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Abstract

Many generator matrices for constructing extremal binary self-dual codes of differ-

ent lengths have the form G = (In | A), where In is the n×n identity matrix and A is

the n×n matrix fully determined by the first row. In this work, we define a generator

matrix in which A is a block matrix, where the blocks come from group rings and also,

A is not fully determined by the elements appearing in the first row. By applying our

construction over F2 +uF2 and by employing the extension method for codes, we were

able to construct new extremal binary self-dual codes of length 68. Additionally, by

employing a generalised neighbour method to the codes obtained, we were able to con-

struct many new binary self-dual [68, 34, 12]-codes with the rare parameters γ = 7, 8

and 9 in W68,2. In particular, we find 92 new binary self-dual [68, 34, 12]-codes.

Key Words: Group rings; self-dual codes; codes over rings.

1 Introduction

There has been a great interest and focus on constructing binary self-dual codes of different

lengths with new weight enumerators. Researchers have employed different methods and

tools to search for these codes and as a result, many new codes have been discovered. For

example, a classical approach is to use a generator matrix of the form G = (In | A), where

In is the n × n identity matrix and A is a special matrix, for example, a circulant matrix.
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Please see [6, 13, 18] for example. Another well known method is to search for self-dual

codes over rings, and then to consider their binary images to produce extremal binary self-

dual codes with new weight enumerators. Please see [4, 9, 10, 16] for examples. The well

known extension and neighbour methods [10] can also be used to search for new extremal

binary self-dual codes. Recently, the neighbour method has been generalised in [12] so that

the kth range of neighbours can be constructed leading to finding new self-dual codes. This

generalised method turned out to be a very powerful tool as many new codes can be obtained

by considering the family of neighbours of just one code. Please see [12] for details.

In this work, we present a generator matrix of the form Mσ = (In | A), where A is a

block matrix obtained from group rings. Similar generator matrices can be found in [6, 13].

Our construction differs from the generator matrices known in the literature, since we make

sure that the block matrix A is not fully determined by the blocks appearing in the first row-

this has been the case in the generator matrices known in the literature [6, 13]. By defining

the block matrix A in this way, we force the search field to be greater than in the standard

generator matrices which leads us to finding self-dual codes that are not attainable from

other techniques. By applying our construction over the ring F2 + uF2, by considering the

binary images and by employing the well known extension method, the neighbour technique

and its generalisation, we find new extremal binary self-dual codes of length 68. In particular,

we find such codes with new weight enumerators for the rare parameters γ = 7, 8 and 9.

The rest of the paper is organised as follows. In Section 2, we give preliminary defini-

tions and results on self-dual codes, the alphabets to be used, group rings, the well known

extension method, the neighbour technique and its generalization from [12]. In Section 3, we

introduce the new construction and give theoretical results. We show when our construction

produces self-dual codes. In Section 4, we apply our main construction over the alphabet

F2 + uF2 and consider their binary images to find extremal binary self-dual codes of length

64. We next apply the extension method to search for binary self-dual codes with param-

eters [68, 34, 12]. Lastly, we employ the neighbour technique and its generalisation to find

extremal binary self-dual codes of length 68 with weight enumerators that were not known

in the literature before. In particular, we find codes with new weight enumerator with the

rare parameters γ = 7, 8 and 9. Altogether, we find 98 new extremal binary self-dual codes

of length 68. We also tabulate all the numerical results in this section. We finish with

concluding remarks and directions for possible future research.
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2 Preliminaries

2.1 Self-Dual Codes, the Ring F2 +uF2, Group Rings and the Well

Known Extension and Neighbor Methods

We begin by recalling the standard definitions from coding theory. A code C of length n over

a Frobenius ring R is a subset of Rn. If the code is a submodule of Rn then we say that the

code is linear. Elements of the code C are called codewords of C. Let x = (x1, x2, . . . , xn)

and y = (y1, y2, . . . , yn) be two elements of Rn. The duality is understood in terms of the

Euclidean inner product, namely:

〈x,y〉E =
∑

xiyi.

The dual C⊥ of the code C is defined as

C⊥ = {x ∈ Rn | 〈x,y〉E = 0 for all y ∈ C}.

We say that C is self-orthogonal if C ⊆ C⊥ and is self-dual if C = C⊥.

An upper bound on the minimum Hamming distance of a binary self-dual code was given

in [19]. Specifically, let dI(n) and dII(n) be the minimum distance of a Type I and Type II

binary code of length n, respectively. Then

dII(n) ≤ 4b n
24
c+ 4

and

dI(n) ≤

4b n
24
c+ 4 if n 6≡ 22 (mod 24)

4b n
24
c+ 6 if n ≡ 22 (mod 24).

Self-dual codes meeting these bounds are called extremal. Throughout the text, we

obtain extremal binary codes of different lengths. Self-dual codes which are the best possible

for a given set of parameters are said to be optimal. Extremal codes are necessarily optimal

but optimal codes are not necessarily extremal.

2.2 The ring F2 + uF2

In this section, we recall some theory on self-dual codes over F2 +uF2. We refer to [4] where

Type II, Type IV, self-dual codes and cyclic codes over F2 + uF2 have been studied.

The ring F2 +uF2 is a ring of characteristic 2 with 4 elements with the restriction u2 = 0.

It is defined as

F2 + uF2 = {a+ bu | a, b ∈ F2, u
2 = 0},

and it is easily seen that F2 + uF2
∼= F2[x]/(x2). A linear code C of length n over the ring

F2 +uF2 is an F2 +uF2-submodule of (F2 +uF2)
n. The elements of F2 +uF2 are 0, 1, u, 1 +u
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and their Lee weights are defined as 0, 1, 2, 1 respectively. The Hamming (dH) and Lee (dL)

distance between n tuples is then defined as the sum of the Hamming and Lee weights of the

difference of the components of these tuples respectively. The smallest positive Hamming

and Lee distance of a code C is denoted by dH(C) and dL(C) respectively.

A Gray map φ is defined as

φ : (F2 + uF2)→ F2n
2 ,

φ(a + bu) = (b, a + b),

where a,b ∈ Fn2 . The map is a distance preserving isometry from ((F2 + uF2)
n, dL) to

(F2n
2 , dH), where dL and dH denote the Lee and Hamming distance in (F2 + uF2)

n and F2n
2

respectively. This means that if C is a linear code over F2+uF2 with parameters [n, 2k, d] (2k

is the number of the codewords), then φ(C) is a binary linear code of parameters [2n, k, d].

The following theorem is a natural result of the Gray map.

Theorem 2.1. ([16]) If C is a self-dual code over F2 + uF2 of length n, then φ(C) is a

self-dual binary code of length 2n.

We can also define a natural projection from F2 + uF2 to F2 as follows:

µ : F2 + uF2 → F2,

µ(a+ bu) = a.

If D = µ(C) for some linear code C over F2 + uF2, we say that D is a projection of C into

F2, and that C is a lift of D into F2 +uF2. It is clear that the projection of a self-orthogonal

code is self-orthogonal, but the projection of a self-dual code need not be self-dual. We now

state two well known results which we apply later in our work when searching for self-dual

codes.

Theorem 2.2. ([16]) Suppose that C is a self-dual code over F2+uF2 of length 2n, generated

by the matrix [In|A], where In is the n× n identity matrix. Then µ(C) is a self-dual binary

code of length 2n.

Theorem 2.3. ([16]) Suppose C is a linear code over F2 + uF2 and that C ′ = µ(C), is its

projection to F2. With d and d′ representing the minimum Lee and Hamming distances of C

and C ′ respectively, we have that d ≤ 2d′.

For the computational results in later sections, we are going to use the following extension

method to obtain codes of length n+ 2.

Theorem 2.4. ([10]) Let C be a self-dual code of length n over a commutative Frobenius

ring with identity R and G = (ri) be a k × n generator matrix for C, where ri is the i-th
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row of G, 1 ≤ i ≤ k. Let c be a unit in R such that c2 = −1 and X be a vector in Sn with

〈X,X〉 = −1. Let yi = 〈ri, X〉 for 1 ≤ i ≤ k. The following matrix
1 0 X

y1 cy1 r1
...

...
...

yk cyk rk

 ,
generates a self-dual code D over R of length n+ 2.

We will also apply the neighbor method and its generalization to search for new extremal

binary self-dual codes from codes obtained directly from our main construction or from the

described above, extension method. Two self-dual binary codes of length 2n are said to be

neighbours of each other if their intersection has dimension n − 1. Let x ∈ F2n
2 \ C then

D =
〈
〈x〉⊥ ∩ C, x

〉
is a neighbour of C.

Recently in [12], the neighbor method has been extended and the following formula for

constructing the kth-range neighbour codes was provided:

N(i+1) =
〈
〈xi〉⊥ ∩N(i), xi

〉
,

where N(i+1) is the neighbour of N(i) and xi ∈ F2n
2 −N(i).

2.3 Group Rings

We first give the definitions of some special matrices which we use later in our work. A

circulant matrix is one where each row is shifted one element to the right relative to the

preceding row. We label the circulant matrix as A = circ(α1, α2 . . . , αn), where αi are ring

elements. A block-circulant matrix is one where each row contains blocks which are square

matrices. The rows of the block matrix are defined by shifting one block to the right relative

to the preceding row. We label the block-circulant matrix as CIRC(A1, A2, . . . An), where

Ai are k × k matrices over the ring R. The transpose of a matrix A, denoted by AT , is a

matrix whose rows are the columns of A, i.e., ATij = Aji. We finish this section by giving

the necessary definitions for group rings and by recalling the map that sends a group ring

element v ∈ RG to a n× n matrix over R.

While group rings can be given for infinite rings and infinite groups, we are only concerned

with group rings where both the ring and the group are finite. Let G be a finite group of

order n, then the group ring RG consists of
∑n

i=1 αigi, αi ∈ R, gi ∈ G.
Addition in the group ring is done by coordinate addition, namely

n∑
i=1

αigi +
n∑
i=1

βigi =
n∑
i=1

(αi + βi)gi. (1)
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The product of two elements in a group ring is given by(
n∑
i=1

αigi

)(
n∑
j=1

βjgj

)
=
∑
i,j

αiβjgigj. (2)

It follows that the coefficient of gi in the product is
∑

gigj=gk
αiβj.

The following construction of a matrix was first given for codes over fields by Hurley in

[15]. It was extended to Frobenius rings in [8]. Let R be a finite commutative Frobenius

ring and let G = {g1, g2, . . . , gn} be a group of order n. Let v =
∑n

i=1 αgi ∈ RG. Define the

matrix σ(v) ∈Mn(R) to be σ(v) = (αg−1
i gj

) where i, j ∈ {1, 2, · · · , n}.
We note that the elements g−11 , g−12 , . . . , g−1n are the elements of the group G in a some

given order. We will now describe σ(v) for the following group rings RG where G ∈
{C8 and D8}.

(i) Let Cn = 〈x | xn = 1〉 and set our listing of Cn to be {1, x, x2, . . . , xn−1}. Let

v =
n−1∑
i=0

αix
i ∈ RCn where αi ∈ R, where R is a ring, then

σ(v) = circ(α0, α1, . . . , αn−1). (3)

(ii) Let G = 〈x, y | x4 = y2 = 1, xy = x−1〉 ∼= D8. If v =
∑3

i=0 αi+1x
i + αi+5x

iy ∈ RD8,

then

σ(v) =

(
A B

BT AT

)
(4)

where A = circ(α1, α2, α3, α4), B = circ(α5, α6, α7, α8) and αi ∈ R.

We also recall the canonical involution ∗ : RG → RG on a group ring RG is given by

v∗ =
∑

g αgg
−1, for v =

∑
g αgg ∈ RG. An important connection between v∗ and v appears

when we take their images under the σ map:

σ(v∗) = σ(v)T . (5)

If v satisfies vv∗ = 1, then we say that v is a unitary unit in RG.

3 Main Construction

In this section, we present the main construction in this work. Let vi ∈ RG where R is

a finite commutative Frobenius ring of characteristics 2 with 1 ≤ i ≤ 3 and G be a finite

group of order n. Define the following matrix:

Mσ =

[
I2n

σ(v1) σ(v2)

σ(v2) σ(v3)

]
. (6)

6



Let Cσ be a code that is generated by the matrix Mσ. Then, the code Cσ has length 4n.

We now state the main result of this work.

Theorem 3.1. Let R be a finite commutative Frobenius ring of characteristics 2 and let G

be a finite group of order n. Then Cσ is a self-dual code of length 4n if and only if

v1v
∗
1 + v2v

∗
2 = 1, (7)

v1v
∗
2 + v2v

∗
3 = 0, (8)

v2v
∗
1 + v3v

∗
2 = 0, (9)

v2v
∗
2 + v3v

∗
3 = 1. (10)

Proof. The code generated will be self-dual if and only if MσM
T
σ is the zero matrix over R.

Since Mσ is of the form (I | A), where

A =

(
σ(v1) σ(v2)

σ(v2) σ(v3)

)
,

it is enough to show that AAT = I2n. Now,

AAT =

(
σ(v1) σ(v2)

σ(v2) σ(v3)

)(
σ(v∗1) σ(v∗2)

σ(v∗2) σ(v∗3)

)
=

(
σ(v1v

∗
1 + v2v

∗
2) σ(v1v

∗
2 + v2v

∗
3)

σ(v2v
∗
1 + v3v

∗
2) σ(v2v

∗
2 + v3v

∗
3)

)
.

Clearly, AAT = I2n iff σ(v1v
∗
1 + v2v

∗
2) = In, σ(v1v

∗
2 + v2v

∗
3) = 0, σ(v2v

∗
1 + v3v

∗
2) = 0 and

σ(v2v
∗
2 +v3v

∗
3) = In. But there In = σ(1) and 0 = σ(0). Moreover for any u, v ∈ RG we have

σ(u) = σ(v) iff the first rows of σ(u) and σ(v) are the same. It implies that σ(u) = σ(v) iff

u = v. So AAT = I2n iff (7–10).

We have immediately that the code has free rank 2n by construction. It is also obvious

from the construction that the search field of Mσ when searching for self-dual codes over R

is |R|3n. We note that the blocks σ(v1), σ(v2) and σ(v3) are independent of each other which

makes our construction different than the usual constructions. A typical generator matrix

of a self-dual code has the form (I|A) where A is a special matrix in which the rows are

simply permutations of the first row, for example, a circulant or reverse-circulant matrices.

In our construction, the block σ(v3) makes the difference, namely, the rows in the matrix

Mσ are no longer permutations of the elements of the first row because of σ(v3). If v1 = v3
then the matrix Mσ consists of rows which are permutations of the elements in the first row,

but because v3 is independent of v1 and v2 this is not the case in general.

Theorem 3.2. Let R be a finite commutative Frobenius ring of characteristics 2 and let G

be a finite group of order n. Then Cσ is a self-dual code of length 4n if and only if

v1v
∗
1 + v2v

∗
2 = 1, (11)
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v1v
∗
2 + v2v

∗
3 = 0, (12)

v1v
∗
1 + v3v

∗
3 = 0. (13)

Proof. Let vi ∈ RG and v∗i ∈ RG (i = 1, 2, 3) satisfy the conditions of (7)–(10). Considering

any v, u ∈ RG for which (v+u)∗ = v∗+u∗, (vu)∗ = u∗v∗ and (v∗)∗ = v, we get (v1v
∗
2+v2v

∗
3)∗ =

v2v
∗
1 + v3v

∗
2. It follows from (8) that v2v

∗
1 + v3v

∗
2 = 0∗ = 0 and (9) also holds. Adding (7) to

(10) we obtain v1v
∗
1 + v3v

∗
3 = 0. This concludes the proof.

Let v =
∑

g∈G αgg be an element in RG (αg ∈ R). Then,
∑

g∈G αg ∈ R is the aug-

mentation (denoted by ε(v)) of v. It is obvious that ε is a ring homomorphism and that

ε(v∗) = ε(v).

Lemma 3.3. Let R = F2 be the field of two elements and let G be a finite group of order n.

If Cσ is a self-dual code of length 4n then (ε(v1), ε(v2), ε(v3)) ∈ {(0, 1, 0), (1, 0, 1)}.

Proof. We apply the ring homomorphism ε to equations (11)–(13). We obtain:

ε(v1)
2 + ε(v2)

2 = 1,

ε(v1)ε(v2) + ε(v2)ε(v3) = 0,

ε(v1)
2 + ε(v3)

2 = 0.

From the third equation we have that (ε(v1) + ε(v3))
2 = 0 or ε(v1) = ε(v3). Now

considering the first condition (ε(v1) + ε(v2) + 1)2 = 0, we have ε(v1) + 1 = ε(v2). Therefore

we obtain that

(ε(v1), ε(v2), ε(v3)) = (ε(v1), ε(v1) + 1, ε(v1)).

So (ε(v1), ε(v2), ε(v3)) ∈ {(0, 1, 0), (1, 0, 1)}.

Lemma 3.4. Let R = F2+uF2 and let G be a finite group of order n. If Cσ is a self-dual code

of length 4n then (ε(v1), ε(v2), ε(v3)) ∈ {(0, 1, 0), (0, 1 + u, 0), (1, 0, 1), (1, 0, 1 + u), (1, u, 1) ,

(1, u, 1+u), (u, 1, u), (u, 1+u, u), (1+u, 0, 1), (1+u, 0, 1+u), (1+u, u, 1), (1+u, u, 1+u)}.

Proof. We apply the ring homomorphism ε to equations (11)–(13). We obtain:

ε(v1)
2 + ε(v2)

2 = 1,

ε(v1)ε(v2) + ε(v2)ε(v3) = 0,

ε(v1)
2 + ε(v3)

2 = 0.

From the third equation we have that (ε(v1) + ε(v3))
2 = 0. Then ε(v1) = ε(v3) or

ε(v1) + u = ε(v3). From the second equation: ε(v2)(ε(v1) + ε(v3)) = 0. If ε(v1) = ε(v3) then
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ε(v2) · 0 = 0. If ε(v1) + u = ε(v3) then ε(v2) · u = 0, so in this case either ε(v2) = 0 or

ε(v2) = u. Therefore we obtain

(ε(v1), ε(v2), ε(v3)) = (ε(v1), ε(v2), ε(v1))

if ε(v1) = ε(v3) and

(ε(v1), ε(v2), ε(v3)) ∈ {(ε(v1), 0, u+ ε(v1)), (ε(v1), u, u+ ε(v1))

in the other case. Now considering the first condition (ε(v1) + ε(v2) + 1)2 = 0. We have

ε(v1) + 1 = ε(v2) or ε(v1) + 1 + u = ε(v2). Therefore we obtain that (ε(v1), ε(v2), ε(v3)) ∈
{(0, 1, 0), (0, 1 + u, 0), (1, 0, 1), (1, 0, 1 + u), (1, u, 1), (1, u, 1 + u), (u, 1, u), (u, 1 + u, u),

(1 + u, 0, 1), (1 + u, 0, 1 + u), (1 + u, u, 1), (1 + u, u, 1 + u)}.

The group C8 and D8 contain subgroups of order 4. Let G be a finite group of order 2n, H

be a subgroup of order n, v =
∑

g∈G αgg be an element in RG (αg ∈ R). Let
∑

g∈H αg ∈ RG
and

∑
g∈G\H αg ∈ RG be the partial augmentation (denoted by εH(v), εG\H(v)) of v. Since

g ∈ H iff g−1 ∈ H we have that εH(v∗) = εH(v), εG\H(v∗) = εG\H(v).

Lemma 3.5. Let R be a commutative Frobenius ring of characteristics 2, G be a finite

group of order 2n, H be a subgroup of order n and C2 = {1, x} be a group of order 2. Let

ϕ : v → εH(v) + xεG\H(v) be a ring homomorphism ϕ : RG → RC2. Here, ϕ(v∗) = ϕ(v)

for any v ∈ RG.

Proof. It is obvious that H is a subgroup of G of index [G : H] = 2. Thus

g →

{
1 if g ∈ H,
x if g ∈ G\H

is a group homomorphism from G to C2. Then for any αg ∈ R we have the following ring

homomorphism ϕ : RG→ RC2 :

v =
∑
g∈G

αgg =
∑
g∈H

αgg +
∑

g∈G\H

αgg →
∑
g∈H

αg +
∑

g∈G\H

αgx = εH(v) + εG\H(v)x.

Moreover, for any v ∈ RG, we get

ϕ(v∗) = εH(v∗) + εG\H(v∗)x = εH(v) + εG\H(v)x = ϕ(v).

Theorem 3.6. Let R be a finite commutative Frobenius ring of characteristics 2, G be a

finite group of order 2n, and H be a subgroup of order n. If Cσ is a self-dual code of length

4n then

(ϕ(v1) + ϕ(v2))
2 = 1, ϕ(v2)(ϕ(v1) + ϕ(v3)) = 0, (ϕ(v1) + ϕ(v3))

2 = 0. (14)
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Proof. Applying the ring homomorphism ϕ : u→ εH(u)+xεG\H(u) to equations (11)–(13),

we get

ϕ(v1)
2 + ϕ(v2)

2 = 1, ϕ(v1)ϕ(v2) + ϕ(v2)ϕ(v3) = 0, ϕ(v1)
2 + ϕ(v3)

2 = 0.

This concludes the proof.

Lemma 3.7. Let R = F2 be the field of two elements and G be a finite group of order 2n, H

be a subgroup of order n. If Cσ is a self-dual code of length 4n then (εH(v1), εG\H(v1), εH(v2),

εG\H(v2), εH(v3), εG\H(v3)) ∈ {(0, 0, 1, 0, 0, 0), (0, 1, 1, 1, 0, 1), (1, 0, 0, 0, 1, 0), (1, 1, 0, 1, 1, 1),

(0, 0, 0, 1, 0, 0), (0, 1, 0, 0, 0, 1), (1, 0, 1, 1, 1, 0), (1, 1, 1, 0, 1, 1), (0, 1, 1, 1, 1, 0), (0, 1, 0, 0, 1, 0),

(1, 0, 0, 0, 0, 1), (1, 0, 1, 1, 0, 1)}.

Proof. From the equations in (14), we have that if F2C2 = {0, 1, x, 1 + x} (x2 = 1) then

ϕ(v1 + v2) = ϕ(v1) + ϕ(v2) ∈ {1, x}, ϕ(v1 + v3) = ϕ(v1) + ϕ(v3) ∈ {0, 1 + x}.
Now, let ϕ(v1 + v3) = 0. Then we have ϕ(v1) = ϕ(v3) = 0 and εH(v1) = εH(v3),

εG\H(v1) = εG\H(v3). If ϕ(v1) + 1 = ϕ(v2) then εH(v1) + 1 = εH(v2), εG\H(v1) = εG\H(v2).

If ϕ(v1) + x = ϕ(v2) then εH(v1) = εH(v2), εG\H(v1) + 1 = εG\H(v2). Thus

u = (εH(v1), εG\H(v1), εH(v2), εG\H(v2), εH(v3), εG\H(v3))

is either

(εH(v1), εG\H(v1), εH(v1) + 1, εG\H(v1), εH(v1), εG\H(v1))

or

(εH(v1), εG\H(v1), εH(v1), εG\H(v1) + 1, εH(v1), εG\H(v1)).

Therefore, u ∈ {(0, 0, 1, 0, 0, 0), (0, 1, 1, 1, 0, 1), (1, 0, 0, 0, 1, 0), (1, 1, 0, 1, 1, 1), (0, 0, 0, 1, 0, 0),

(0, 1, 0, 0, 0, 1), (1, 0, 1, 1, 1, 0), (1, 1, 1, 0, 1, 1)}.
Next, let ϕ(v1 + v3) = 1 + x. Then we have ϕ(v1) + 1 + x = ϕ(v3) and εH(v1) + 1 =

εH(v3), εG\H(v1) + 1 = εG\H(v3). Moreover, ϕ(v2)(1 + x) = 0 and ϕ(v2) ∈ {0, 1 + x}.
So (εH(v2), εG\H(v2)) ∈ {(0, 0), (1, 1)}. If ϕ(v1) + 1 = ϕ(v2) then εH(v1) + 1 = εH(v2),

εG\H(v1) = εG\H(v2). If ϕ(v1) + x = ϕ(v2) then εH(v1) = εH(v2), εG\H(v1) + 1 = εG\H(v2).

Moreover, (εH(v1), εG\H(v1)) ∈ {(0, 1), (1, 0)}.
Thus u is either

(εH(v1), εG\H(v1), εH(v1) + 1, εG\H(v1), εH(v1) + 1, εG\H(v1) + 1)

or

(εH(v1), εG\H(v1), εH(v1), εG\H(v1) + 1, εH(v1) + 1, εG\H(v1) + 1).

Therefore, u ∈ {(0, 1, 1, 1, 1, 0), (0, 1, 0, 0, 1, 0), (1, 0, 0, 0, 0, 1), (1, 0, 1, 1, 0, 1)}.
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Lemma 3.8. Let R = F2 + uF2 and G be a finite group of order 2n, H be a subgroup of

order n, and C2 = {1, x} be a group of order 2. If Cσ is a self-dual code of length 4n then

(εH(v1), εG\H(v1), εH(v2), εG\H(v2), εH(v3), εG\H(v3)) = (εH(v2) + b1, εG\H(v2) + b2, εH(v2),

εG\H(v2), εH(v2) + b1 + c1, εG\H(v2) + b2 + c2) where

(b1, b2) ∈ {(1, 0), (0, 1), (1 + u, 0), (u, 1), (1, u), (0, 1 + u), (1 + u, u), (u, 1 + u)} ,

(c1, c2) ∈ {(0, 0), (1, 1), (u, 0), (1 + u, 1), (0, u), (1, 1 + u), (u, u), (1 + u, 1 + u)} .

If (c1, c2) = (1, 1) or (c1, c2) = (1 + u, 1 + u) then εH(v1) = εG\H(v2),

if (c1, c2) = (1, 1) or (c1, c2) = (u, 0) then εH(v1), εG\H(v2) ∈ {0, u},
if (c1, c2) = (1 + u, 1) or (c1, c2) = (1, 1 + u) then (1 + u)εH(v1) = εG\H(v2),

if (c1, c2) = (u, u) then εH(v1) + εG\H(v2) ∈ {0, u},
if (c1, c2) = (0, 0) then εH(v1), εG\H(v2) ∈ F2 + uF2.

For (c1, c2, εH(v1), εG\H(v2)) we have 48 possibilities and for (b1, b2, c1, c2, εH(v1), εG\H(v2))

we have 384 possibilities.

Proof. Let b = v1+v2, c = v1+v3. From the equations in (14) we have that if (F2+uF2)C2 =

{(F2 + uF2) + (F2 + uF2)x} (u2 = 0, x2 = 1) then ϕ(b)2 = 1, ϕ(v2)ϕ(c) = 0, ϕ(c)2 = 0.

It is obvious that the square of any element of (F2 + uF2)C2 is either zero or one and

ϕ(b) ∈ {1, x, 1 + u, x + u, 1 + xu, x + xu, 1 + u + xu, x + u + xu}, ϕ(v2) ∈ Annϕ(c), and

ϕ(c) ∈ {0, 1 + x, u, 1 + x+ u, xu, 1 + x+ xu, u+ xu, 1 + x+ u+ xu}.

ϕ(c) Annϕ(c) |Annϕ(c)|
0 (F2 + uF2)C2 16

1 + x {0, 1 + x, u+ xu, 1 + x+ u+ xu} 4

u {0, u, xu, u+ xu} 4

1 + x+ u {0, 1 + x+ u, 1 + x+ xu, u+ xu} 4

xu {0, u, xu, u+ xu} 4

1 + x+ xu {0, 1 + x+ u, 1 + x+ xu, u+ xu} 4

u+ xu {0, 1 + x, u, 1 + x+ u, xu, 1 + x+ xu, u+ xu, 1 + x+ u+ xu} 8

1 + x+ u+ xu {0, 1 + x, u+ xu, 1 + x+ u+ xu} 4

Now let εH(b) = b1, εG\H(b) = b2, εH(c) = c1, εG\H(c) = c2. It implies that ϕ(b) = b1 + b2x,

ϕ(c) = c1 + c2x and

(b1, b2) ∈ {(1, 0), (0, 1), (1 + u, 0), (u, 1), (1, u), (0, 1 + u), (1 + u, u), (u, 1 + u)} ,

(c1, c2) ∈ {(0, 0), (1, 1), (u, 0), (1 + u, 1), (0, u), (1, 1 + u), (u, u), (1 + u, 1 + u)} .

Moreover from the above table we have

if (c1, c2) = (1, 1) or (c1, c2) = (1 + u, 1 + u) then εH(v1) = εG\H(v2) (4 possibilities),

11



if (c1, c2) = (1, 1) or (c1, c2) = (u, 0) then εH(v1), εG\H(v2) ∈ {0, u} (4 possibilities),

if (c1, c2) = (1 + u, 1) or (c1, c2) = (1, 1 + u) then (1 + u)εH(v1) = εG\H(v2) (4 possibilities),

if (c1, c2) = (u, u) then εH(v1) + εG\H(v2) ∈ {0, u} (8 possibilities),

if (c1, c2) = (0, 0) then εH(v1), εG\H(v2) ∈ F2 +uF2 (16 possibilities). So we have 2 ·4 ·3+8+

16 = 48 possibilities for (c1, c2, εH(v1), εG\H(v2)) and any of these cases have 8 possibilities

for (b1, b2). We also have 8 · 48 = 384 possibilities for (b1, b2, c1, c2, εH(v1), εG\H(v2)).

4 Computational Results

In this section, we employ our main construction, the extension method, the neighbor tech-

nique and its generalization to search for extremal self-dual binary codes of length 68.

Namely, we apply the main construction over the field F2 to search for self-dual codes

of length 32. We then lift these to codes over the ring F2 + uF2 whose binary images are

the extremal self-dual binary codes of length 64. Next we consider the extensions of the

codes of length 64 to obtain extremal self-dual binary codes with parameters [68, 34, 12].

Finally, we apply the neighbor technique and its generalization to the codes of length 68 to

find many codes of that length with weight enumerators not known in the literature before.

In particular we find many new codes with the rare parameters γ = 7, 8 and 9. Before we

tabulate the results, we recall the weight enumerators of extremal self-dual binary codes

with parameters [64, 32, 12] and [68, 34, 12].

There are two possibilities for the weight enumerators of extremal singly-even [64, 32, 12]2
codes ([3]):

W64,1 = 1 + (1312 + 16β)y12 + (22016− 64β)y14 + . . . , 14 ≤ β ≤ 284,

W64,2 = 1 + (1312 + 16β)y12 + (23040− 64β)y14 + . . . , 0 ≤ β ≤ 277.

Recently, many new codes are constructed for both weight enumerators in [11], [17] and [22].

With the most updated information, the existence of codes is known for β =14, 16, 18, 19,

20, 22, 24, 25, 26, 28, 29, 30, 32, 34, 35, 36, 38, 39, 44, 46, 49, 53, 54, 58, 59, 60, 64 and 74

in W64,1 and for β = 0, . . . ,40, 41, 42, 44, 45, 46, 47, 48, 49, 50, 51, 52, 54, 55, 56, 57, 58,

60, 62, 64, 69, 72, 80, 88, 96, 104, 108, 112, 114, 118, 120 and 184 in W64,2.

The weight enumerator of a self-dual [68, 34, 12]2 code is in one of the following forms by

[2, 14]:

W68,1 = 1 + (442 + 4β)y12 + (10864− 8β)y14 + . . . ,

W68,2 = 1 + (442 + 4β)y12 + (14960− 8β − 256γ)y14 + . . . ,

where β and γ are parameters and 0 ≤ γ ≤ 9. The first examples of codes with a γ = 7

in W68,2 are constructed in [21]. The first examples of codes with γ = 8, 9 in W68,2 are

constructed in [12]. Together with these the existence of the codes in W68,2 is known for the
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following parameters (see [6, 5, 7, 20, 21, 11]):

γ = 0, β ∈ {2m|m = 0, 7, 11, 14, 17, 20, 21, . . . , 99, 100, 102, 105, 110, 119, 136, 165}; or

β ∈ {2m+ 1|m = 3, 5, 8, 10, 15, 16, 17, 19, 20, . . . , 82, 87, 91, . . . , 99, 101, 104, 110,

115};
γ = 1, β ∈ {2m|m = 19, 22, . . . , 99, 108}; or

β ∈ {2m+ 1|m = 24, . . . , 85, 94, 100, 101, 106, 108, 116};
γ = 2, β ∈ {2m|m = 29, . . . , 100, 103, 104}; or β ∈ {2m+ 1|m = 32, . . . , 81, 84, 85, 86};
γ = 3, β ∈ {2m|m = 39, . . . , 92, 94, 95, 97, 98, 101, 102}; or

β ∈ {2m+ 1|m = 38, 39, 40, 42, 43, . . . , 77, 79, 80, 81, 83, 87, 88, 89, 96};
γ = 4, β ∈ {2m|m = 43, 46, . . . , 58, 60, . . . , 93, 97, 98, 100}; or

β ∈ {2m+ 1|m = 48, . . . , 55, 57, 58, 60, 61, 62, 64, 68, . . . , 72, 74, 78, 79, 80, 83, 84,

85, 89, 95};
γ = 5 β ∈ {m|m = 113, 116, . . . , 153, 158, . . . , 169, 182, 187, 189, 191, 193, 195, 198,

200, 202, 211};
γ = 6 with β ∈ {2m|m = 69, 77, 78, 79, 81, 88, 91, 93, 94, 95, 97, . . . , 103};

or β ∈ {2m+ 1|m = 87, . . . , 100, 103};
γ = 7 with β ∈ {2m|m = 49, 56, 63, 70, 77, 83, . . . , 99, 105, 106, 112, 119, 126, 133, 147};

or β ∈ {2m+ 1|m = 52, 59, 66, 73, 80, 81, 84, . . . , 99, 101, 108, 115, 122, 129, 136};
γ = 8 with β ∈ {2m|m = 90, . . . , 110}; or β ∈ {2m+ 1|m = 90, . . . , 110};
γ = 9 with β ∈ {2m|m = 93, . . . , 105, 107, . . . , 115}; or β ∈ {2m+ 1|m = 93, 94, 96, 97, 99,

. . . , 112};

All the upcoming computational results were obtained by performing the searches using

MAGMA ([1]).

4.1 The group C8

We first consider the main construction with the cyclic group C8 to search for binary self-

dual codes with parameters [32, 16, 6 or 8]. We only list these codes which then lead to us

finding new extremal binary self-dual codes of length 68.

Table 1: Codes of length 32 via Theorem 3.1 with the cyclic group C8

Code v1 v2 v3 |Aut(C)| Type

C1 (0, 0, 0, 0, 0, 1, 1, 1) (0, 0, 0, 0, 0, 1, 0, 1) (0, 1, 0, 1, 0, 0, 1, 0) 29325 [32, 16, 6]I

C2 (0, 0, 0, 0, 1, 1, 1, 1) (0, 0, 1, 1, 0, 1, 1, 1) (0, 0, 0, 1, 1, 1, 1, 0) 25 [32, 16, 6]I

We now consider the R1 lifts of the codes from Table 1. The codes obtained have binary

images of extremal binary self-dual codes with parameters 64, 32, 12. As before, we only list

these codes that we later use to obtain new extremal binary self-dual codes of length 68.
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Table 2: Codes of length 64 from R1 lifts of C1 and C2

Code v1 v2 v3 |Aut(C)| W64,2

I1 C2 (u, 0, 0, u, 1, 1, u+ 1, 1) (0, 0, 1, u+ 1, 0, u+ 1, 1, 1) (0, u, u, u+ 1, u+ 1, u+ 1, 1, 0) 25 β = 0

I2 C1 (0, u, 0, 0, 0, 1, 1, u+ 1) (0, u, 0, u, u, 1, 0, 1) (0, 1, 0, u+ 1, 0, 0, 1, u) 27 β = 80

4.2 The group D8

Now we consider the main construction and the dihedral group D8 to search for binary

self-dual codes with parameters [32, 16, 6 or 8].

Table 3: Codes of length 32 via Theorem 3.1 with the dihedral group D8

Code v1 v2 v3 |Aut(C)| Type

C3 (0, 0, 0, 1, 0, 0, 1, 1) (0, 0, 1, 1, 0, 1, 0, 1) (1, 1, 0, 1, 0, 1, 1, 0) 233 [32, 16, 6]I

R1 lifts:

Table 4: Codes of length 64 from R1 lifts of C3

Code v1 v2 v3 |Aut(C)| W64,2

I3 C3 (0, u, u, 1, 0, 0, 1, 1) (0, 0, 1, u+ 1, u, 1, 0, 1) (u+ 1, u+ 1, 0, u+ 1, 0, 1, u+ 1, 0) 243 β = 64

4.3 Extremal Binary Self-Dual Codes of length 68 via Extensions

We now apply Theorem 2.4 to the codes obtained in Tables 2 and 4. As a result, we obtain

codes whose binary images are the extremal binary self-dual codes of length 68. The order

of the automorphism group of all the codes obtained in the table below is 2.

Table 5: New codes of length 68 from Theorem 2.4
C68,i Code (x17, x18, . . . , x32) c γ β in W64,2

C68,1 I3 (u, u, 0, 1, 3, u, u, u, u, 3, u, 1, 0, 0, u, 3, u, 1, 0, 1, 1, 3, 3, 3, u, 0, 3, u, u, 1, 0, 0) 1 0 181

C68,2 I3 (0, 3, 0, 1, 3, 1, 3, 1, 1, 1, 3, 1, u, 0, u, 0, u, 0, u, 3, 0, 0, 1, 1, 1, 1, u, u, 1, 3, u, u) 3 1 185

C68,3 I1 (0, 1, 1, u, u, 3, u, 1, 3, 3, 1, 0, 0, 3, 3, u, 1, 3, 3, u, u, 3, 0, u, 3, u, 3, u, 1, 3, 0, 0) 3 2 54

C68,4 I2 (u, 3, 1, 3, 0, 0, 3, u, 0, 3, 0, u, u, u, 0, u, 3, 1, 0, 3, 0, 3, u, 1, 1, 1, 1, u, 0, 3, 0, 1) 1 2 202

C68,5 I3 (u, u, u, 3, 0, 0, 1, u, 1, u, 1, 3, u, 0, 0, 3, 0, 1, u, 3, 0, 1, 0, 3, 1, 1, 0, 3, u, 3, 0, 1) 1 3 179

C68,6 I3 (u, 0, 0, 1, 1, 0, 1, 0, 3, 3, u, 0, 1, 0, 3, 3, 1, 0, 3, 0, 3, 3, 1, u, 1, u, 1, u, 3, 0, 1, u) 3 3 189

C68,7 I3 (0, 3, 0, 1, u, 3, u, 3, 0, 1, 0, 3, 0, 3, 0, 0, 1, u, u, 1, 0, u, 1, 0, u, 0, u, 1, 3, 0, 1, u) 3 3 198

4.4 Extremal Binary Self-Dual Codes of length 68 via Neighbours

We now apply the kth range neighbour formula (mentioned earlier) to one of the codes

obtained in Table 5, namely, the code C68,4.
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Let N(0) be γ = 2, β = 202 (Table 5 (C68,4)), then we obtain the following codes by

applying the kth range formula:

Table 6: ith neighbour of N(0)

i N(i+1) xi γ β i N(i+1) xi γ β

0 N(1) (1110000001001111010001001000010000) 3 180 1 N(2) (0110111111100111000010000110011111) 4 177

2 N(3) (1111110110010011100101001000101111) 5 169 3 N(4) (0100000000110011110000010000011110) 6 191

4 N(5) (0100000000001101110010001110000110) 6 199 5 N(6) (0000100000001100010011001110000111) 7 199

6 N(7) (1011111101001111000101010111111010) 7 209 7 N(8) (1110011111110110000101111101111110) 7 220

8 N(9) (1100101001011011001101000000111100) 8 212 9 N(10) (1110110100111111000010011111011000) 8 226

10 N(11) (1011101011111010111010001000101000) 8 233 11 N(12) (1101100000000101110010111111001110) 9 213

12 N(13) (0111110101110100100110100100000111) 9 222 13 N(14) (1100011000000000100101010101100010) 9 229

14 N(15) (0100111000100000110010100011000100) 9 235 15 N(16) (0000111011111101001101111010001101) 9 236

16 N(17) (0110010111000111101001101101101110) 9 240 17 N(18) (0001101000010111100111111110001001) 9 243

18 N(19) (1111010011001111000010010001010001) 9 247 19 N(20) (0001000000100010001011101011110000) 8 234

20 N(21) (0110110001101011101000111100110001) 8 245 21 N(22) (1000011100010110100110011011000011) 8 250

We shall now separately consider the neighbours ofN(7),N(8),N(10),N(11),N(12),N(14),N(15),

N(17),N(18),N(19),N(20),N(21) and N(22).

First, the neighbours of N(7).

Table 7: Neighbours of N(7)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

7 1 (0001101011101000000010101100100000) 7 200 7 2 (1011110000101000000000000110110010) 7 201

7 3 (1010110010100001100100011110001110) 7 202 7 4 (0001001110011000100100000010000111) 7 204

7 5 (0110000000101001011011010010111000) 7 205 7 6 (1101010010010101110001000011001000) 7 206

7 7 (0000101100001000100101011000010101) 7 207 7 8 (1101100101111100101110100100000011) 7 212

7 9 (1111011000001111101001111011111111) 7 214

The neighbours of N(8).

Table 8: Neighbours of N(8)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

8 10 (0101101001001001100111000010001010) 6 205 8 11 (0000111000000101110110010000000101) 6 211

8 12 (1000110101001001010000000111111011) 7 208 8 13 (1100001010000110010100101000001100) 7 211

8 14 (0000011000010001001000011101100110) 7 213 8 15 (0011000110000110101101001101111011) 7 215

8 16 (0100001111110010110100000101101010) 7 216 8 17 (1111101111010101000001000100011110) 7 218

The neighbours of N(10).

Table 9: Neighbours of N(10)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

10 18 (1000111101011101000010001111000100) 8 222 10 19 (1000001100101001110001001010110111) 8 223

10 20 (0000100110010101011101101001100110) 8 227 10 21 (1011001101010011010111011000101010) 8 229
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The neighbours of N(11).

Table 10: Neighbours of N(11)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

11 22 (1010110110000101110101111100110110) 7 221 11 23 (0000001101000001110010110101100000) 7 222

11 24 (1101010100100000111010001000010011) 8 224 11 25 (0000010011001000010100011111011111) 8 225

11 26 (1110111110110010111011101101101110) 8 228 11 27 (1001100110100111000010100000100101) 8 230

11 28 (0000110001111000001001000011101000) 8 231 11 29 (1001011111010011000001100001010000) 8 232

The neighbours of N(12).

Table 11: Neighbours of N(12)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

12 30 (1000100110000001010101010100001001) 9 191 12 31 (0111010100101000000001100101011010) 9 197

12 32 (1111100000101101001011110111000010) 9 212

The neighbours of N(14).

Table 12: Neighbour of N(14)

N(i) Mi (x35, x36, ..., x68) γ β

14 33 (1011110001101000100111010000010000) 9 227

The neighbours of N(15).

Table 13: Neighbours of N(15)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

15 34 (1011000011111110011101011000000101) 9 231 15 35 (1111110111110000010110000100010011) 9 232

15 36 (0011000011010010100011010000111001) 9 233 15 37 (0000000000111100000000101100111101) 9 234

The neighbours of N(17).

Table 14: Neighbours of N(17)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

17 38 (0110000100000010110010110000110100) 9 237 17 39 (0011111001100000111100111101010010) 9 238

The neighbours of N(18).

Table 15: Neighbours of N(18)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

18 40 (0110010110000001001110111010011100) 9 239 18 41 (1111000010111111010100101000111101) 9 241
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The neighbours of N(19).

Table 16: Neighbours of N(19)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

19 42 (1011110110001100110101001011001010) 9 242 19 43 (0101010111011010111100000111011110) 9 244

19 44 (1010110011000110001101001010010000) 9 246

The neighbours of N(20).

Table 17: Neighbours of N(20)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

20 45 (1111111110101111010101000110001101) 8 236 20 46 (1010000010110000100011110101111001) 8 239

The neighbours of N(21).

Table 18: Neighbours of N(21)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

21 47 (0100000110001011000001000101101010) 6 208 21 48 (1101111000000001010010000110110001) 6 209

21 49 (1011101011101010010101111101000101) 6 212 21 50 (1111110111000100010010111011100000) 6 214

21 51 (1011111101010010111011101111111100) 6 215 21 52 (0000000001100001001001100111011100) 6 218

21 53 (1111011001110010100001101011011011) 6 220 21 54 (0100000001010101001001101001000011) 7 219

21 55 (1100000000000001110100001001100111) 7 223 21 56 (0000001101000100110101111100001111) 7 225

21 57 (1111011001111010111110100111110110) 7 226 21 58 (0010011000011000001000111001000101) 7 227

21 59 (1001010101101111101110000000000011) 7 230 21 60 (1111110101100000100011001110100110) 8 235

21 61 (0110000110110100100100101111100100) 8 238 21 62 (1010010010111110111001111011100010) 8 240

21 63 (1101011100111011010011111101111110) 8 241

Finally, the neighbours of N(22).

Table 19: Neighbours of N(22)

N(i) Mi (x35, x36, ..., x68) γ β N(i) Mi (x35, x36, ..., x68) γ β

22 63 (0011111100111010011001010011100100) 5 207 22 64 (1011111100101111100110111111111101) 6 213

22 65 (1001011101001100101011001000110100) 6 217 22 66 (0100111101000110110111101101111110) 6 219

22 68 (1000010000111101010101110010010011) 7 229 22 69 (0100000001011101000011001111110011) 8 237

22 70 (1111111101001111101100000010100000) 8 242 22 71 (0010000100001001100001001110111000) 8 243

22 72 (1110110000001011011001101011011010) 8 247

Note that |Aut(C)| = 1 for all the codes constructed.

5 Conclusion

In this paper, we presented a generator matrix of the form G = (In | A), where A is a block

matrix where the blocks come from group rings and the rows of A are not fully determined

by permuting the entries of the first row. Together with our construction, extension and
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neighbours techniques, we were able to construct the following extremal binary self-dual

codes with new weight enumerators in W68,2 :

(γ = 0, β = {181}),
(γ = 1, β = {185}),
(γ = 2, β = {54, 202}),
(γ = 3, β = {179, 189, 198}),
(γ = 5, β = {207}),
(γ = 6, β = {205, 208, 209, 211, 212, 213, 214, 215, 217, 218, 219, 220}),
(γ = 7, β = {200, 201, 202, 204, 205, 206, 207, 208, 209, 211, 212,

213, 214, 215, 216, 218, 219, 220, 221, 222, 223, 225, 226, 227, 229, 230}),
(γ = 8, β = {222, 223, 224, 225, 226, 227, 228, 229, 230, 231, 232, 233, 234, 235, 236,

237, 238, 239, 240, 241, 242, 243, 245, 247, 250}),
(γ = 9, β = {191, 197, 212, 227, 229, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240,

241, 242, 243, 244, 246, 247}).

A suggestion for future work would be to consider groups other than C8 or D8 used in our

main construction when performing the searches for self-dual codes. Another direction is to

consider groups of larger lengths to obtain codes of greater lengths with weight enumerators

not known in the literature yet.
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