This allowed us to compare the two methods

and, thus, evaluate the performance of our new approach. The results of our

numerical experiments were presented in Section 9.5 and these revealed that

our method was highly effective and the errors incurred were of lesser magni-

tude than those produced using the method described in [43]. Furthermore, in

Section 9.6, we showed that, computationally, our method was more efficient

and the programmes used in order to produce our results, simpler. (For code

used to produce our numerical results, please see appendix).
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Chapter 10

Diogo’s equation and

convergence

10.1 Preliminary discussion

In the last chapter, the later sections did very briefly provide a rather gen-

eral overview of convergence and error estimation with regard to our numerical

scheme as our main focus was on the methodology and computational perfor-

mance. Here though, we provide a more ’scheme specific’ account. We begin in

this chapter by reviewing the subject in relation to Diogo’s integral equation,

whilst in Chapter 11, our attention turns to our associated differential form.

However, in both cases this is complicated somewhat due to the presence of the

singularity. As a consequence, in order to establish convergence and calculate

the error incurred, sophisticated analysis is often required.

It is important to stress, nonetheless, that the presence of singular kernel within

an equation does not always preclude the use of well known standard methods,

although the predicted rate of convergence associated with a particular numer-

ical method may not be achieved. Therefore, a more concise statement would

be that it is the complex structure of equations (5.1) and (7.20), given by

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0

and

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0,
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respectively, and the consequential nature of the solution set for 0 < µ ≤ 1 that

necessitates the application of more intricate and advanced theory in order to

conduct the required analysis.

The above statement is effectively illustrated in, for example, [52], [50] and [42].

Indeed, in the latter two aforementioned works, the authors are able to prove

that when µ > 1, superconvergence can even be achieved for equation (5.1)

via a spline collocation method. Moreover, in [51], a cubic spline collocation

method, applied to approximate the unique C1-solution for µ > 1, is shown to

attain its optimal order of convergence.

The expected convergence rates are also observed in [16] and [17] for the integral

equation with Abel-type kernel, k(t, s, y(s))(t − s)−α, 0 < α < 1, in which

the author also applies collocation methods. However, in these papers, a non-

uniform mesh is used in order to accelerate convergence. Finally, in [15], [24] and

[99], non-polynomial spline approximating functions are used to overcome the

problems associated with the singularity, thus, forgoing the need for a graded

mesh application in order to achieve ’method typical’ convergence.

Turning our attention back to equation (5.1) with 0 < µ ≤ 1. The situation here

is in stark contrast to that described above due to there being infinitely many

solutions to the problem and so innovative methods need to be formulated and

applied. The following sections, thus, highlights some of the acclaimed work to

date in this area. Furthermore, we also seek to extend the authors’ results in

each case.

10.2 Convergence and non-unique solutions

10.2.1 Convergence of extrapolation methods

By now the reader will no doubt have noted that in the case where µ > 1,

equation (5.1) has been quite extensively researched. However, for 0 < µ ≤ 1,

the problem has received less attention. Nevertheless, as part of their compre-

hensive study, this has been the subject of a number of works by Teresa Diogo,

et al., for example, in [48], [45] and [43]. We shall examine [45] in greater detail

in Section 10.3 and for now focus on the methods and results obtained in [48].

Here, the authors goal is to numerically approximate the unique smooth solu-

tion and derive an asymptotic error expansion in fractional powers of h. This is
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achieved by applying an extrapolation method to a low order Euler approxima-

tion, thus, improving the numerical accuracy of the results obtained. However,

in light of there being an infinite number of solutions how do they prove that

their approach converges to the one required? This question is addressed in

the next section. Here, however, we present a result from section two of [48],

in which the authors characterize the unique smooth solution, but in order to

proceed we require the following definition.

Definition 10.2.1. Let f ∈ Cm[0, T ], m a non-negative integer, be a real valued

function equipped with the norm

‖f‖m := max
0≤j≤m

max
t∈[0,T ]

|f (j)(t)|. (10.1)

Then, Vm[0, T ] denotes the normed space of all such functions f .

Theorem 10.2.1 (T.Diogo, P.Lima, [48], Theorem 2.1). Consider equation

(5.1) in operator form, given by

Lµu(t) = g(t), t ∈ [0, T ], g ∈ V1[0, T ] (10.2)

with

Lµu(t) := u(t)−
t∫

0

sµ−1

tµ
u(s)ds. (10.3)

(i) If µ > 0 and µ 6= 1, then equation (10.2) has a unique solution of the form

u(t) = u0 + z(t), (10.4)

where z(t) = O(t) as t→ 0+ and u0 is a constant.

(ii) If µ = 1 and g(0) = 0, then equation (10.2) has a unique solution which

satisfies

u(t) = z(t), (10.5)

where z(t) = O(t) as t→ 0+.

A Corollary to Theorem 10.2.1 was also presented that extends the results to

include the case where g /∈ V1[0, T ], for which we shall now present a proof.

Corollary 10.2.2 (T.Diogo, P.Lima, [48], Corollary 2.1). Let α be a real num-

ber such that g(t) = tαg̃(t) in equation (10.2), with g̃ ∈ V1[0, T ].
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(i) If µ+α > 0 and µ+α 6= 1, then equation (10.2) has a unique solution of

the form

u(t) = v0t
α + z̃(t), (10.6)

where z̃(t) = O(tα+1) as t→ 0+ and v0 is a constant.

(ii) If µ + α = 1 and g̃(0) = 0, then equation (10.2) has a unique solution

which satisfies

u(t) = z̃(t), (10.7)

where z̃(t) = O(tα+1) as t→ 0+.

Proof. We adopt a similar approach to that used in [48] to prove Theorem 10.2.1

and define

Lµ+αv(t) = g̃(t), t ∈ [0, T ], (10.8)

where

g̃(t) = t−αg(t) (10.9)

and

v(t) = t−αu(t). (10.10)

First note that in order to proceed, we first need to follow the method of Han

in [63] to derive a formula for the solution. Hence, the first step is to write the

operator Lµ+αv(t) in equation form. This yields

v(t) = g̃(t) +

t∫
0

sµ+α−1

tµ+α
v(s)ds. (10.11)

If we now differentiate equation (10.11), we obtain

v′(t) = g̃′(t) +

t∫
0

∂

∂t

(
sµ+α−1

tµ+α
v(s)

)
ds+

v(t)

t
(10.12)

= g̃′(t)− (µ+ α)

t

t∫
0

sµ+α−1

tµ+α
v(s)ds+

v(t)

t
. (10.13)
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Finally, eliminating the integral term in equation (10.12) yields the first order

linear differential equation

v′(t) +
(µ+ α− 1)

t
v(t) = g̃′(t) +

(µ+ α)

t
g̃(t). (10.14)

We can now apply an elementary integrating factor method, where the inte-

grating factor is given by

exp

(∫
µ+ α− 1

t
dt

)
= tµ+α−1. (10.15)

Thus, multiplying equation (10.14) throughout by equation (10.15) yields

d

dt
(tµ+α−1v(t)) = (tµ+α−1g̃′(t)) + (µ+ α)g̃tµ+α−2. (10.16)

Now integrate from t0 to t for t0 ∈ [0, T ]

tµ+α−1v(t) = tµ+α−1
0 v(t0) +

t∫
t0

sµ+α−1g̃′(s)ds+

t∫
t0

(µ+ α)g̃(s)sµ+α−2ds

≡ W (t). (10.17)

We then apply integration by parts to the first integral term, such that

t∫
t0

sµ+α−1g̃′(s)ds =
[
sµ+α−1g̃(s)

]t
t0
− (µ+ α− 1)

t∫
t0

sµ+α−2g̃(s)ds. (10.18)

Upon substituting this expression back into equation (10.17) and letting t0 →
0+, we obtain the formula

v(t) = c0t
1−(µ+α) + g̃ + t1−(µ+α)

t∫
0

sµ+α−2g̃(s)ds, (10.19)

where

c0 = lim
t→0

tµ+α−1v(t) ≡ W (0). (10.20)

However, we still need to establish a relationship between v(0) and g̃(0) for

v ∈ [0, T ]. Therefore, using the change of variables s = tτ , we have that

t∫
0

sµ+α−1

tµ+α
v(s)ds =

1∫
0

(tτ)µ+α−1

tµ+α
v(tτ)tdτ (10.21)

=

1∫
0

τµ+α−1v(tτ)dτ −→ 1

µ+ α
v(0) (10.22)
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as t→ 0+. Hence, letting t→ 0+ in equation (10.11) yields

v(0)− 1

µ+ α
v(0) = g̃(0). (10.23)

Thus, as g̃ ∈ C1[0, T ], we can use the identity

g̃(t) = g̃(0) + g̃1(t) (10.24)

and our solution, v(t), can be written in the form

v(t) =
µ+ α

µ+ α− 1
g̃(0) +W (t), (10.25)

where W ∈ C[0, T ] satisfies

W (t) = g̃1(t) +

t∫
0

sµ+α−1

tµ+α
g̃1(s)ds (10.26)

with g̃1 ∈ C1[0, T ] and g̃1(0) = 0. So, from equation (10.20), we conclude that

W (t) = c0t
1−(µ+α) + g̃1(t) + t1−(µ+α)

t∫
0

sµ+α−2g̃1(s)ds (10.27)

which, upon reverting back to the original variables v and g̃, yields the desired

solution valid for 0 < µ+ α < 1, given by

v(t) = c0t
1−(µ+α) + g̃(t) +

1

µ+ α− 1
g̃(0) + t1−(µ+α)

t∫
0

sµ+α−2(g̃(s)− g̃(0))ds.

(10.28)

Finally, noting that a necessary condition for the existence of a solution for

µ + α = 1 is that g̃(0) = 0, the result in this case follows immediately by

making this elementary substitution in equation (10.28).

Having established this result it is now a fairly simple process to deduce the

assertions of Corollary 10.2.2 using a similar method to that applied in [48] when

proving Theorem 10.2.1. The approach they adopt is to split the forcing term,

in accordance with equation (10.24). This in turn allows us to split equation

(10.8) into the two equations

Lµ+αỹ(t) = g̃(0) (10.29)

and

Lµ+αz̃(t) = g̃1(0). (10.30)
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Therefore, the solution v(t) is defined by the equation

v(t) = ỹ(t) + z̃(t), (10.31)

where ỹ(t) and z̃(t) are solutions of equation (10.30) and equation (10.31),

respectively. Thus, by referring to equation (10.28), clearly we deduce that ỹ(t)

is given by the formula

ỹ(t) = c0t
1−(µ+α) + v0, (10.32)

where

v0 :=


µ+α
µ+α−1

g̃(0), if µ < 1.

0, if µ = 1.
(10.33)

In order to determine z̃(t) we also refer to equation (10.28) and upon noting

that g̃1(0) = 0, we see that

z̃(t) = d0t
1−(µ+α) + g̃1(t) + t1−(µ+α)

t∫
0

sµ+α−2g̃1(s)ds (10.34)

where

d0 = lim
t→0+

t(µ+α)−1z̃(t) = lim
t→0+

t(µ+α) z̃(t)

t
, (10.35)

from which we observe that if
z̃(t)

t
is continuous at t = 0, then d0 = 0. Hence,

we obtain the unique particular solution of equation (10.30), which is in C1[0, T ].

Finally, letting c0 = 0 in equation (10.32), we conclude that

v(t) = v0 + g̃1(t) + t1−(µ+α)

t∫
0

sµ+α−2g̃1(s)ds (10.36)

is a particular solution of equation (10.31) and so all that remains is to show

that z(t) = O(tα+1). To begin, note that by setting d0 = 0 in equation (10.34),

we obtain

z̃(t) = g̃1(t) + t1−(µ+α)

t∫
0

sµ+α−2g̃1(s)ds. (10.37)

Therefore,

lim
t→0+

z̃(t)

t
= g̃1

′(0) + lim
t→0+

t−(µ+α)

t∫
0

sµ+α−2g̃1(s)ds, (10.38)
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where we have used the fact that
g̃1(t)

t
is an intermediate form and so, as a

result,

lim
t→0+

g̃1(t)

t
= g̃1

′(0). (10.39)

The next step is to apply a change of variable s = tτ to equation (10.38). This

yields

lim
t→0+

z̃(t)

t
= g̃1

′(0) + lim
t→0+

1∫
0

t−(µ+α)(tτ)µ+α−2g̃1(tτ)tdτ (10.40)

= g̃1
′(0) + lim

t→0+

1∫
0

τµ+α−1 g̃1(tτ)

tτ
dτ (10.41)

= g̃1
′(0) + lim

t→0+

g̃1(tξ)

tξ

1∫
0

τµ+α−1dτ (10.42)

= g̃1
′(0)

(
µ+ α + 1

µ+ α

)
. (10.43)

Hence,

z̃(t) = g̃1
′(0)

(
µ+ α + 1

µ+ α

)
t (10.44)

= O(t), (10.45)

where, once again, we have used L’Hôpital’s rule for intermediate forms and

the mean value theorem for integrals. Finally, combining equations (10.44) and

(10.32) (with c0 = 0), we deduce that

v(t) = ỹ(t) + z̃(t) (10.46)

= v0 +O(t). (10.47)

However, as v(t) =
u(t)

tα
, in terms of u, we obtain

u(t) = v0t
α +O(tα+1) as t→ 0+, (10.48)

as required.

The case for µ+ α = 1 follows with v0 = 0.
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10.2.2 Asymptotic error expansions

We now turn our attention to the main convergence result, Theorem 4.1, [48].

In brief, in order to establish convergence, an asymptotic expansion of the error

incurred in the discretization is derived such that for g ∈ V2[0, T ] and g′(0) 6= 0,

the approximate solution uh satisfies

(rhu− uh)k = Cµ(tk)h
µ +O(h), (10.49)

where Cµ is independent of h. This is achieved firstly by writing the problem

in operator form and then splitting it into two separate equations. The approx-

imation uh is then shown to satisfy equation (10.49), thus, the method exhibits

convergence of order µ.

The Corollary to the above Theorem, ([48], Corollary 4.1), deals with the case

where g(t) is not sufficiently smooth. However, before we state and prove this

result, we require the following definitions:

Definition 10.2.2 (T.Diogo, P.Lima, [48]).

(i) For T > 0, β ≥ 0 and m ≥ 0, Vm,β[0, T ] denotes the normed space of real

valued functions g such that tβg ∈ Vm[0, T ] with

‖g‖m,β := ‖tβg‖m = max
0≤j≤m

max
t∈[0,T ]

∣∣∣∣ djdtj (tβg)

∣∣∣∣ . (10.50)

(ii) Let m ≥ 1. Then g ∈ V 0
m[0, T ] if and only if g ∈ Vm[0, T ] and g(0) =

g′(0) = ... = g(m−1)(0) = 0. If m = 0 we have V 0
0 [0, T ] = V0[0, T ].

(iii) Let m ≥ 1 and β ≥ 1. Then g ∈ Vm,β[0, T ] if and only if tβg ∈ V 0
m[0, T ].

If m = 0, V 0
0,β[0, T ] = V0,β[0, T ].

Corollary 10.2.3 (T.Diogo, P.Lima, [48], Corollary 4.1). Let g(t) = tαḡ(t),

with ḡ ∈ V2[0, T ] and ḡ′ 6= 0. Define uhi = tαi v
h
i , i = 1, 2, ..., N , where vh is the

solution of

Lhµ+αv
h = rhḡ. (10.51)

Then, if µ+ α < 1, we have that

(rhu− uh)k = Cµ+αt
1−µ−α
k hµ+α +O(h). (10.52)

Therefore, the order of the main term of the error depends only on the sum

µ+ α and not on the value of µ.
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Proof. To begin, note that the solution of equation (10.51), v, as defined in

Corollary 10.2.3, takes the form

v(t) = v0 + at+ tv̂(t), (10.53)

where a := v′(0) 6= 0 and v̂(t) ∈ V 0
1 [0, T ]. As in the Proof of Theorem 4.1,

[48], we can assume without any loss of generality that v0 = 0. Hence, equation

(10.53) reduces to

v(t) = at+ tv̂(t). (10.54)

In a similar manner, ḡ(t) may be expressed as

ḡ(t) = bt+ tĝ(t). (10.55)

We now refer to equation (10.8),

Lµ+αv(t) = g̃(t), t ∈ [0, T ],

and implement the same technique we employed in the proof of Corollary 10.2.2,

that is, we re-write the problem as two distinct equations

Lµ+α(at) = bt (10.56)

and

Lµ+αtv̂(t) = tĝ(t). (10.57)

The next step is to define the error. Hence, in terms of u, we obtain

ehk := (rhu− uh)k. (10.58)

Associated with this, in terms of v, we have

ēhk := (rhv − vh)k, (10.59)

where

ēhk := ẽhk + êhk, (10.60)

and ẽhk, ê
h
k, the errors incurred in equations (10.56) and (10.57), respectively.

Therefore, we shall turn our attention in the first instance to establishing êhk.

Thus, noting that associated with equation (10.57) we have the problem

Lµ+α+1v̂(t) = ĝ(t) (10.61)
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and its corresponding discrete equation

Lhµ+α+1v̂ = rhĝ, (10.62)

we deduce that

êhk := tk(r
hv̂ − v̂h)k. (10.63)

Finally, we need to apply an argument put forward in [47], (Theorem 3.4),

where the authors deduce that if g ∈ V 0
m[0, T ], m ≥ 1 and µ > 1, a numerical

approximation vh, obtained using Euler’s method, allows an asymptotic error

expansion in powers of h such that for q, m ∈ Z,

(rhv − vh)k =
m−1∑
q=1

Cq(tk)h
q +O(hm) (10.64)

with Cq ∈ V 0
m−q[0, T ], independent of h.

Thus, as µ+ α + 1 > 1 and v̂ ∈ V 0
1 [0, T ],

êhk = O(h). (10.65)

All that remains now is to determine ẽhk and, once again, we rely on theoretical

results presented in [47].

Theorem 10.2.4 (T.Diogo, P.Lima, [47], Theorem 3.3). Let v and vh be solu-

tions of

Lβv(t) = g̃(t) (10.66)

and

Lhβv
h = rhg̃, (10.67)

respectively, for µ > 1 + β, β > 0. Then, if v belongs to V 0
m[0, T ], for some

m ≥ 1, the following asymptotic error expansion

(Lhβ(rhv)− rh(Lβv))k =
m−1∑
q=1

Cq(tk)h
q +O(hm), 1 ≤ k ≤ N (10.68)

is valid with Cq ∈ V 0
m−q[0, T ].

Therefore, as

Lhµ+αẽ
h := Lhµ+αr

h(at)− rh(Lµ+α(at)), (10.69)
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for 0 < µ+ α < 1, an elementary application of Theorem 10.2.4 yields

(Lhµ+αr
h(at)− rh(Lµ+α(at)))k = C1(tk)h, (10.70)

where by Theorem 4.1, [48], C1(tk) = K = const. Thus, we may write equation

(10.69) in the form

Lhµ+αẽ
h = Kh (10.71)

and, in view of this result, we can now apply Lemma 4.1(b), [48] in order to

estimate ẽh as follows

ẽhk = (Cµ+αk1−µ−α +O(1))h (10.72)

= (Cµ+α(tk/h)1−µ−αh+O(h) (10.73)

= Cµ+αt
1−µ−α
k hµ+α +O(h), (10.74)

where k = tk/h for uhi = tαi v
h
i , i = 1, 2, ..., N . Hence, we have shown that

ẽhk allows an asymptotic error expansion in hq, q ∈ Q and so, from equations

(10.65) and (10.74), we conclude that the total error satisfies the error estimate

ehk := (rhu− uh)k = Cµ+αt
1−µ−α
k hµ+α +O(h). (10.75)

10.3 Convergence analysis of the split interval

method

Clearly, the results so far in this chapter highlight the fact that when formu-

lating any numerical approximation method a fundamental question to address

is does the method converge. In precise terms, we wish to establish if, sub-

ject to appropriate mesh refinement, the numerical solution generated actually

approaches the true solution as h→ 0 and if so, is the expected rate of conver-

gence achieved. However, the results obtained in [48] only apply to the smooth

solution to Diogo’s equation out of the infinite set. Therefore, in this section

we shall review the convergence analysis conducted in [45], where the authors

show that their approach converges when approximating any of the solutions

to the problem.
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10.3.1 Convergence proof for the product trapezoidal

method

Recall that in Sections 10.2.1 and 10.2.2 we focussed on a method that sought

to approximate the unique, differentiable solution, y(t), out of the infinite so-

lution set. Therein, the authors of the paper discussed proved that, subject to

certain conditions, the method proposed did indeed converge to y(t) ∈ C1[0, T ].

However, the research we reviewed provided no insight into how to model the

non-smooth solutions that also satisfy Diogo’s equation. Thus, we now turn

our attention to [45] where the split interval approach is once more adopted,

as was the case in [43]. On this occasion, the method is applied in conjunction

with product integration and the authors subsequently show that for 0 < µ ≤ 1

with g ∈ C1[0, T ], the product Euler method converges with order 1. They

then present the following theorem stating an analogous result for the product

trapezoidal method which we will now prove.

Theorem 10.3.1 (N.Ford, T.Diogo, P.Lima, S.Valtchev, [45], Theorem 3.3).

Consider equation (5.1),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

with 0 < µ ≤ 1 and g ∈ C2[0, T ]. Let ε 6= 0 be fixed in the equivalent equation

u(t+ ε) =
Iε

(t+ ε)µ
+

t∫
0

(s+ ε)µ−1

(t+ ε)µ
u(s+ ε)ds+ g(t+ ε) (10.76)

and assume the integral Iε is known (exactly) for a chosen particular solution.

Then, the product trapezoidal method,

uhn =
Iε
tµn

+
1

tµn

n−1∑
j=0

(D1
ju

h
j+1 −D2

ju
h
j )/h+ g(tn), n = 1, 2, ..., N, (10.77)

where we employ a piecewise linear approximation for u with

D1
j :=

(j+1)h∫
jh

(s+ ε)µ−1(s− jh)ds (10.78)

and

D2
j :=

(j+1)h∫
jh

(s+ ε)µ−1(s− (j + 1)h)ds, (10.79)

is convergent of order 2.
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Proof. Firstly, we note that the exact solution, u, satisfies the equation

u(tn) =
Iε
tµn

+
1

tµn

n−1∑
j=0

(D1
ju(tj+1)−D2

ju(tj))/h+ g(tn) + δ(h, tn), (10.80)

where δ(h, tn) is the consistency error defined by

δ(h, tn) =

t∫
ε

sµ−1

tµn
u(s)ds− 1

tµn

n−1∑
j=0

(D1
ju(tj+1)−D2

ju(tj))/h. (10.81)

The next step is to set ei := u(ti) − uhi , where ‖e‖∞ := max{|ei|, 1 ≤ i ≤ n}.
Thus, to obtain an expression for the total error en after n steps, we subtract

equation (10.77) from equation (10.80), which yields

en =
1

htµn

(
n−1∑
j=0

(
D1
ju(tj+1)−D2

ju(tj)
)
−
(
D1
ju

h
j+1 −D2

ju
h
j

))
+ δ(h, tn)

=
1

htµn

n−1∑
j=0

ej+1

tj+1∫
tj

sµ−1(s− jh)ds−
n−1∑
j=0

ej

tj+1∫
tj

sµ−1(s− (j + 1)h)ds


+ δ(h, tn). (10.82)

Now, clearly our aim is to show that the method converges with order O(h2)

and so we shall begin by examining the consistency error, δ(h, tn). In [46], the

local consistency error is defined by

δ(h, ti) =

ti∫
0

(
s

ti

)µ
1

s
y(s)ds−

i∑
j=0

wijy(tj). (10.83)

Furthermore, a discrete problem is said to be consistent of order p with the

original equation if there exists a constant C, independent of h, such that for

h ∈ (0, h0), h0 > 0,

|δ(h, ti)| ≤ Chp. (10.84)

We now return to the problem in hand, that is, to determine a bound for

equation (10.82). Our initial focus is on the functions D1
j and D2

j and we note

that

n−1∑
j=0

(
D1
ju(tj+1)−D2

ju(tj)
)
/h (10.85)
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may be written in the form

n−1∑
j=0

t∫
ε

((
s− tj
tj+1 − tj

)
u(tj+1)−

(
s− tj+1

tj+1 − tj

)
u(tj)

)
ds, (10.86)

where the terms

s− tj
tj+1 − tj

(10.87)

and

s− tj+1

tj+1 − tj
(10.88)

represent the Lagrange polynomials, `1 and `0. Hence, equation (10.81), when

expressed in terms of `1 and `0, is given by

δ(h, tn) =
1

tµn

n−1∑
j=0

tj+1∫
tj

sµ−1 (u(s)− `1u(tj+1)− `0u(tj)) ds

=
1

tµn

n−1∑
j=0

tj+1∫
tj

sµ−1

(
u(s)−

1∑
k=0

`ku(tj+k)

)
ds. (10.89)

However, in order to proceed we need to draw on a result from the theory of

Lagrange interpolation.

Theorem 10.3.2 (Lagrange interpolation error). Let

(i) f(x) be (n + 1) times continuously differentiable on the closed interval

[a, b].

(ii) x0, x1, ..., xn be the (n+1) distinct numbers in [a, b].

(iii) pn(x) be the interpolating polynomial of at most degree n that interpolates

f(x) in [a, b].

Then for every x ∈ [a, b], there exists a number, ξ, depending on x, such that

f(x)− pn(x) =
f (n+1)(ξ)

(n+ 1)

n∏
i=0

(x− xi). (10.90)

Now, as g ∈ C2[0, T ], we can assume u(s) ∈ C2[0, T ] 1. Thus,(
u(s)−

1∑
k=0

`ku(tj+k)

)
=

1

2
u′′(ξ)(x− x0)(x− x1). (10.91)

1See for example the theory presented in [52] for details regarding this result.
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We can now establish an upper bound for δ(h, tn) using equation (10.91) and

by setting M(ξ) := max
s∈[0,T ]

|u′′(t)|. Hence, we obtain

∣∣∣∣∣(u(s)−
1∑

k=0

`ku(tj+k)

∣∣∣∣∣ ≤ h2M(ξ)

2
(10.92)

and conclude that

|δ(h, tn)| ≤ 1

tµn

n−1∑
j=0

tj+1∫
tj

sµ−1

∣∣∣∣∣(u(s)−
1∑

k=0

`ku(tj+k)

∣∣∣∣∣ ds

≤ h2M(ξ)

2tµn

tn∫
ε

sµ−1ds

=
h2M(ξ)

2tµn

[
sµ

µ

]tn
ε

=
h2M(ξ)

2µ

(
1−

(
ε

tn

)µ)

= O(h2). (10.93)

Having now determined the order of the consistency error, we return to equation

(10.82) for en. Note that this may be written in the form

en = ψ(tn) + δ(h, tn), (10.94)

where

ψ(tn) =
1

htn

n−1∑
j=0

ej+1

tj+1∫
tj

sµ−1(s− jh)ds−
n−1∑
j=0

ej

tj+1∫
tj

sµ−1(s− (j + 1)h)ds


=

1

tµn

n−1∑
j=0

ej+1

tj+1∫
tj

sµ−1`1(s)ds− ej

tj+1∫
tj

sµ−1`0(s)ds


 . (10.95)

Then, observing that

1

tµn

tj+1∫
tj

sµ−1ds ≤ 1

µ
, (10.96)
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we now apply a result from [52] where, for s ∈ [tj, tj+1], `1, `0 ≥ 0, it was shown

that

|ψ(tn)| ≤ 1

µ
(`1E − `0E)

=
1

µ
E (10.97)

with E := max{|en| : 1 ≤ n ≤ N}. Thus, by combining these results with

equation (10.93), the bounded inequality

|en| ≤ |ψ(tn)|+ |δ(h, tn)| (10.98)

reduces to

E ≤ 1

µ
E +O(h2). (10.99)

Hence, we conclude that E = O(h2) and second order convergence follows.

10.4 Chapter review and conclusions

We conclude this chapter with some final notes and observations. The analysis,

methods and results presented here clearly highlight the need to apply inno-

vative, novel techniques in order to establish the qualitative behaviour of the

solutions to Diogo’s equation, due to the complex nature of the singularity in

its kernel. For example, in Section 10.2.1, we presented a result, taken form [48]

in which the authors prove that, subject to certain conditions, Diogo’s equation

possesses a unique solution, u(t) = C1[0, T ], of the form

u(t) = u0 + z(t),

if µ > 0 and µ 6= 1 and

u(t) = z(t),

if µ = 1 and g(0) = 0. Now, the traditional approach to establishing the ex-

istence and uniqueness of solutions is to use Picard iteration and contraction

mapping arguments. However, these standard methods are inapplicable in re-

lation to Diogo’s equation. Therefore, to prove this assertion, the authors had

to split the equation and using Han’s formula for the solution to the problem

(equation 5.6),

y(t) = c0t
1−µ + g(t) +

1

µ− 1
g(0) + t1−µ

t∫
0

sµ−2(g(s)− g(0))ds, c0 ∈ R,
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they derived the result using L’Hôpital’s rule for intermediate forms and the

mean value theorem for integrals.

Note that in this case, the forcing term, g(t), was a smooth function. Thus, we

derived an analogous result where this condition was relaxed to include non-

smooth forcing terms. Our reasoning being that in real word models, equations

are not so well behaved. Indeed, throughout this chapter, we extended all

the theoretical arguments we presented with practical applications in mind.

Therefore, in Section 10.2.2, where we stated the main convergence result from

[48], we once more extended the theory. Here, in order to prove convergence,

the authors derived an asymptotic expansion of the error incurred during the

discretization, subject to the forcing term g(t) being sufficiently smooth. Thus,

we proceeded by establishing a similar formula for non-smooth g(t).

Finally, in Section 10.3, we turned our attention to the split interval method,

introduced in [43] and revisited in [45]. In this paper, the authors apply prod-

uct integration methods and subsequently prove that the product Euler method

when applied to Diogo’s equation, achieves ’method typical’ convergence, O(h).

However, in practical applications, where a highly accurate approximation is of-

ten required, higher order methods are usually applied. Hence, we then proved

that the product Trapezoidal method similarly converges and achieves its opti-

mal order, O(h2), by first establishing consistency and, ultimately, deriving an

upper bound for the global error.

Having provided a brief summary of our work in this chapter, we conclude

with some final comments. Our objectives here were twofold; to highlight the

need for alternative approaches when analysing the qualitative behaviour of the

solutions to Diogo’s equation and to extend the methods presented to make the

theory more applicable in practice. Thus, having achieved our goals, in the next

chapter we turn our attention to convergence and error analysis in relation to

our differential form of Diogo’s equation, equation (7.20).
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Chapter 11

Error, convergence and the

associated differential form

11.1 Introductory comments and general

theorems

In the previous chapter, we gave an account of convergence and error propaga-

tion with regard to Diogo’s integral equation, equation (5.1). Here, our atten-

tion turns to the subject of convergence and error associated with our numerical

methods as applied to the associated differential form of Diogo’s equation,

y′(t) =
(µ
t
g(t) + g′(t)

)
+

(
1− µ
t

)
y(t) = 0,

first introduced in Chapter seven (equation (7.20)). We will, however, restrict

our analysis to that of the second order methods, focussing in this section

primarily on the improved Euler method, having discussed the modified Euler

method in Section 9.5.

11.1.1 Local error estimate

So, we begin by recalling from Section 7.3.1 that the initial value problem,

comprising of equation (7.20), equipped with the initial value y(ε) = y0, is

Lipschitz continuous in y. Consequently, standard techniques such as those

described in [10], or any other publication dealing with the numerical solution

of ordinary differential equations, can be applied. Therefore, as the local error
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plays a key role in establishing convergence, its derivation, using the traditional

approach of applying a Taylor series expansion, is now presented.

The improved Euler method, as we recall from Section 9.4 (equation (9.10)), is

defined by the formula:

yi+1 = yi + h/2 [f(ti, yi) + f(ti+1, yi + hf(ti, yi))] ,

for i = 0, 1, ..., n− 1. If we now define a new function, Ψ, such that

Ψ(ti, yi;h) = 1/2 [f(ti, yi) + f(ti+1, yi + hf(ti, yi))] , i = 0, 1, ..., n− 1, (11.1)

equation (9.10) can be rewritten in the form

yi+1 := yi + hΨ(ti, yi;h), (11.2)

from which the local error can then be derived. Now, in simple terms the local

error, lei, associated with a numerical method defines the error incurred in a

single step of the calculation. It, essentially, quantifies the difference between

the continuous map and the discrete approximation at the same point, ti+1,

i = 0, 1, ..N − 1 and, in the case of the improved Euler method, is given by the

equation

lei = y(ti+1)− y(ti)− hΨ(ti, y(ti);h). (11.3)

Then, in order to determine lei in terms of the stepsize h, we use a similar

approach to that we adopted in Chapter 9 (cf. Section 9.5.1) when establishing

the order of convergence associated with the modified Euler method. There-

fore, we begin by writing equation (9.10), the algorithm for the improved Euler

method, in the equivalent form

yi+1 = yi +
h

2
f +

h

2
f(t+ h, y + hf). (11.4)

We then apply the general Taylor series in two variables,

f(t+ δ, y + ∆) = f(t, y) + δft(t, y) + ∆fy(t, y) +
δ2

2
ftt(t, y)

+δ∆fty(t, y) +
∆2

2
fyy(t, y) + ..., (11.5)

with δ = h, ∆ = hf and f = f(ti, y(ti)). Thus, equation (11.4) can be written

in the form

yi+1 = yi +
h

2
f +

h

2

(
f + hft + hffy +

h2

2
ftt + h2ffty +

h2

2
f 2fyy +O(h3)

)
.

(11.6)
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Hence, upon rearranging equation (11.6), we conclude that

yi+1 = yi + hf +
h2

2
(ft + ffy) +

h3

4
(ftt + 2ffty + f 2fyy) +O(h4). (11.7)

The next step is to rewrite the exact solution of the equation, y(ti+1), in terms

of a Taylor series in powers of h. This yields the equation

y(ti+1) = y(ti + h) = y(ti) + hy′(ti) +
h2

2
y′′(ti) +

h3

6
y′′′(ti) +O(h4). (11.8)

However, recalling from Section 9.5.1 that y′′(ti) = (ft + ffy) and y′′′(ti) =

(ftt + ftfy + 2ffty + ff 2
y + f 2fyy), by applying these substitutions in equation

(11.8), we obtain

y(ti+1) = y(ti) + hf +
h2

2
(ft + ffy)

+
h3

6
(ftt + ftfy + 2ffty + ff 2

y + f 2fyy) +O(h4). (11.9)

Finally, by subtracting equation (11.7) from equation (11.9), we conclude that

the local error associated with the improved Euler method is given by

lei = y(ti+1)− yi+1 (11.10)

= h3

(
−1

12
(ftt + 2ffty + f 2fyy) +

1

6
(ftfy + ff 2

y )

)
= O(h3). (11.11)

11.1.2 Global error and convergence

The result just previously derived is important. However, in our pursuit to

establish the global error and ultimately provide a convergence result, we need

to derive an explicit upper bound for lei. The significance of this will become

clear once we have presented some theoretical arguments and provided a number

of precise definitions.

Up to this point in Chapter eleven, we have concentrated exclusively on the

properties associated with the local error. Our objective now is to ascertain

not just the error arising in one step, but the error occurring in our approxima-

tion over the whole interval, that is, the global error. However, to do this we

have to calculate the difference between the exact solution y(t), a continuous

function for t ∈ [t0, T ], and the numerical solution yn, a numerical approxima-

tion defined only at the grid points tn, n = 0, 1, ..., N . Therefore, to obtain a

quantitative comparison between the continuous and discrete results, we need

to ’redefine’ the exact solution in such a manner that it is transformed into a
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discrete function. To achieve this, we restrict its domain to that of the grid

points, tn, n = 0, 1, ..., N . Denoting the redefined solution as y(tn), the global

error en, is, thus, given by

en := y(tn)− yn. (11.12)

Note then that convergence can be deduced directly from this definition as we

need to prove that in the limit, as h→ 0, the exact and numerical solutions co-

incide. More precisely, subject to y′(t) = f(t, y) satisfying a Lipschitz condition

in its second argument, we need to show that for all T ,

lim
h→0,
h=T/N

max
n=0,1,...,N

‖en‖ = 0. (11.13)

If these conditions hold, then a numerical method is said to be convergent.

Therefore, having established the relationship between the global error and

convergence, we will now formalize our arguments. These are summarized in

Theorem 11.1.1, in which an upper bound on the global error is defined in terms

of the local error. However, we require the following definition prior to stating

our principal result.

Definition 11.1.1 (Truncation error). The Truncation error, Tn, associated

with the general one-step method

yn+1 := yn + hΨ(tn, yn;h)

is derived from the local error, equation (11.3), and is defined for i = n by the

formula

Tn =
1

h
len

=
y(tn+1)− y(tn)

h
−Ψ(tn, y(tn);h). (11.14)

Theorem 11.1.1 (Global error bound). Consider equation (11.2), the gener-

alized one step method, defined here for i = n by

yn+1 := yn + hΨ(tn, yn;h), (11.15)

where Ψ is continuous in all its arguments on the domain

D := {(t, y) : t0 ≤ t ≤ TM , |y − y0| ≤ YM} (11.16)
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with TM > t0, YM > 0 constants, and M = max
(t,y)∈D

|f(t, y)|. Now assume that Ψ

is Lipschitz in y such that

|Ψ(t, y;h)−Ψ(t, z;h)| ≤ LΨ|y − z|, (t, y), (t, z) ∈ D. (11.17)

Then, it can be shown that the global error satisfies

|en| ≤ eLΨ(tn−t0)|e0|+
[

eLΨ(tn−t0) − 1

LΨ

]
max

0≤n≤N−1
|Tn|, n = 0, ..., N. (11.18)

Proof. We begin by taking equation (11.14) and then subtracting from it equa-

tion (11.15). This yields the equation

y(tn+1)− yn+1 − y(tn) + yn − h(Ψ(tn, y(tn);h)−Ψ(tn, yn;h))− hTn = 0,

(11.19)

which can be expressed in terms of the global error using equation (11.12).

Hence, we obtain

en+1 = en + h(Ψ(tn, y(tn);h)−Ψ(tn, yn;h)) + hTn. (11.20)

Now the standard proof invokes the use of the discrete Gronwall lemma. How-

ever, we shall endeavour to derive an alternative proof using a recursive, itera-

tion process and so for n = 0, equation (11.20) becomes

e1 = e0 + h(Ψ(t0, y(t0);h)−Ψ(t0, y0;h)) + hδ, (11.21)

where max
0≤n≤N−1

|Tn| = δ. Then, from equation (11.17), we conclude that the

Lipschitz condition on Ψ is given by

|Ψ(t0, y(t0);h)−Ψ(t0, y0;h)| ≤ LΨ|y(t0)− y0| = LΨ|e0|. (11.22)

Finally, by taking the absolute value of equation (11.21) and then applying this

last result, we obtain

|e1| ≤ |e0|+ hLΨ|e0|+ hδ (11.23)

= |e0|(1 + hLΨ) + hδ. (11.24)

Similarly, for n = 1, we have that

|e2| ≤ |e1|(1 + hLΨ) + hδ. (11.25)
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However, by substituting equation (11.24) into equation (11.25), we obtain a

bound for e2 in terms of |e0|,

|e2| ≤ (1 + hLΨ)(|e0|(1 + hLΨ) + hδ) + hδ (11.26)

= |e0|(1 + hLΨ)2 + (1 + hLΨ)hδ + hδ (11.27)

= |e0|(1 + hLΨ)2 + hδ[1 + (1 + hLΨ)]. (11.28)

Finally, using the same iterative approach, the bound for e3 is derived as follows:

|e3| ≤ |e2|(1 + hLΨ) + hδ (11.29)

= (1 + hLΨ)(|e0|(1 + hLΨ)2 + hδ[1 + (1 + hLΨ)]) + hδ (11.30)

= |e0|(1 + hLΨ)3 + hδ[1 + (1 + hLΨ) + (1 + hLΨ)2]. (11.31)

Now clearly from these error estimates we can see a pattern emerging which

suggests that the bound for en will be of the form

|en| ≤ |e0|(1 + hLΨ)n + hδ[1 + (1 + hLΨ) + (1 + hLΨ)2 + ...+ (1 + hLΨ)n−1]

(11.32)

and so, assuming this to be the case, we apply a simple inductive argument to

prove our assertion. Thus, for n+ 1,

|en+1| ≤ |en|(1 + hLΨ) + hδ (11.33)

= (1 + hLΨ)
(
|e0|(1 + hLΨ)n + hδ[1 + (1 + hLΨ) + ...+ (1 + hLΨ)n−1]

)
+ hδ (11.34)

= |e0|(1 + hLΨ)n+1 + (1 + hLΨ)hδ[1 + (1 + hLΨ) + ...+ (1 + hLΨ)n−1]

+ hδ (11.35)

= |e0|(1 + hLΨ)n+1 + hδ + hδ ((1 + hLΨ) + ...+ (1 + hLΨ)n) (11.36)

= |e0|(1 + hLΨ)n+1 + hδ (1 + (1 + hLΨ) + ...+ (1 + hLΨ)n) . (11.37)

Therefore, as this argument holds for n+ 1, we conclude that it holds for all n.

Returning now to our bound for en, as given by equation (11.32). Note that in

the limit,

1 + (1 + hLΨ) + (1 + hLΨ)2 + ...+ (1 + hLΨ)n−1 = lim
n→∞

(1− (1 + hLΨ)n)

−hLΨ

.

(11.38)

Hence, making this substitution in equation (11.32) yields

|en| ≤ |e0|(1 + hLΨ)n +
((1 + hLΨ)n − 1) δ

LΨ

. (11.39)
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Finally, note that

enhLΨ = lim
n→∞

(1 + hLΨ)n , (11.40)

where 1 + hLΨ ≤ ehLΨ and nh = tn − t0. Thus, upon applying this result to

equation (11.39), we obtain the bound for en,

|en| ≤ eLΨ(tn−t0)|e0|+
[

eLΨ(tn−t0) − 1

LΨ

]
δ, n = 0, ..., N, (11.41)

as required.

Having established this result we can now focus on our original objective, that

is, to determine the magnitude of the error incurred when the improved Euler

method is applied to our associated differential form, equation (7.20). Thus, we

begin by calculating the Lipschitz constant, LΨ.

Now, recall from Section 7.2 that equation (7.20), the associated differential

form of Diogo’s equation,

y′(t) =

(
1− µ
t

)
y(t) +

(µ
t
g(t) + g′(t)

)
,

was shown to be Lipschitz continuous on the domain D, where

L = max
ε≤t≤T

∣∣∣∣1− µt
∣∣∣∣ <∞. (11.42)

Therefore, we can derive LΨ for the improved Euler method in terms of L as

follows:

|Ψ(t, y)−Ψ(t, z)| = 1

2
|[f(t, y) + f(t+ h, y + hf(t, y))]− [f(t, z) + f(t+ h, z + hf(t, z))]|

(11.43)

≤ 1

2
L |y − z|+ 1

2
|f(t+ h, y + hf(t, y))− f(t+ h, z + hf(t, z))| (11.44)

≤ 1

2
L |y − z|+ 1

2
L |y − z + h [f(t, y)− f(t, z)]| (11.45)

≤ 1

2
L |y − z|+ 1

2
L (1 + hL) |y − z| (11.46)

= L

(
1 +

h

2
L

)
|y − z| . (11.47)

Hence, ∀ ε ≤ t ≤ T , −∞ < y <∞ and 0 < h ≤ 1,

LΨ ≤ L

(
1 +

h

2
L

)
, L = max

ε≤t≤T

∣∣∣∣1− µt
∣∣∣∣ . (11.48)

To conclude this section we shall return to the matter of scheme convergence.

However, as we have already established that our method converges, we will

only briefly discuss the remaining important details.
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We begin by noting that, by definition, e0 := y(t0) − y0 = 0. Furthermore,

by referring to equations (11.13) and (11.41), respectively, we clearly observe

that in order for the former to hold, we require the latter to tend to zero as

h → 0. But, for this condition to be satisfied, note that the local error, lei,

must also tend to zero as h → 0. Hence, we shall now reintroduce the notion

of consistency, as defined in Section 3.1. Note that a numerical method is said

to be consistent if the local error satisfies

|lei| ≤ Chp+1, p ≥ 1, (11.49)

where C is a constant that depends on y(t) and its derivatives. A more pre-

cise definition of consistency is presented in [98]. This alternative definition,

essentially, extends and refines Definition 3.1.2.

Definition 11.1.2 (E.Süli, [98]). The general one-step numerical method

yi+1 := yi + hΨ(ti, yi;h) (11.50)

is consistent with the differential equation

y′(t) = f(t, y) (11.51)

if the truncation error, Tn, defined by equation (11.14),

Tn =
1

h
len

=
y(tn+1)− y(tn)

h
−Ψ(tn, y(tn);h),

is such that for any ε > 0, there exists a positive h(ε) for which |Tn| < ε for

0 < h < h(ε) and any pair of points (tn, y(tn)), (tn+1, y(tn+1)) on any solution

curve in the domain D.

One final point to note here, under the assumption that Ψ and y′ are continuous,

is that

lim
h→0

Tn = y′(tn)−Ψ(tn, y(tn; 0)). (11.52)

Therefore, we conclude that the general one-step method, equation (11.50), is

consistent if and only if

Ψ(t, y; 0) ≡ f(t, y). (11.53)
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This relation is known as the consistency condition. If we once more refer to

[98], Theorem 5, note that we could have proved convergence of our scheme

by applying this result as clearly the consistency condition is satisfied and we

have already fulfilled the other requirement of the theorem, that is, that Ψ is

Lipschitz continuous.

11.2 Lotkin’s error bounds

In the last section, we focussed on obtaining error estimates and establishing

convergence in relation to the improved Euler method, thus, recall that in this

case the local error was found to be proportional to h3. However, we shall begin

this section by stating the following theorem, which applies in relation to all

one-step numerical methods.

Theorem 11.2.1 (W.Han, K.Atkinson & D.Stewart, [10]). If the one-step

method, given by equation (11.50), has local error, len = O(hm+1), then the

order of convergence of {yn} to y(t) on [t0, tn] is O(hm).

This theorem confirms that the improved Euler method is second order accurate.

Moreover, this can easily be verified by referring to equation (11.18), the global

error bound we derived in the previous section. Nevertheless, a number of

questions remain. For example, when choosing which particular method to

apply when seeking a numerical solution, clearly, the rate at which the method

converges is a major consideration. But, there are numerous methods that are

all of the same order. Therefore, without further insight, it is very difficult to

decide which one to implement.

To elaborate further on this point, note that the order of convergence only tells

us how quickly the error reduces proportional to the stepsize. Consider, for

example, Euler’s method, which is known to be first order accurate. Hence, if

we halve the value of h, the error incurred is likewise halved. However, this does

not give us an indication as to magnitude of the error, nor does it suggest how

well the method performs in comparison to other methods of the same order.

Therefore, in a practical setting, where it may be imperative that the tolerated

error remains within a specific bound, being able to address these issues takes

high priority. Hence, one notable approach would be to adopt the method of

Lotkin, [84]. Here, the author establishes the fundamental principles of the

theory and utilizes his arguments to derive an upper bound for the local error
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of the fourth order Runge-Kutta method. Accordingly, we shall now present

details with regard to Lotkin’s approach.

Now, the local error for a numerical method of order m, len, is of the form

len = φ(tn, yn)hm+1 +O(hm+2), (11.54)

where the leading term, φ(tn, yn)hm+1, is known as the principal local error

and is expressed in terms of the partial derivatives of f(t, y), whilst φ(tn, yn) is

referred to as the principal error function. Furthermore, for an explicit one-step

method, for example, the broad spectrum Runge-Kutta methods including the

first order Euler method and second order modified Euler and improved Euler

methods, the bound on the principal local error is also the bound on the local

error itself. Consequently, what Lotkin proposed was to derive this bound on

φ in terms of its components, that is, in terms of f and its partial derivatives.

The following theorem provides the details.

Theorem 11.2.2 (Lotkin error bounds, M.Lotkin, [84]). The Lotkin error

bounds for the function f(t, y), as defined in equation (11.51), and its partial

derivatives for t ∈ [t0, T ] and y ∈ [−∞,∞] are given by

|f(t, y)| < M (11.55)

and ∣∣∣∣ ∂i+jf∂ti∂yj

∣∣∣∣ < N i+j

M j−1
, i+ j ≤ p, (11.56)

where M and N are positive constants and p is the order of accuracy of the

numerical method.

Now, in view of Theorem 11.2.2, the remainder of this chapter is devoted to

applying Lotkin’s theory to the second order methods applied in Chapter nine.

The purpose of this study is to compare their performance and see if this is in

accordance with our results when we applied these methods to the associated

differential form (equation (7.20)), given by

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0.

We should stress that in the case of a second order method, it is a relatively

straightforward process to calculate the individual bounds directly. However,

209



when dealing with higher order methods, as in [84], where bounds for the fourth

order Runge-Kutta method were constructed, invoking the use of the operator

D =
∂

∂t
/+ f

∂

∂y
, (11.57)

with

Dn ≡
n∑
k=0

(
n

k

)
fk∂n/∂tn−k∂yk, (11.58)

D(Dnu) = Dn+1u+ n(Df)Dn−1∂u/∂y (11.59)

and

D0u = u, (11.60)

in order to derive the total derivatives of a function u = u(t, y(t)), y′ = f ,

greatly simplifies the calculations. Hence, by applying D to f(t, y(t)), where

T n ≡ Dnf, Sn ≡ Dn∂f/∂y, (11.61)

equations (11.59) and (11.60) may be expressed as

D(Dnf) ≡ D(T n) = Dn+1f + n(Df)Dn−1∂f/∂y (11.62)

= T n+1 + nTSn−1 (11.63)

and

DS = DD (∂f/∂y) + f (∂/∂y)S (11.64)

= D2 (∂f/∂y) + f (∂/∂y)D (∂f/∂y) (11.65)

= S2 +Df
(
∂2f/∂y2

)
(11.66)

= S2 + T
(
∂2f/∂y2

)
, (11.67)

respectively.

Returning to our comparative study. Recall, from equation (11.11), that the

local error associated with the improved Euler method was given by

lei =

(
−1

12
(ftt + 2ffty + f 2fyy) +

1

6
(ftfy + ff 2

y )

)
h3 (11.68)

= φ(t, y)h3. (11.69)
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We now need to compute the absolute value of the partial derivatives in terms

of M and N . Thus,

i = 1, j = 0→
∣∣∣∣∂f∂t

∣∣∣∣ < NM, (11.70)

i = 0, j = 1→
∣∣∣∣∂f∂y

∣∣∣∣ < N, (11.71)

i = 2, j = 0→
∣∣∣∣∂2f

∂t2

∣∣∣∣ < N2M, (11.72)

i = 0, j = 2→
∣∣∣∣∂2f

∂y2

∣∣∣∣ < N2/M (11.73)

and

i = 1, j = 1→
∣∣∣∣ ∂2f

∂t∂y

∣∣∣∣ < N2. (11.74)

We then substitute these bounds into the principal error function which yields

φ(t, y) <
(
−1/12(N2M + 2MN2 +MN2) + 1/6(N2M +MN2)

)
(11.75)

and so, by taking the absolute value, we obtain

|φ(t, y)| <
∣∣−1/12(N2M + 2MN2 +MN2) + 1/6(N2M +MN2)

∣∣
≤
∣∣−1/12(N2M + 2MN2 +MN2)

∣∣+
∣∣1/6(N2M +MN2)

∣∣
=

2

3
MN2. (11.76)

Equipped with this result, it is now a very simple matter to determine a bound

on the stepsize, h. Suppose an application requires the local error to be con-

strained such that lei < ETol, where ETol denotes the error tolerance. Then,

as

ETol <
2

3
MN2h3, (11.77)

in order to ensure the local error does not exceed the specified tolerance, ETol,

the stepsize must satisfy

h <

( 3
2
× ETol
MN2

) 1
3

. (11.78)
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We shall now repeat the process and compute the error bounds associated with

the modified Euler method. However, having computed the partial derivatives,

a relatively straightforward calculation confirms that the local error incurred by

the modified Euler method, as given by equation (9.18) and expressed in terms

of its derivatives by

E1 = φ(t, y)h3

=
[
1/6fy (ft + ffy) + 1/24

(
ftt + 2ffty + f 2fyy

)]
h3,

is bounded such that

|φ(t, y)| <
∣∣1/6(N2M +N2M) + 1/24(N2M + 2N2M +N2M)

∣∣ (11.79)

=
1

2
N2M. (11.80)

Therefore, comparing this result to equation (11.76) implies that the local error

associated with the modified Euler method will be of lesser magnitude than that

of the improved Euler method, which is in agreement with our experimental

findings (as detailed in Section 9.4).

11.3 Chapter summary and final observations

We began this chapter by analysing the qualitative behaviour of the solutions

generated by the improved Euler method when applied to the differential form

of Diogo’s equation (equation (7.20)),

y′(t) =
(µ
t
g(t) + g′(t)

)
+

(
1− µ
t

)
y(t) = 0,

which we first introduced in Chapter seven. In the first instance, we established

the local error, prior to deriving an upper bound for the global error using an

recursive formula and induction. It was then a simple matter to prove conver-

gence using the results presented by Süli in [98], given that we had reduced the

problem of solving Diogo’s equation to that of solving a regular initial value

problem.

Whilst analysing the results of our numerical experiments, as presented in Sec-

tion 9.4, we noted that the error incurred when applying the improved Euler

method was of greater magnitude than the error we observed when applying the

modified Euler method, despite the fact that both methods are of second order.

Therefore, we wanted to establish whether this outcome was to be expected and
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could we rigorously prove it. If so, this would have much wider implications,

particularly in relation to practical applications, in which ensuring that the er-

ror in a certain calculation remains within a particular bound is often of the

upmost importance. Hence, in the latter section of the chapter, we introduced

Lotkin’s error bounds.

Lotkin’s error bounds provide a simple and convenient approach to establishing

the magnitude of the local error incurred when applying a specific numerical

method to the equation

y′(t) = f(t, y)

in terms of f and its partial derivatives. Therefore, we computed the Lotkin’s

error bounds associated with the differential form of Diogo’s equation upon

applying both the improved and modified Euler methods and the results we

obtained were in agreement with our experimental findings. Consequently, the

Lotkin’s error bounds are a particularly useful tool when applied to real world

models, where the need to balance accuracy against computational expense

is a major consideration. Clearly they provide the means to make a direct

comparison between numerical methods of the same order, however, they can

also be used to calculate the tolerated error.

A more comprehensive, comparative study was recently conducted by Memon,

et al., [31], and later extended to include results applicable to vector-valued

problems by Shaikh, et al., [32]. In brief, the authors derive a bound, using

Lotkin’s approach, for a second order method they have developed, the modified

ordinary differential equation solver, then compare it to the bounds associated

with a selection of other methods.

However, the scope of Lotkin’s method is far from limited to its basic, funda-

mental use as a theoretical tool to compare the performance of similar schemes.

For example, in the classical paper by Ralston, [91], the author determined op-

timum methods of 2nd, 3rd and 4th order for the general Runge-Kutta method

of order m,

yn+1 − yn ≡ k =
m∑
i=1

wiki (11.81)

where yr = y(tr) and wi = const, for i = 1, ...,m, and

ki = hnf

(
tn + αihn, yn +

i−1∑
j=1

βijkj

)
, α1 = 0. (11.82)
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Likewise, King, in [76], further extended the theory such that the imposed

constraint would make the coefficient of (∂mf/∂tm) in the principal error term

zero. This in turn had the effect of enabling the methods derived by Ralston

attain a higher order, subject to f being independent of y.

Further papers exploring the use of Lotkin’s error bounds include [27], [72],

[6], [2] and [57]. However, the potential for future research in the field of error

control using Lotkin’s methods is clearly evident.
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Chapter 12

Conclusions

12.1 Chapter introduction

This final chapter begins with a detailed report of our research including our

motivation to pursue this particular project, our findings, objectives, method-

ology and results. Furthermore, we discuss the contribution our research makes

to this field of study. We then summarize the main points. Finally, in the latter

sections of the chapter, we discuss the future direction of our research, begin-

ning with details of, and suggestions for, direct follow up work and concluding

with an account of how we foresee our methods being applied in practice by the

wider scientific community.

12.2 Research report

12.2.1 An overview of initial research findings

As our work herein provides testament to, Diogo’s equation,

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

has been extensively studied by numerous researchers to date. However, it came

to our attention that the focus had invariably been on obtaining an approxima-

tion to the unique C1−solution. In contrast, the problem of obtaining a direct

approximation to any of the infinite number of non-smooth solutions, in the

case for which 0 < µ < 1, had largely been overlooked. This significant gap in
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the research, to the best of our knowledge, was first identified and addressed

by Diogo, et.al. in [43] and [45]. Its importance, in our opinion, cannot be

overstated both from a theoretical viewpoint and its application in practice.

Recall that Diogo’s equation occurs in the study of heat conduction and this

will be discussed in detail later in this chapter. Furthermore, real world models

based on experimental data are seldom as ’nice’ as those presented in text-

books and, thus, are prone to exhibit non-standard behaviour patterns, such

as multiple solutions. Consequently, this was the motivation behind our de-

cision to continue the work began in [43]. Moreover, we chose to revisit the

split interval approach, as introduced in [43], in the hope of complementing and

further extending the reach and scope of the method. To this end, we began

by converting the original integral equation, equation (5.1) into a differential

equation. As a consequence, the work we feel would also be of interest to re-

searchers in the field of singular initial value problems, in addition to those in

the science and engineering disciplines, for which practical models of physical

processes, as diverse as ferromagnetic systems and super-conductivity to the

study of avalanche run up and run out, (see [77] and [87]), often involve singu-

lar systems. Our aim whilst constructing this method was that it would retain

all the desirable features of the original split interval approach, such as being

equipped to effectively model the solutions qualitative behaviour, whilst further

simplifying the process and reducing the computational expense. The following

points were raised in support of this line of research.

(i) Mathematical models, in most cases, traditionally take the form of a dif-

ferential equation.

(ii) There is a vast array of readily available software specifically programmed

to solve differential equations, thus, saving time on developing and writing

complex code to produce the numerical results. For example, Matlab has

a number of built-in ordinary differential equation solvers, such as ode45,

based on the fourth order Runge-Kutta method.

(iii) Integral equations are well understood and there is a long history of exten-

sive research in the field. However, in comparison to differential equations,

there is still far less available literature and, in general, the theory is less

advanced.

We shall now discuss our work and methods. We began by showing that

the unique smooth solution can be obtained using an elementary Taylor se-
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ries method, subject to certain conditions with regard to the free term, g(t).

But what about the non-smooth solutions? In the formative stage of our re-

search our goal was to obtain an accurate approximation to any solution to

Diogo’s integral equation out of the infinite set, via an associated differential

form (equation (eq:18)),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0.

However, due to the singularity at the origin, in terms of the classical theory of

differential equations, the continuity conditions that ensure an equivalence be-

tween the two forms are not satisfied. But, in the more advanced study of such

equations, conditions exist that allow for the stringent criteria of the funda-

mental theorem of calculus to be relaxed. Hence, we introduced the concept of

weak solutions and the notion of a solution in the extended sense. This was for-

mally defined in Section 8.2, but to recap, a solution whose domain D includes

a countable number of isolated points where it is not differentiable (often at the

end points) is defined as a solution in the extended sense on D. Now, consider

the qualitative behaviour of the solutions to Diogo’s equation for 0 < µ < 1 and

recall that the trajectories all share the same initial point y(0). Away from the

origin, however, each trajectory is defined uniquely and share no other point in

the range. Hence, the conditions outlined concerning solutions in the extended

sense are met. Thus, evaluating the associated differential equation using an

additional data point, y(ε), ε > 0, as the initial value yields a solution in the

extended sense over the whole domain, t ∈ [0, T ].

12.2.2 Results

Having constructed our method, we turned our attention to its implementa-

tion. We subsequently chose to apply θ−methods and low order Runge-Kutta

schemes (the improved Euler method and the modified Euler method) with or-

der of convergence O(h) and O(h2), respectively. This choice was made partly

due to the fact that in [43] analogous or similar methods were applied. The

results we obtained were then compared to the exact results and those obtained

by Diogo, et.al. in [43]. As it transpired, our method performed even better

than anticipated. The errors observed at each stage were smaller than those

obtained in [43] when computing the identical numerical solutions. In fact, in

certain cases, when using 16-digit accuracy, the exact solution and our approx-

imation actually coincided. Hence, superconvergence was achieved using these
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parameters, that is, the order of convergence observed exceeded the method

typical order.

Turning our attention now to computational efficiency. Our results were gener-

ated using short, simple programmes and the ’tic toc’ command was executed.

Consequently, the runtime was monitored and noted. The findings then showed

that our programmes produced results within a very short timeframe.

To this end, we had already achieved our original aims and, thus, were able to

continue developing the theory behind our new approach.

12.2.3 Extended study

Now, as we discovered when reviewing the work of Diogo et.al., high calibre

research raises as many questions as it answers. It generates continued interest

in the subject matter and inspires further appraisal and discussion. With this in

mind, and upon completing the first stages of our research, one such overriding

question was highlighted.

We had thus far converted the original integral equation into an ordinary differ-

ential equation and shown that this associated differential form, when equipped

with the initial value y(ε), ε > 0, possesses solutions in the extended sense over

the whole interval, t ∈ [0, T ]. This implies that these solutions obtained via the

differential form of Diogo’s equation represent exactly the set of non-smooth

solutions to the original integral equation. Our numerical results further vali-

date this assertion. However, we had yet to formally prove a direct connection

between the two sets of solutions. Therefore, the question of whether we could

establish this relationship using theoretical arguments arose. As a consequence,

we stated our hypothesis that the solutions in the extended sense of the associ-

ated differential form represent the non-smooth solutions to the original integral

equation in Proposition 8.2.1 and then constructed a rigorous proof using the

Cathéordory criterion. We subsequently showed that all the conditions of the

criteria were satisfied and, hence, we obtained the most important result of our

research, Theorem 8.3.6.

Our attention, in Chapter ten, then turned to convergence and error analysis.

We began our study by, once more, reviewing the work of Diogo, et.al., but

in this case we focussed initially on an earlier paper, [47] (for full details of

this study, the reader is referred to Sections 10.2.1 and 10.2.2, however, we
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shall now briefly summarize our work and results). Here, the authors apply

an extrapolation method to an Euler approximation in order to increase the

accuracy of the results generated by the scheme. It is then shown that Euler’s

method converges to the unique C1−solution out of the infinite set of solutions

to Diogo’s equation for µ ≤ 1. Furthermore, for g(t) ∈ V1[0, T ], Vm[0, T ] =

Cm[0, T ] and ‖g‖m := max
0≤j≤m

max
t∈[0,T ]

|f (j)(t)|, this solution is shown to take the

form:

y(t) = y0 + z(t) 0 < µ < 1, z(t) = O(t)

and

y(t) = z(t) µ = 1, z(t) = O(t), g(0) = 0.

However, what form would the solution take if the free term g(t) did not satisfy

the condition regarding first order differentiability? We subsequently addressed

this question and showed that, upon setting g(t) = tαg̃(t), g /∈ V1[0, T ], the

solutions are given by

y(t) = v0t
α + z̃(t), z̃(t) = O(tα+1), µ+ α > 0, µ+ α 6= 1

and

y(t) = z̃(t), z̃(t) = O(tα+1), t −→ 0+, µ+ α = 1.

The authors went on to obtain an asymptotic expansion of the error incurred

during the discretization process. Thus, for the free term g ∈ V2[0, T ], g′(0) 6= 0,

the approximate solution uh was shown to satisfy

(rhu− uh)k = Cµ(tk)h
µ +O(h),

Cµ independent of h. Hence, the method exhibits convergence of order µ. (See

[47], Theorem 4.1).

Nevertheless, this raised the question, what is the order of convergence asso-

ciated with the method when the function g does not satisfy the condition

g ∈ C2[0, T ]? In fact, does the method converge subject to this criteria at

all? We, therefore, addressed these questions and ultimately proved that with

g(t) = tαg̃(t), g̃ ∈ C2[0, T ],

(rhu− uh)k = Cµ+αt
1−µ−α
k hµ+α +O(h), µ+ α < 1.
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Hence, the method was shown to be convergent of order µ+ α.

We then revisited the split interval approach in Section 10.3.1, as applied on

this occasion in [45]. Here, the method is used in conjunction with product

integration and the authors show that for 0 < µ ≥ 1, g(t) ∈ C1[0, T ], the prod-

uct Euler method converges with order one. However, what if a situation arose

where a higher order convergence rate was required? We consequently went on

to prove that, subject to the same conditions, the product trapezoidal method

is similarly convergent of order two. Thus, the method typical convergence rate,

O(h2), is obtained.

Before we continue its worth noting that throughout our work we have con-

sistently considered its relevance in practical applications. This was, indeed,

the case when we concluded our research by analysing the error incurred when

applying our novel approach. Our experimental results revealed that the errors

recorded in our numerical data varied in magnitude, even between methods of

the same order. For example, the modified Euler method performed better in

this respect than the improved Euler method.

This led us to question whether this difference in the level of performance be-

tween the two second order methods is to be expected and, if so, could we prove

this using analytical techniques. This problem was addressed by introducing

Lotkin’s error bounds, [84], which can be used to compare the relative effec-

tiveness of similar methods. We, therefore, computed the Lotkin’s error bounds

for both the modified Euler method and the improved Euler method and the

theoretical results obtain using Lotkin’s approach supported our findings, based

on our experimental data.

12.2.4 Summary

Having concluded our report, we shall now summarize the main points.

(i) Diogo’s equation, given by equation (5.1),

y(t) =

∫ t

0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

has generated a great deal of interest due to its theoretical importance and

its use in the study of heat conduction, diffusion and thermodynamics.

(ii) The problem has been studied extensively and numerous solution methods

have been proposed. However, the vast majority of published papers have
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dealt with the case for µ > 1. Subject to this condition, Diogo’s equation

is weakly singular and it possesses a unique solution, y(t) ∈ C1[0, T ].

(iii) The case for 0 < µ < 1 has received considerably less attention and it

presents a number of challenges as the singularity in the kernel persists

upon integration and there are an infinite number of solutions to the

equation, only one of which has C1−continuity. Furthermore, even when

this case was considered on previous occasions, the focus was invariably

on deriving just the smooth solution out of the infinite set.

(iv) The solution methods presented to date had generally been very compli-

cated, thus, it would be unlikely that they could make the transition from

a theoretical to a practical application.

(v) Consequently, we identified a gap in the research with regard to determin-

ing the non-smooth solutions to the problem and the need to derive simple

but effective methods that could easily be applied in practice. Therefore,

we presented two methods to address these issues.

(vi) The first method was based on a Taylor series expansion and it provided a

very simple approach to determining the unique solution, y(t) ∈ C1[0, T ],

to Diogo’s equation for any value of µ. The advantages of this method

being its simplicity and that it produces an exact solution.

(vii) However, the main focus of our attention during the course of our research

was on the construction of a method that could determine any of the solu-

tions to Diogo’s equation in the case for 0 < µ < 1. Therefore, we began

our preliminary analysis and this yielded the most important result of our

study, where, in Section 8.3, we proved that the non-smooth solutions to

Diogo’s integral equation are the weak solutions to its differential form.

This result is a major breakthrough that is of great theoretical impor-

tance. Moreover, it also allowed us to derive a straightforward solution

method.

(viii) In view of this result, we were able to show that the problem of solving

Diogo’s integral equation can be reduced to that of solving a regular (non-

singular) initial value problem to which standard numerical methods can

be applied. Therefore, we chose to apply four methods (the explicit,

implicit, modified and improved Euler methods) and reviewed the results.

(ix) Our novel approach to the problem proved to be highly effective. In
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some cases, superconvergence was observed and we obtained very accurate

approximations to the true solution in all our numerical experiments.

(x) This technique of converting Diogo’s equation to a differential form has

numerous advantages in that it is simple, the results produced were more

accurate and it is computationally less expensive. Moreover, differential

equations are generally better understood and more often used by scien-

tists and engineers in practical modelling.

(xi) With applications in mind, we also derived a formula for error tolerance

using Lotkin’s approach.

12.3 Further research

12.3.1 Introductory comments

In this section we shall outline our thoughts regarding the continuation of the

research conducted in this work. The section is broken down into two parts.

In the first, we essentially propose following up and further developing the

results we presented in Chapters seven and eight with regard to solving Diogo’s

equation, equation (5.1), using our new approach. In brief, this would include

extending our method in order to achieve higher order convergence and testing

our theoretical hypothesis regarding the choice of an additional data point. In

the second section, we turn our attention to practical applications and identify

two particular areas in which our research could have a positive impact.

12.3.2 Continued analysis of our novel approach to solv-

ing Diogo’s equation

(i) An experimental study to determine the optimal value of the

additional data. Recall from Chapter nine our conclusions with regard

to the choice of initial value, y(ε), when conducting our numerical exper-

iments. We performed a variety of calculations for different choices of ε

and analysed the results. Somewhat to our surprise, the data we obtained

via our associated differential form revealed that the accuracy of our re-

sults was not impeded as much as one would expect when the point ε was

taken very close to the singular point at the origin.

It would, therefore, be of great interest to investigate this further. Our
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proposal is to perform a study where the experimental data is used to

derive a relationship between the numerical value of ε and the error ob-

served. To this end, we recommend plotting the value of ε against the er-

ror incurred and then applying linear regression and general curve fitting

techniques in order to establish the connection and, ultimately, determine

the optimal value of ε to minimize the error.

(ii) The application of higher order numerical methods. Once again,

our proposal for further research involves the execution of our novel method

for solving Diogo’s equation. In our experiments, we chose to apply low

order methods. Due to the success of this approach, we believe this would

be sufficient for most applications. However, as the associated differential

form, equipped with the initial value y(ε), ε > 0, is regular, this allows

for a good deal of flexibility. Thus, it would be interesting to study the

results achieved via an application of higher order methods, for example,

polynomial collocation or the fourth-order Runge-Kutta method.

12.3.3 Practical applications-Modelling the future

In this final section, we shall discuss two areas in which our research could be

reproduced to accurately model a number of physical processes in a variety of

applications.

(i) Applications in astrophysics-The Lane-Emden equations. With

reference to [92], we introduce the well known Lane-Emden equations,

which occur naturally in several models of mathematical physics and as-

trophysics. For example, the theory of stellar structure, the thermal be-

haviour of a spherical cloud gas, isothermal gas spheres and the theory of

thermoionic currents. These equations can be expressed in terms of two

coupled first order differential equations or, as in [92], as a second order

differential equation of the form

y′′(t) +
a

t
y′(t) = g(t, y), 0 < t <∞, (12.1)

subject to the conditions y(0) = A, y′(0) = B, a,A and B constants and

g(t, y) = F (t) +G(t)y. (12.2)

Now, if we take our associated differential form for Diogo’s equation (equa-
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tion (7.20)),

y′(t) +

(
µ− 1

t

)
y(t)−

(µ
t
g(t) + g′(t)

)
= 0,

and differentiate once more with respect to t, we obtain the equation

y′′(t) +
(µ− 1)

t
y′(t)− (µ− 1)

t2
y(t)−

(µ
t
g′(t)− µ

t2
g(t) + g′′(t)

)
= 0.

(12.3)

Thus, setting

a = (µ− 1), (12.4)

F (t) = −
(µ
t
g′(t)− µ

t2
g(t) + g′′(t)

)
(12.5)

and

G(t)y = −(µ− 1)

t2
y(t) (12.6)

in equation (12.1) and noting that there are no conditions in place that

require the functions F (t) and G(t) to be smooth, we immediately note

that these two equations, (12.1) and (12.3), are of the same form. This,

to our knowledge, is the first time this connection has been made and

we are of the opinion that investigating this link would be an important

future line of research, which could advance our knowledge of both Diogo’s

equation and the Lane-Emden equations alike.

(ii) Environmental studies-climate change and the energy crisis. As

briefly made reference to, Diogo’s equation (equation (5.1)), given by

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0,

arises in some heat conduction problems. In general, this type of prob-

lem initially presents as a set of partial differential equations with mixed

boundary conditions which are then reduced to a system of Volterra in-

tegral equations in order to determine a solution. Therefore, before we

discuss the potential for our novel solution method, as introduced in Chap-

ter nine, to be applied to such problems in practice, we shall examine this

relationship between the two forms of equation.
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We begin by focussing on the work of Bartoshevich (1975) in [14]. The

problem he posed was that of determining the temperature distribution

along two linear heat conductors with insulated lateral surfaces under the

assumption that the heat flux through each end cross-section consists of

two terms. The first term is proportional to the temperature difference

between the corresponding ends of the conductors, whilst the second is

proportional to the temperature difference between the end of the con-

ductor and a body where the temperature varies with time. This problem

is represented by the system

∂2u

dx2
=

1

a2

∂u

∂t
, (12.7)

∂2v

dy2
=

1

b2

∂v

∂t
, (12.8)

subject to the boundary conditions

u |t=−∞ = 0; v |t=−∞ = 0, (12.9)

∂u

dx

∣∣∣∣
x=0

− α1u |x=0 + β1v |y=0 = φ1(t), (12.10)

∂v

dy

∣∣∣∣
y=0

− α2v |y=0 + β2u |x=0 = φ2(t), (12.11)

−∂u
dx

∣∣∣∣
x=`1

− α3u |x=`1 + β3v |y=`1 = φ3(t), (12.12)

−∂v
dy

∣∣∣∣
y=`2

− α4v |y=`2 + β4u |x=`2 = φ4(t), (12.13)

where αk, βk, k = 1, 2, 3, 4, are positive constants and φk, k = 1, 2, 3, 4,

are given functions of time satisfying the condition

φk(t) exp

(
−t
2

)
∈ L2(−∞,∞), k = 1, 2, 3, 4. (12.14)

The author then seeks a solution to this system of equations in terms of

the thermal potentials of a single layer given by

u(x, t) =
a

2
√
π

∫ t

−∞
(t− τ)−1/2

[
ρ1(τ) exp

(
−x2

4a2(t− τ)

)]
+(t− τ)−1/2

[
ρ2(τ) exp

(
−(x− `1)2

4a2(t− τ)

)]
dτ (12.15)
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and

v(y, t) =
b

2
√
π

∫ t

−∞
(t− τ)−1/2

[
ρ3(τ) exp

(
−y2

4b2(t− τ)

)]
+(t− τ)−1/2

[
ρ4(τ) exp

(
−(y − `2)2

4b2(t− τ)

)]
dτ. (12.16)

Thus, the problem is reduced to that of determining the unknown ther-

mal potentials, ρk, k = 1, 2, 3, 4, that satisfy both the equations and the

boundary conditions. To this end, four integral equations in four un-

knowns are derived by expressing the boundary conditions in terms of

u(x, t) and v(y, t). However, these equations contain difference kernels,

i.e., kernels of the form

k(t, τ) = k(t− τ). (12.17)

Therefore, as the author proposes the use of an operator series method

in order to solve the problem and equations containing difference kernels

cannot be solved directly using this approach, they first need to be trans-

formed in such a manner that their kernels instead depend on the product

of their arguments. This is achieved via a change of variable,

t = ln s, (12.18)

τ = lnσ (12.19)

and the introduction of two new functions

ψk(s) = ρ(− ln s), k = 1, 2, 3, 4, (12.20)

and

hk(s) = 2φ(− ln s), k = 1, 2, 3, 4. (12.21)

The equations are then shown to take the form∫ ∞
1/s

k(sσ)ψ(σ)dσ (12.22)

or, equivalently,

d

ds

{
s

∫ ∞
1/s

k̃(sσ)φ(σ)dσ

}
= V, (12.23)
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where

k̃(x) =
1

x

∫ ∞
1

k(x)dx. (12.24)

The kernels, k(x), are then computed and are shown to take one of the

following forms:

k1(x) =
1

√
πx
√

lnx
, (12.25)

k2(x) =
a

√
πx
√

lnx
exp

(
−`2

1

4a2 lnx

)
, (12.26)

k3(x) =
`1

a
√
πx
√

ln3 x
exp

(
−`2

2

4a2 lnx

)
, (12.27)

k4(x) =
b

√
πx
√

lnx
exp

(
−`2

2

4b2 lnx

)
(12.28)

and

k5(x) =
`2

b
√
πx
√

ln3 x
exp

(
−`2

2

4b2 lnx

)
, (12.29)

where a2 and b2 are the thermal diffusivities of the two heat conductors

and `1 and `2 represent the length of these conductors, respectively. The

corresponding kernels k̃(x) are then derived using equation (12.24).

Finally, with Vi, i = 1, 2, 3, 4, 5, representing the integral operators of the

form given by equation (12.23) with kernels k̃i, i = 1, 2, 3, 4, 5, and S, the

linear operator defined by

Sψ(x) =
1

x
ψ

(
1

x

)
, (12.30)

the system of four integral equations of the form given by equation (12.22)

can then be expressed in terms of these operators by

−(aα1V1 + S)ψ1(s) + (V3 − α1V2)ψ2(s)

+bβ1V1ψ2(s) + β1V4ψ4(s) = Sh1(s), (12.31)

aβ1V1ψ1(s) + β2V2ψ2(s)− (bα2V1 + S)ψ2(s)

+(V5 − α2V4)ψ4(s) = Sh2(s), (12.32)
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(V3 − α2V2)ψ1(s)− (aα3V1 + S)ψ2(s)

+β3V4ψ3(s) + bβ3V1ψ4(s) = Sh3(s) (12.33)

and

β4V2ψ1(s) + αβ4V1ψ2(s) + (V5 − α4V4)ψ3(s)

−(bα4V1 + S)ψ4(s) = Sh4(s). (12.34)

In this form, an operator series method may be applied and in [13], Bar-

toshevich followed up his work in [14] by deriving just such a method via

the use of orthogonal Watson transformations.

Sub-Sizonenko, [108], later applied a similar method to the generalized

equation

h(x) =
1√
π

∫ ∞
x

(
ln

(
t

x

))− 1
2 1

t
f(t)dt+ f(x), x > 0, (12.35)

where it was shown that if h ∈ L2(0,∞), then the solution, f ∈ L2(0,∞),

is given by

f(x) =
d

dx

∫ ∞
x

{∫ ∞
log(t/x)

erfc(u1/2)du− erfc

(
log

(
t

x

))} 1
2

h(t)dt+
1

2
h(x),

(12.36)

where erfc(z) denotes the complementary error function

erfc(z) =
2√
π

∫ ∞
z

e−t
2

dt. (12.37)

Rooney then showed, in his 1983 paper, [96], that this solution could

be expressed in a simpler form if h is now defined as belonging to Lµ,p,

1 ≤ p <∞, µ > 0, the weighted Lp space to which L2(0,∞) belongs.

Finally, note that Lamb, [79], also studied this class of problem and, once

again, used the same approach, as the reader may recall from Chapter

four.

However, the analysis in each of these works is complicated and, according

to Diogo, et.al. in [51], the solutions obtained are complex in structure

and of no use if a tabulated solution is required.

Therefore, in [51], the authors propose the use of polynomial splines to

provide a numerical solution to the problem

y(t) +

∫ t

0

p(t, s)y(s)ds = g(t), t ∈ [0, T ], (12.38)
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where

p(t, s) :=
1√
π

1

ln(t/s)

(s
t

)µ 1

s
, µ > 0 (12.39)

and g(t) is a given function. Recall that this equation arose in the heat

conduction problem studied by Bartoshevich in [14] and [13] and also

arises in similar models relating to heat conduction and diffusion. For

instance, in [46], where the authors state, as an example, the system

∂2u

dx2
=

1

a2

∂u

∂t
, 0 ≤ x ≤ `, (12.40)

subject to the conditions

u(x,−∞) = 0, (12.41)

∂u

∂x
(0, t)− u(0, t) = φ1(t), (12.42)

−∂u
∂x

(`, t)− u(`, t) = φ2(t). (12.43)

Now, in brief, the specific approach Diogo, et.al. chose to take to solve

equation (12.38) was to apply a Hermite-type collocation method using

cubic splines whose second derivative may be discontinuous. Note that

Hermite collocation requires both the integral equation and its differential

form to be satisfied at the mesh points and, at the time of writing, it had

rarely been applied to equations with weakly singular kernels. Thus, the

authors chose to restrict their study to the case for which µ > 1 and they

subsequently prove that if g(t) ∈ Vm, the normed space defined by

Vm := {φ : φ(t) ∈ Cm[0, T ]} , (12.44)

where m is a non-negative integer, T a positive number, and

‖ φ ‖m:= max

{∣∣∣∣djφdtj
∣∣∣∣ , t ∈ [0, T ], 0 ≤ j ≤ m

}
, (12.45)

then equation (12.38) possesses a unique solution, y ∈ Vm.

However, in terms of our work here, the most significant result to come

out of this study was that equation (12.38) can be transformed into the

equivalent equation

y(t)−
∫ t

0

q(t, s)y(s)ds = g1(t), (12.46)
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where

q(t, s) :=
(s
t

)µ 1

s
(12.47)

and

g1(t) = −
∫ t

0

q(t, s)g(s)ds+ g(t), (12.48)

which represents a specific example of Diogo’s integral equation, equation

(5.1) (see [51], Lemma 2, for details).

The relationship between Diogo’s equation (equation (5.1)),

y(t) =

t∫
0

sµ−1

tµ
y(s)ds+ g(t), µ > 0

and equation (12.38) was later reviewed by Han in his 1994 paper [63].

Defining the two equations by

y(t) +

∫ t

0

p(t, s)y(s)ds = f(t), t ∈ [0, T ] (12.49)

and

y(t)−
∫ t

0

q(t, s)y(s)ds = g(t), t ∈ [0, T ], (12.50)

where

p(t, s) :=
1√
π

1

ln(t/s)

(s
t

)µ 1

s
, µ > 0,

as given by equation (12.39), and

q(t, s) :=
(s
t

)µ 1

s
,

Han extended the results obtained by Diogo, et.al in [51] by focussing on

the case where, in equations (12.39) and (12.47), 0 < µ ≤ 1. In [51],

Diogo and her co-authors proved that if g is defined in terms of f through

the relation

g(t) = f(t)−
∫ t

0

q(t, s)f(s)ds, (12.51)

then, with m a non-negative integer and f, g ∈ Cm[0, T ], equation (12.49)

has a unique solution which also satisfies equation (12.50), if µ > 1.

230



Note that Diogo, et.al. chose to look at the case for µ > 1 due to concerns

regarding the smoothness of the solutions for 0 < µ ≤ 1. However, in

[63], Han proved that this result still holds when 0 < µ ≤ 1 but, on this

occasion, with f, g ∈ C1[0, T ].

Therefore, according to Han, equations (12.49) and (12.50), with g(t) as

defined by equation (12.51), are equivalent in the following sense.

(i) If µ > 1, then y(t) ∈ C[0, T ] is solution of equation (12.49) if, and

only if it is a solution of equation (12.50) and this solution is unique.

(ii) If 0 < µ ≤ 1, then y(t) ∈ C1[0, T ] is solution of equation (12.49) if,

and only if it is a solution of equation (12.50) and such a solution,

with C1−continuity, is unique.

The same conclusions were also drawn by Diogo, et.al. in [46], to which

the reader is referred for more details.

Now, before we discuss the future direction of our work here in practice,

recall that one major advantage of our new method for solving Diogo’s

equation, as introduced in Chapter nine, was its simplicity. In each of

the papers we have just reviewed, the solution methods proposed were

complicated, as were the solutions they produced in most cases. Thus,

our method is particularly well-suited to solving problems encountered by

the wider, scientific community.

So, having described how Diogo’s and a number of related equations arise

in the study of heat conduction, thermodynamics and diffusion processes,

we shall now discuss how, using our method to determine the solution,

Diogo’s equation may prove to be a viable model when seeking effective

solutions to some of today’s most pressing problems-climate change and

the energy crisis.

Climate change is probably the greatest challenge our world currently

faces. It is a global concern, with its devastating impact already being

felt across every continent. Wild fires are sweeping across California and

Australia, natural disasters are occurring with unprecedented frequency

and the ice cap covering the North Pole is melting at an alarming rate.

However, if the problem is not addressed, the effects of climate change

on future generations will be far greater still, according to current pro-

jections. Consequently, climate change is high on the political agenda,
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with international leaders meeting at a recent summit in order to lay out

a strategic plan to combat this environmental emergency.

Moreover, the energy crisis is having a major impact on the nation’s econ-

omy, with the cost of fuel almost doubling and the Government having to

issue subsidies to lessen the burden on the public and businesses alike.

Now clearly there is no one solution to either of the problems we have

just highlighted. We know that we have to reduce our reliance on fossil

fuels, limit emissions and use less energy, but this can only be achieved

if we implement many small changes in order to address the bigger prob-

lem. However, I believe these changes can only be made by adopting a

multi-agency approach with academics and scientists working in partner-

ship with large corporations and industry. In this way, new materials can

be developed to provide better insulation, thus, reducing energy usage

and heating costs, for example. Furthermore, better methods could be

formulated to measure carbon emissions and more accurate models could

be produced to predict levels in the future. These are just two poten-

tial applications of our work here in relation to tackling these problems.

Therefore, going forward, I would like to see our research used in this

capacity.
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Appendices
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.1 Matlab code used to compute the numerical

results presented in Chapter nine.

In order to conduct our numerical experiments, the results of which are displayed

in Tables 9.1-9.5, we used MATLAB software. We began by defining each of

the four methods we applied (the explicit Euler, implicit Euler, modified Euler

and improved Euler methods) by way of a function file. These files were then

’called up’ in a script file, main1.m, in which the initial values of t and y, the

final value of t and the number of steps, n, are then specified. Furthermore, in

main1.m, the exact solution is also calculated in order to determine the error

incurred in each of our numerical approximations.

The MATLAB code used in each function file and a sample script file are now

reproduced.

1. Function file for the Explicit Euler method.

function [t,y]=euler_forward(f,tinit,yinit,tfinal,n)

% Calculation of h, the stepsize.

h=(tfinal-tinit)/n;

% Initialization of t and y as column vectors

t=[tinit zeros(1,n)]; y=[yinit zeros(1,n)];

% Calculation of t and y

for i=1:n

t(i+1)=t(i)+h;

y(i+1)=y(i)+h*f(t(i),y(i));

end

end

2. Function file for the implicit Euler method.

function [t,y]=euler_backward(f,tinit,yinit,tfinal,n)

% Calculation of h, the stepsize.

h=(tfinal-tinit)/n;
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% Initialization of t and y as column vectors

t=[tinit zeros(1,n)];

y=[yinit zeros(1,n)];

% Calculation of tand y

for i=1:n

t(i+1)=t(i)+h;

ynew=y(i)+h*(f(t(i),y(i)));

y(i+1)=y(i)+h*f(t(i+1),ynew);

end

end

3. Function file for the Improved Euler method.

function [t,y]=euler_improved(f,tinit,yinit,tfinal,n)

% Calculation of h, the stepsize.

h=(tfinal-tinit)/n;

% Initialization of t and y as column vectors

t=[tinit zeros(1,n)];

y=[yinit zeros(1,n)];

% Calculation of tand y

for i=1:n

t(i+1)=t(i)+h;

ynew=y(i)+h*(f(t(i),y(i)));

y(i+1)=y(i)+(h/2)*(f(t(i),y(i))+f(t(i+1),ynew));

end

end

4. Function file for the Modified Euler method.

function [t,y]=euler_modified_richardson(f,tinit,yinit,tfinal,n)

% Calculation of h, the stepsize.

h = (tfinal-tinit)/n;

% Initialization of t and y as column vectors

t=[tinit zeros(1,n)]; y=[yinit zeros(1,n)];
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% Calculation of t and y

for i=1:n

y(i+1) = y(i) + h*feval(f,t(i)+h/2,y(i)

+ h/2*feval(f,t(i),y(i)));

t(i+1) = t(i) + h;

end

end

5. Sample script file for the equation

y′(t) = 0.2(3y(t) + 2)/t+ 1.4, t ∈ [0.2, 10]

% Script file: main1.m

% The RHS of the differential equation is defined as

% a handle function

f=@(t,y) 0.2*(3*y+2)/(t) +1.4;

% Calculate exact solution

g=@(t) -0.666666667+3.5*t+t.^(0.6);

te=[0.001:0.0001:10];

ye=g(te);

% Call functions

[t1,y1]=euler_forward(f,0.2,0.41406412107,10,6272)

[t2,y2]=euler_improved(f,0.2,0.41406412107,10,6272)

[t3,y3]=euler_backward(f,0.2,0.41406412107,10,6272)

[t4,y4]=euler_modified_richardson(f,0.2,0.41406412107,10,6272)

% Estimate errors

error1=num2str(ye(end)-y1(end));

error2=num2str(ye(end)-y2(end));

error3=num2str(ye(end)-y3(end));

error4=num2str(ye(end)-y4(end));

error={error1; error2; error3; error4}

236



Bibliography

[1] www-history.msc.st-and.ac.uk, Online resource.

[2] S.O. Adee, R.A. Ademiluyi, M.R. Odekunle, and N.D. Oye, A class of

inverse Runge-Kutta schemes for the numerical integration of singular

problems, App.Math.Comp. 158 (2004), no. 1, 149–158.

[3] G. Adomian, Nonlinear stochastic operator equation, Academic press,

1986.

[4] , Solving frontier problems of physics: The decomposition method,

Kluwer Academic Publishers, 1994.

[5] H. Akbari, M. Mehrabinezhad, and J. Saberi-Nadjafi, Solving Volterra

integral equations of the second kind by Wavelet-Galerkin scheme, Com-

puters and Mathematics with Applications 63 (2013), 1536–1547.

[6] E.C.H. Amirtharaj, D.P. Dhayabaran, D.J. Evans, and K. Murugesan,

A fourth order embedded Runge-Kutta RKacem (4, 4) method based on

arithmetic and centroidal means with error control, Int.Jour.Comp.Math.

79 (2002), no. 2, 247–269.

[7] K. Atkinson, An introduction to numerical analysis, 2nd ed., John Wiley

& Sons, New York, 1989.

[8] , A survey of numerical methods for solving nonlinear integral

equations, J.Int.Eqns.App. 4 (1992), no. 1, 15–46.

[9] , The numerical solution of integral equations of the second kind,

2nd ed., Cambridge University Press, 2009.

[10] K. Atkinson, W. Han, and D. Stewart, Numerical solution of ordinary

differential equations, John Wiley & Sons, inc., 2009.

237



[11] C.T.H. Baker, P.J. van der Houwen, and P.H.M. Wolkenfelt, Convergence

and stability analysis for modified Runge-Kutta methods in the numerical

treatment of second-kind Volterra integral equations, IMA J.Numer.Anal.

1 (1981), 303–328.

[12] P. Baratella, A Nyström interpolant for some weakly singular linear

Volterra integral equations, J.Comp.App.Math. 231 (2009), 725–734.

[13] M.A. Bartoshevich, Expansion in one orhogonal system of watson opera-

tors for solving heat conduction problems, 3, no. 28, 516–522 (In Russian).

[14] , On a heat conduction problem, 2, no. 28, 340–346 (In Russian).

[15] H. Brunner, Nonpolynomial spline collocation for volterra equations with

weakly singular kernels, SIAM journal on numerical analysis 20 (1983),

no. 6, 1106–1119.

[16] , The approximation solution of volterra equations with nonsmooth

solutions, Utilites Math 27 (1985), 57–95.

[17] , The numerical solution of weakly singular volterra integral equa-

tions by collocation on graded meshes, Mathematics of Computation 45

(1985), no. 172, 417–437.

[18] , On the history of numerical methods for Volterra integral equa-

tions, Tech. report, Institut de Mathématiques, Université de Fribourg,
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