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Abstract

The material here is motivated by the discussion of solutions of linear homogeneous and autonomous
differential equations with deviating arguments. If a,b, ¢ and {7} are real and ~, is real-valued and
continuous, an example with these parameters is

T4
u'(t) = {au(t) + bu(t + #1) + cu(t + 7‘2)}4—/ Yo (s)u(t + s)ds. (%)
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A wide class of equations (%), or of similar type, can be written in the “canonical” form

u'(t) = / ‘ u(t+ s)do(s) (t € R), for a suitable choice of Tiin, Tmax (%)

min

where ¢ is of bounded variation and the integral is a Riemann-Stieltjes integral. For equations
written in the form (%), there is a corresponding characteristic function

Tmax

X(€)) :=C— exp(¢s)da(s) (¢ € C), (x % %)

Tmin

whose zeros (if one considers appropriate subsets of equations (xx) — the literature provides additional
information on the subsets to which we refer) play a role in the study of oscillatory or non-oscillatory
solutions, or of bounded or unbounded solutions. We show that the related discussion of the zeros of
x is facilitated by observing and exploiting some simple and fundamental properties of characteristic
functions.

Keywords: Differential equations with deviating arguments, equations of mixed-type,
characteristic functions, discretizations, oscillatory and non-oscillatory and bounded or unbounded
functions.

1. Introduction and statement on authorship

This review paper was first motivated by discussions between the authors (CTHB and NJF)
when the papers [4] and [5] were in preparation. The discussions focused on retarded and mixed-
type functional differential equations and exposed the very complex dynamical behaviours found in
these problems and the fact that insights from retarded differential equations provide an inadequate
basis for understanding the dynamics of equations of these different types. The discussions also
concerned the related papers [3| [11] [I2]. As a consequence of these discussions, one author CTHB
began to prepare a review paper on the subject.

Sadly, CTHB passed away in 2017, leaving an unfinished manuscript, which his co-author NJF
has completed, on the invitation of CTHB’s family, to enable its publication.
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2. Prologue

2.1. Case study: an equation studied by E.C. Titchmarsh

We open with a simple (symmetric) example of the type of equation (*) to be considered.

Example 2.1. In the paper [13] read to the London Mathematical Society in February 1939, Titch-
marsh illustrated how Fourier integrals can be modified to determine, without assuming exponential
{yt+h) — y(i - b))

o with h > 0. One can

boundedness of y, solutions of the equation y'(t)

normalize the problem and chose h = 1, so we address
() =H{ut+1)—u(t—-1)} (teR) (2.1)

where u(t) = y(t/h) (so we reformulate the results in [13]). From Titchmarsh [13, equation (5)], we
conclude that every complex-valued solution u may be expressed for suitable scalars A, B,C,{Cy} in
the form

u(t)= A+ Bt+Ct? + Y Crexp((ot) (2.2)
&e#0

where the sum runs over non-zero values (p satisfying

x(¢e) = 0, with x(¢) := ¢ — sinh(¢) (2.3)

and sinh(¢) = %[exp(() —exp(—()] for ¢ € C. The real and imaginary parts of provide real-
valued solutions. The value (o = 0 is a zero of x of multiplicity three since x(0) = x'(0) = x”(0) =0
and x""(0) # 0. In [2.2), the term A+ Bt + Ct? is, in fact, (A + Bt + Ct?) exp({ot). The non-zero
characteristic values {(¢} are simple zeros and collectively give rise to the sum 3, o Ceexp(&et).
A little analysis reveals that any non-zero characteristic value {(;} has a non-zero imaginary part
(and its complex conjugate is also a characteristic value). Equation 1s an example of a solution
expansion

u(t) = Z Py(t) exp(&et) fort >0 (2.4)
=0

(c¢f. (7.13)). The reader will observe that Titchmarsh proves that all complex solutions have the
representation (2.2)). The discussion of Titchmarsh served to illustrate a technique based on modified
Fourier transforms that avoids usual assumptions of transform theory.

3. Preliminaries

3.1. Some basic material

Let § denote a linear space of real-valued functions of a real variable ¢ € R. Suppose that
elements of § are continuous on R (the continuity requirement may be strengthened).

Definition 3.1. We denote by U the set of operators L on § that are linear and autonomous:
L{agug + a1u1 }(t) = aoLuo(t) + a1 Lus (t), (Y ap,a1,t € R) when ug,u; € F, (3.1a)

Lu(t+s)=Lu(t) (Vs,te R) whenué€F. (3.1b)
Lu(t) is synonymou:ﬂ with L{u}(t).

Next we recall a definition from basic analysis.

«

In applications, t need not represent time. By an abuse of notation we sometime write “the function u(t)” for
the function uw with argument ¢”.



Definition 3.2 (Total variation, bounded variation). For a function o € ([-7,,7°] = R), the

N-1
total variation V_T; (o) is ?uI; Z lo(riy1) —o(r;)| where the supremum is taken over all partitions
Ty 0
{re} of |-, 7], each with —1, =19 < 11 < --- < 5 = T° for some integer N. Functions o of

bounded variation are those functions with V_"T: (0) < .

We suppose 911 and 91 are finite sets of integers, the real values {7;};em, are enumerated
algebraically, v1; € R for j € 91, and the real-valued function v} is continuous on [7, 7"] for
k € M.

Definition 3.3. We write £ € Agg) if

Lu(t)= Y mjut—m)+ > /A u(t — s)y2.x(s)d(s) (t € R). (3.2)

JjEM keNy ¥ Tk

If there exists a function o of bounded variation on an interval [Tmin, Tmax] and

Lu(t) = / Tt +s)do(s) (t€ R), (3.3)
then we write do = do(L) and L € Agz).

To extend L to a space of complex-valued functions w € (R — C), we write (when wy,w; € §
where wo(t) = Rw(t), wi(t) = Sw(t)),

Lw(t) = LR{w®)}) +1L(S{w(t)}) (G=+v-1) forte R. (3.4)
Equations with 7i,i, = —Timax often occur in the literature (c¢f. Example .
Remark 3.1. If we select s. € [Timin, Tmax| then, given do we can rewrite (3.3) in the form

Lult) = avult +5.) + / "t + $)do(s) (€ R), (3.5)

Tmin

where 0, is continuous at s, (a. € R may be zero).

3.2. Types of equation

Lemma 3.1. Agz) = 91 in the sense that every equation can be expressed in the form
for some o of bounded variation that is differentiable almost everywhere (having a finite set of
Jump discontinuities), and vice versa.

We indicate a proof. Any bounded linear autonomous operator .Z on § generates a corresponding
linear functional A on setting Au = Z{u}(0) and, conversely, every bounded linear functional
A generates a bounded linear autonomous operator .. The Riesz representation theorem for A
provides a corresponding representation for . and this representation theorem, when applied to
L, leads us to formulate the preceding result. Its significance lies in the fact that our theoretical
discussion can be focussed, should we wish, on the form . Given an example of the form 7

we can determine a corresponding o.

Remark 3.2. With an obuvious notation, we can define {L1 ;}jem, and {L2}rem, corresponding

to so that reads Lu(t) =35 co, {L1,u)} + X pem, {L20u(t)} and
L= Z £1,j + Z 52,].3. (36)

Jen kEMN,
If we take [Tmin, Tmax] to be the minimal connected region that contains {7;} and the intervals [T, 7k
and we identify doy ; = do (L1 ;) and doa = do(Ls ;) so that

Tmax

Lo jult) = / "t + 5)do;(s) and Lo pult) = / u(t + 8)doa i (s) (3.7)

Tmin Tmin

then gives do(L) =3 {do(L1,5)} + 2, {do(Lak)}-



Denote by § the subset of § consisting of functions differentiable on R, and write
Du(t) =u'(t) (t€ R), forueF. (3.8)

This definition extends to complex-valued diferentiable functions; compare (3.4). The restriction of
L to §' is also denoted £. and we define a linear operator M on § with

M:=D - L. (3.9)

The “differential equations” of interest, u/(t) = Lu(t), can be represented in the form M{u} =0, or
Mu(t) = 0 for t € R. Thus, (+*) can be written Mu(t) = 0 where M =D — L and £ € Agz). We
SUPPOSE Tmin < Tmax PUt do not assume Tmin X Tmax < 0.

Definition 3.4 (Retarded, advanced, and mixed-type problems). Various subclasses of prob-
lem appear in the literature:

1. (Class O) ordinary differential equations, where s, =0 and do.(s) = 0 in (3.5);
2. (Class D:) delayed or retarded problems, where [Timin, Tmax) N (0,00) is empty;

3. (Class A:) advanced problems, where [Tmin, Tmax) N (—00,0) is empty;

4. (Class M:) problems of mized type, where neither (1) nor (2) apply.

Class D corresponds to do(t) =0 fort > 0, Class A corresponds to do(t) =0 fort < 0.

Class D has attracted most discussion in the literature. We shall discuss further classes of equation
later.

4. Characteristic functions, values, and solutions

The characteristic functions that we associate with (x) and (%*) in the abstract are
T4
¢~ {a+bexp(nQ) + coxp(nQ) + [ (s expl(sC)ds) (¢ € © (4.1
73

Tmax

¢— exp(¢s)do(s). (4.2)

Tmin
We make the concept of characteristic function precise. £ may be any linear autonomous operator
on § but suppose L € A@z) or Le AE3)- Define

Xz (€) = exp(—Ct)Lexp(—(t) for arbitrary t € R. (4.3)
as the characteristic function of L. Similarly, for (M defined on §’), define
Xm(€) = exp(—Ct)Mexp(—(t) (t € R arbitrary) (4.4)

the characteristic function of M. Equivalently,
X (€) = ¢ = x2(Q)- (4.5)

Specifically, for £ € A@z), x m(€) reduces to (4.2)). The function y ,, in (4.5)) is analytic and its real-
or complex-valued zeros are called the characteristic values of M. The set of characteristic values

{¢¢} of M is countable, and will be denoted 3(M). We have

Tmax

ﬁz@im,&:/wémwwmwww,m:/ exp(€s)sin(p)do(s)  (4.6)

Tmin Tmin

and if ¢, € £(M) then ¢, € (M) For real characteristic values we have

€= / " exp(Es)do(s) (G =& € R). (4.7)

min



Remark 4.1. Returning to (4.2)), the defining equation (; = / exp((es)do(s) frequently pro-

vides results on the possible size of the characteristic values given conditions on do. To illustrate,
consider real characteristic values in in (4.7) and suppose Tmax > 0 and do(s) is of fized sign (as-
sume it is nonnegative and not everywhere zero) on an interval [Tmax — A, Tmax). Then as £ — oo,

Tmax Tmax

the behaviour of exp(&s)do(s) is dominated by the behaviour of exp(€s)do(s) which

Tmin x—A

Tma:
grows exponentially, and hence grows faster than §. Consequently, £ < xc(§) for all large & € R:
XM (&) cannot vanish for large & and the real characteristic values {&} are bounded above.

The multiplicity of a characteristic value (, € C will be denoted u(¢;) € N={1,2,3,--- }:

Xaa(€) = Xu€) = -+ = XA TH(¢) = 0 amd XA (€) £ 0. (438)
Specifically for (4.2)), the values of derivatives in (4.8]) assume the form

V=1 [ sexn(oiols (4.99)

min

Tmax

FQ = [ Fem(@ools) (=23,0) (1.9)
If ¢, € (M), then (; € X (M) where (; is the complex conjugate, and pu(¢,) = p({s). We refer to a

function
Hep— 1

v, (t) = P, (t)exp((et)  where P, (t) := > ap,t” (4.10)
r=0

as a characteristic solution. Here, P, (t) is an arbitrary polynomial in ¢ of degree p¢, — 1. When
ke{1,2,--,uc, — 1} and P, (t) = t* we write v, (t) in (4.10) as v¢, (k;t).

Lemma 4.1. (a) For uc(t) :=exp((t) (C € C), v/'¢(t) —Luc(t) =0 (ie., Muc(t) =0) forallt € R
if and only if x () =0 (ie., € B(M)). (b) Given (p € B(M), every characteristic solution v¢, in
is a (possibly complez-valued) solution of Mu(t) = 0. (¢) When ¢, € X(M) has multiplicity
te, > 1 and & = R(Ce), me = (Ce), and {aer}, {Qer} are arbitrary sets of real numbers, we define
the corresponding real-valued functions

(9 -1 ¢y -1
ve, (t) = Z a7 xexp(&et) cos(net) + Z Qg t" X exp(&et) sin(ngt), (4.11)
r=0 r=0

then Mu,(t) = 0.
Proof: In view of Lemma it is sufficient to consider £ € AE3)- Clearly, for ¢ € C,

Mexp((t) = {D — L} exp(Ct) = xm(C) x exp((t) (4.12)
and (a) follows. Now suppose that ¢, € (M) and u((,) € N and take v¢, (1;t) = texp((et). Then
Mug, (1;t) = texp(Get) x xm(C) + exp(Cet) x X () =0 (t € R). (4.13)

Further, if u(¢) > 2, with k € {2,3,--+,u(C)}, ve, (ki t) = tFexp((et). For t € R,

Mo, (k; t) = {kt*=D exp(Cet) + Cot* exp(Cet)} — " 4 9)F explCult + 5) o (s).

Tmax

We know that and hold; for k € {2,3,---, u(¢)—1} (but not for &k = p(¢e)) / s exp{Cys}do(s) =

Tmin

0. By the binomial theorem, (t + s)* = t* + kt*~ls + ... + s* so for k € {2,3,---, u(¢s) — 1} we
find Mug, (k;t) =

* exp(Cat) (Cz [ GXP{CZS}dU(S)) T k5D exp(cet) (1 -/

min

Tmax

{s exp{(gs}da(s))

min



or (as a generalization of (4.13)) above)
Mug, (k; t) = t" exp(Get) x xm(Ce) + REH™H exp(Get) x Xp (), (4.14)

which vanishes for every ¢. By superposition, we establish that (4.10]) is a solution and (b) follows.
Part (c) follows by considering the real and imaginary parts of (4.10). O

Suppose {ay -}, {@r,} in (4.11) are such that

ot):= Y o) (4.15)

CeEX(M)

converges for all ¢ > 0. For convenience (see Lemma [4.2)), we suppose sup |ay | < Q < oo and

sup |0 | < Q < co. Proceeding formally M ( Z {ve,(®)}) = Z M{ve, }t). and very term

CeEX(M) CeED(M)
in the right-hand sum vanishes. However, without preciser assumptions there is no guarantee that

every function v(t) that satisfies Mwv(t) = 0 can be written in the form (4.15).

Remark 4.2 (Term-by-term differentiation and integration). With arbitrary parameters in
there is no guarantee that either series converges. As noted in [0] there are series of continuously-
differentiable functions, uniformly convergent on an interval, for which the series obtained by term-
by-term differentiation converges on the interval, but the sum of the original series is either not
differentiable on the whole interval in question, or it is differentiable but its derivative is not equal
to the sum of the series of derivatives.

Let T = [Tinin, Tmax] € R and consider conditz’onﬂ for term-by-term differentiation of a series
S =32 we(t). If the terms wy(t) are continuously differentiable on the interval T, if the infinite
series S converges at some point to of T and the series Y., wy(t) of derivatives of the terms
is uniformly convergent on ¥, then the series S is itself uniformly convergent on ¥, its sum is
continuously differentiable on T and S'(t) can be obtained by term-by-term differentiation: S’(t) =
Yoo, wy(t) fort € T. The conditions above may be applied with wy = ve,.

5. Solution properties

We summarize the position. A real-valued uniformly convergent series

HQ_l

ST YD ant) exp(Get)} (5.1)

Ceex(M) =0

of characteristic solutions v, (t) is a (possibly complex-valued) solution of Mu(t) =0 for t € T. The
real and imaginary parts of solutions of the form are real-valued solutions, related to linear
combinations of solutions of the form . From Lemma and with its notation, we have (by
superposition, and Remark the following result.

Theorem 5.1. Every uniformly convergent series on ¥ C R of the form

oo M¢,—1
Z Z {ag,t" xcos(net) + ag,rt" xsin(net) } exp(&et), (5.2a)
(=1 r=0

§e=R(Ce), me=(¢), G € B(M), (5.2b)

(in particular, sums over a finite number of terms £ € {1,2,--- | N}), satisfies Mu(t) = 0 with
M=D—-L, and L € 2(, when [t 4+ Tmin, t + Tmax] C T C R.

2 See Uniformly-convergent series, Encyclopedia of Mathematics, [6]



The expression in contains arbitrary parameters {ay,}, {Qr,}, and if a particular solution
is to be defined then suitable constrains (e.g., initial conditions, final conditions, or similar) would
have to be specified. To study this issue would take us into the area of problems that are well- or
ill-posed in the sense of Hadamard, an area into which there is no need for us to venture here.

In applications, various properties (e.g., periodicity, oscillation or non-oscillation, decay, bound-
edness or unboundedness) of solutions to Mu(t) = 0 are of interest. Lemma provides insight
because it establishes certain forms of solution, but we have not established that all solutions of
Mu(t) = 0 have the form . It may be sufficient in our discussion to establish that all solutions
possesing a specific qualitative property can be written in the form .

By a periodic solution with period @w € R we mean a solution that satisfies u(t) = u(t + @) for
t € R, and such solutions provide examples of oscillatory functions: In normal parlance, these are
functions that vary repeatedly about a central value. For A # 0,

1 — Aexp(&t) cos(nt) (t € R) (5.3)

oscillates about 1 with steady amplitude if £ = 0 and with increasing or decreasing amplitude as
t — o0, according as £ > 0 or £ < 0. A different definition of oscillation is often employed in the
discussion of solutions of differential equations and it has been carried across to equations of Class
D, A, or M (Deﬁnition

Definition 5.1. Here, a non-null real-valued solution will be said to be ultimately oscillating if it
has an unbounded sequence of distinct real zeros.

The function (5.3]) is not “ultimately oscillating” in the sense of Definition unless n # 0 and
either ¢ >0or § =0and A =1.

5.1. A general perspective

Equation (%) in the abstract reads:

u'(t) = /T u(t + s)do(s) (t€ R) (5.4)

-7

and is defined by a real-valued integrator o, which is independent of v, and is of bounded variation.
The integral is a Riemann-Stieltjes integral. By a solution u of we mean a real-valued function’]
u that is differentiable and satisfies (5.4]). Equation can be expressed in the form (with
normalized 7 = 1), and the study of (2.1) will find persistent echoes in what follows. However, it is
not universally the case that all solutions of equations of the type are expressible in the form
(¢f. (713)), and we shall impose conditions to overcome this difficulty.

The symmetry about ¢ of the deviating arguments ¢+1 in makes the example (2.1)), and many
others in the literature, somewhat special. We wish to explore examples that lack this symmetry -
e.g., u'(t) = %{u(t—i— %) —u(t— %)}, t € R. Equation appears to display the symmetry referred
to here, but if the support of o is [Th,Th] with 7, < 7% then we can rewrite in an explicitly

unsymmetric form
q

u'(t) = /T u(t+ s)do(s) (t€ R). (5.5)

g

Remark 5.1 (Equivalent versions of (5.4) and (5.5)). Equation (5.4) is a special case of (5.5)

(and vice-versa). We can replace |1y, 7% by [—7, 7| assuming (as we do) that we permit do(s) to
vanish on subsets of [—7,7]. For an equivalent form (5.4]) of (5.5) we take

7= max{r, 7"}, do(s)=0ifs¢ -7, T (5.6)

3There is a natural extension to complex-valued functions which we refer to as solutions if their real and their
imaginary parts are both solutions.



Definition 5.2 (Delayed, advanced, and mixed-type equations). Equation (5.5) and (5.4)
are ordinary differential equations if do(s) = 0 for s # 0. FEquation (5.5) (and (5.4])) are, if
not ordinary differential equations, said to be

(i) of retarded or delayed type if T8 =0 (do(s) =0 for s >0 in (5.4)),
(#) of advanced type if 7, =0 (do(s) =0 for s <0 in (5.4)), and
(i4i) of mixed type if it is neither of retarded nor advanced type.

Where 7 > 0, the equations u'(t) = au(t) + bu(t — 7) + cu(t 4+ 7) illustrate the above types, either
with b and ¢ = 0 or alternatively with (i) ¢ = 0, or (ii) with b =0, or (iii) be # 0.

5.2. Solution properties considered in our discussion

Our properties or interest are boundedness and oscillation. A solution u is bounded for ¢ > 0
if sup;sq |u(t)] < oco. Our discussion of boundedness of all solutions for ¢ > 0 reduces, under
our assumptions, to an investigation of the existence or non-existence of zeros of the characteristic
function that have positive real part.

In Definition we define oscillatory and non-oscillatory solutions precisely, and then use these
definitions to define non-oscillatory and oscillatory equations. Using Definition [7.3] and Definition
, our discussion of oscillation reduces, under our assumptions, to an investigation of the existence
or non-existence of real zeros of x.

As the zeros of x lie in the complex plane, it has been conventional for investigations of the
characteristic values to use complex analysis, but we can obtain some insight very readily using real
analysis.

6. Linear homogeneous autonomous equations with deviating arguments

We next review types of functional differential equations that can be written in the form

Mu(t) = 0 where Mu(t) :=v'(t) — /T v(t + s)do(s), (6.1)

-7

for differentiable v € ([—7,7] — R). It is natural to seek appropriate “canonical equations” that
may be used as “paradigms” when assessing the qualitative behaviour of solutions. There seems to
be some lack of uniformity in the explicit forms of the equations chosen for study in the literature,
and we consider the refined version of ,

Miu(t) = 0 where Myv(t) :=v'(t) — /_T v(t+s)do(s) (te€ R). (6.2)
We write
Mu(t) = v'(t) — Lyv(t) = Do(t) — Lyv(t) (6.3a)

for differentiable functions v € ([~7y,7°] — R), with

.

Du(t) := /() and Lyv(t) := / v(t+s)do(s) (for t € R). (6.3b)

-7

We regard £, as an operator on the space C([r;, 7"] — R) of continuous real-valued functions and
M, as an operator on the space of differentiable real-valued functions on |7, 7%], with supremum
norm (D is an unbounded operator on this space). The equation Myu(t) = 0 in now defines a
wide class of autonomous linear differential equations.

Definition 6.1 (Real or complex-valued functions). Suppose that ve C(R— R). We use the
notation Ly{v(t)} as a synonym for Lov(t) and My{v(t)} as a synonym for Myv(t) when v is
differentiable. Now if v is a complex-valued function (v € C(R — C), with v1(t) = R{v(t)} and
va(t) = {v(t)} fort € R), My{v(t)} will denote M;{vi(t)}+iM{va(t)}.



Remark 6.1. Some authors consider equations Myu(t) = 0 that hold only for t € [—T,00). Any
solution for t € R is obviously a solution in the sense of these authors (i.e., “on the half-line
[—7,00)”). In our work, we are interested in the properties of solutions for t > 0, in particular as
t — +oo.

In (6.3]), the function v is to be differentiable, and o is of bounded variation. Suppose that o is
a (so-called staircase) step function with a finite number of jumps at the points {s;}. Then (6.3b)

assumes the form Lyv(t) := Zj vjv(t + s;), where —7, < s; < 77 for all j. Alternatively, suppose
q

that o is absolutely continuous. Then (6.3b)) assumes the form Lyv(t) := / v(t+s)y(s)d(s), with

~v(s) = o’(s). If o decomposes as the sum of such a discontinuous part and an absolutely continuous
part then

b
Muyv(t) =0'(t) — Lyo(t) and Lyo(t) == ij v(t+s;) + / v(t + s)v(s)d(s). (6.4)
i 7
When u is a solution it is supposed differentiable; however, v does not have to be differentiable (nor
even continuous) for the expression for £,v(t) on the right of (6.4) to have a meaning — we only
require the sum and Riemann integral to be defined.

Example 6.1. The equation that corresponds to (6.4) reads

4

u'(t) = Z v u(t + s) + / u(t + s)v(s)d(s). (6.5)
j -7

We use examples of (6.5) to illustrate the classes of equation in Definition . Suppose 19, 70, and

Ty non-negative, 5 and v are non-trivial, and Zé({|bk| + |ck|} # 0. Consider

K K 0 70
u'(t) :au(t)—ﬁ—z bku(t—Tk)—l—chu(t—ﬁ—Tk)—ﬁ—b()/ u(t—i—s)ﬂ(s)ds—i—co/ u(t+s)y(s)ds. (6.6)
k=1 k=1 —To 0
This equation is of the type shown in (6.5); it is (i) of advanced type if b = 0 for all k €
{0,1,2,--- , K} and (ii) of retarded type if ¢, =0 for all k € {0,1,2,--- | K}.

7. Qualitative behaviour of solutions

Much of the literature relating to the qualitative behaviour of solutions of functional differential
equations is concerned with the asymptotic behaviour of solutions. As we remarked earlier, this
involves investigating the existence (or otherwise) of characteristic values with positive real part-
see, for example, [2, [7], see also [I] for further background. Less common is the approach we adopt
here, which focuses on oscillatory behaviour.

7.1. Definitions related to Oscillation € Non-oscillation

The literature includes, for a variety of equations expressible in the form , studies on methods
for determining whether some of the solutions of such an equation are non-oscillatory or all are
oscillatory, and a role for the corresponding characteristic function in the study of this issue is
documented. We refine existing definitions and results and discuss the choice of canonical equations.
First we consider again the definition of oscillatory function:

Definition 7.1 (Non-oscillation and oscillation of a function). A real-valued function of a real
variable, x € (R — R), is said to be non-oscillatory — to be precise, non-oscillatory about zero for
increasing argument — when there exists T < oo such that

sign{u(t1)} x sign{u(t2)} # —1 for all t1,to > T. (7.1)

When a function is not non-oscillatory (as above) then it is called oscillatory (about zero, for in-
creasing argument).
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Remark 7.1. (a) The words “for increasing argument” in Deﬁnition are in general omitted as
also, with less justification, are the words “about zero”. (b) According to Deﬁnition for the null
function vy (with vo(t) = 0), sign{ve(t})} = sign{vo(t5)} = 0 for all ¢,t5 by our definition of the
sign function. Thus, the function ug that vanishes everywhere is oscillatory.

To cover behaviour as t — —oo, where solutions are defined for negative arguments, we say that
a function v, whose domain includes (—o0,0], is non-oscillatory for decreasing argument if the
function v_ with v_(t) = v(—t) for t € R is non-oscillatory for increasing argument, and oscillatory
for decreasing argument if the function v_ is oscillatory for increasing argument.

7.2. Properties of the characteristic roots: Cases with sign{lim,_, X o, (z)} = —sign{limg— 00 X\, ()}

The meaning of the sign of a number is not universally accepted, so we state the definition that
we use:

Definition 7.2 (The sign of a finite or infinite real number w). We define
sign(—o0) = —1, sign(0) = 0, sign(+o0) = +1, sign(w) = w/|w| otherwise, for w € R.  (7.2)

Theorem 7.1 (Sufficient conditions for a real characteristic value). The characteristic func-
tion X, has at least one real zero if and only if

sign{inf X, (¢)} x sign{sup x.., ()} € {~1,0}. (7.3)
e rzER

Further, the characteristic function X, has an odd number of real zeros (counting according to
multiplicity) if and only if sign{lim,_, X, (2)} = —sign{limy 4+ o0 X, (x)}.
[Proof: : Follows immediately from the continuity of X, ]

Example 7.1. Consider the case Myu(t) = o' (t) — au(t — 1) — bu(t) — cu(t + m2) with 7 5 > 0, for
which X . (¢) =C¢ —aexp(—71() — bexp(¢) — cexp(+72() when ¢ € C and

Xou, () =z — aexp(—712) — bexp(x) — cexp(+7ax) where x € R. (7.4)

It can be verified that My € £t Now

sign{_lim x., (2)} =—1ifa>0; sign{ lim x, (¢)} =+1ifa<0; (7.5a)

. i i1 c<0or o i 1 c>0 or
sign{ lim ., (@)} =+1i | [ Zg gy i sien{ lim xo @y=-14 { Zggysg
(7.5b)

Then (7.3) holds in the following cases:

a>0 & {c<0, orc=08&Db<0}
or . (7.6)
a<0 & {c>0,0orc=08b>0}

7.8. A case with sign{limg_, X, (2)} = sign{limy_ 4 o0 X, (x)}

Consider a case in which sign{lim,, o X, (z)} # —sign{lim,_, X, ()} so that Proposition
does not apply. To develop the discussion, impose the assumption that X, is concave either
downwards or upwards, in a strict sense. (E.g., if xaq, is strictly concave downwards X, (Axq +
(L=XN)z2) > Ax,, (21) + (1 = A)x, (22) for 21 # 22, A € (0,1), and Erin X, () = —00.) Thus,

xr o0

either X"\, () <0 for allz € R or X/A//xt () >0 for all z € R. (7.7)
My )
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Equivalently, since x ,, (r) =2 — we,(z) (x € R),
either we,"(x) >0 forallz € R or we "(x) <O0forallze R (7.8)
and w, is strictly concave (upwards or downwards). In the first case (also called “convex”):
we, Az + (1 = N)z2) < dwg, (z1) + (1 = Nwe, (22) (when 21 # x5 and A € (0,1) (7.9)

and sign{a:ErPW we, ()} = Sign{gﬂginoo we, (x)} = 1 while, in the second case, sign{ajgrinoo we, (x)} =

sign{wgr}rloo we, (2)} = —1.

Theorem 7.2. Given the characteristic function X, (r) = x —wg, (v) , suppose that the analytic
function wg, is concave on R. Then one of the following possibilities holds (i) X, has no real zeros;

(i) X, has one zero (% where Xj”u (¢%) = 0; (i) Xow, has two distinct real zeros (' and (.

[Proof: For definiteness suppose that w,, is concave upwards (and a line segment between two points
on the graph lies above the graph connecting the two points). Real zeros of w,, arise if 2 = w,, ()
for some x € R. The case (i) arises when x < w,, (7) for all € R; the case (ii) arises when the line
y = z is tangential to the curve y = w,, («) and there are then “two coincident zeros”; for case (iii)
the line y = z intersects the curve y = w,, (x) in two distinct points and there are two distinct real
zeros of X, - The case where we, is concave downwards is analogous.|

Example 7.2. Consider the case
Mou(t) = u'(t) — bu(t — 1) — au(t) — cru(t + 71) with 7, > 0
(a simplified version of (6.6)), for which
Xow, () =z — by exp(—71x) — a — ¢1 exp(+711)
can be written, when x is real, as

Xow, () =x — a9 — Asinh(myz) — Bcosh(mz) for x € R. (7.10)
A=c—b, B=by+c. (7.11)

We observe the following:
1. If A=0and B >0 (i.e., c; = by > 0) then w, (v) = Bcosh(riz) so we, is concave upwards
and Proposition holds.
2. If A=0 and B <0, then wr, is concave downwards.
3. On the other hand, if B = 0 then X, () =z — a — Asinh(ma) and Proposition applies
for every A € R.

If A=0 (i.e., whenever ¢; = by ) the deviating arguments , with values t + 71, are symmetrically
placed about t and are given equal weight in the expression Myu(t).

7.4. Equations that are oscillatory or non-oscillatory
We employ the followingﬂ terminology.

Definition 7.3 (Equations that are oscillatory or non-oscillatory). A scalar homogeneous and
autonomous equation Myu(t) = 0 is called oscillatory (for increasing argument) if all of its solu-
tions are oscillatory for increasing argument, in the sense of Definition [71) — otherwise, it is called
non-oscillatory (for increasing argument).

4Other definitions can be found in the literature; some apply to functions defined on a half-line; some definitions
apply to vector-valued functions.
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The corresponding definitions “for decreasing arguments” (when solutions are defined on the
whole set R) should be inferred. According to Definition the class of non-oscillatory equations
Myu(t) = 0 consists of those equations that have at least one solution that is non-oscillatory for
increasing argument.

Every equation Myu(t) = 0 has the null function u(t) = 0 amongst its solutions. In consequence,
no equation M,u(t) = 0 would be oscillatory unless we regard the null function as oscillatory, and
Definition [7.1] ensures that this is the case. An alternative approach would be to modify Definition
by requiring Myu(t) = 0 to be called oscillatory if all of its non-zero solutions are oscillatory.

7.5. Criteria involving the characteristic function

It is clear that if X, has a zero (; € C with non-zero imaginary part then the equation Myu(t) =
0 possesses some oscillatory solutions since at least one of the characteristic solutions is oscillatory
both for increasing argument and for decreasing argument). What is not immediately obvious is
whether none of the solutions are oscillatory if all the zeros of the characteristic function X, are
real numbers.

It is apparent from the literature that the direct correlation between oscillatory solutions and the
zeros of the characteristic function holds for certain classes of equations but not for all. Krisztin [10]
(see also [8,[0]) gives an example showing that may have a nonoscillatory solution in spite of
the fact that the corresponding characteristic equation has no real roots. The root of the difficulty
can be identified if we introduce the following definitions.

Definition 7.4 (Expansions in weighted sums of characteristic functions). and the class €4,
Suppose that {&}3° are the characteristic values of Ly and & is a characteristic value of finite
multiplicity ne:

N () =X (€)= =X E) =0 (for €€ 0,12, ), XU () #£0.  (T12)

A solution u of the equation My{u}(t) =0 (t € R) is said to be expandable in weighted characteristic
functions of Ly if it can be expressed

u(t) = Zagﬂg(t) fort >0, (7.13)
=0

where the functions {Q(t)} have the form Qu(t) = Py(t) exp(&et), in which Py is some polynomial of
degree ng — 1. If (7.13) holds, we write u € €y, .

In the above , the functions {£2,} are polynomial multiples of characteristic functions.

The class €4, is related to the class of exponentially bounded functions El A real-valued function
v whose domain includes the positive real numbers is exponentially bounded if there exist £ > 0 and
a € R such that sup,~q |[v(t)] < kexp(at).

Definition 7.5 (Oscillatory & non-oscillatory equations in a weak sense). A homogeneous
autonomous scalar equation Myu(t) = 0 is called non-oscillatory in a weak sense if all of the so-
lutions u contained in €rq, are non-oscillatory for increasing argument, in the sense of Definition
[71; — otherwise, it is called oscillatory in a weak sense.

Proposition 7.1. The equation Myu(t) = 0 is non-oscillatory in a weak sense (for increasing
argument) if it is non-oscillatory (for increasing argument) in the sense of Definition .

5For a class of equations discussed in [10], Krisztin establishes that all “non-oscillatory solutions” are exponentially
bounded.
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7.6. The class £ of operators L

For a given family of operators L, a question of interest is whether the term “non-oscillatory”
and “non-oscillatory in a weak sense” mean the same thing. We introduce the class £! of operators
Ly to avoid this uncertainty. We later provide a refinement (see Definition [7.7) in which we define
a class £ D ¢f.

Definition 7.6 (The class £* of operators L; ). We state that My, € £* if the equation Myu(t) =
0 s oscillatory when and only when all the characteristic values have non-zero imaginary parts.

Assumption 7.1. We assume that My € gt

Remark 7.2. The literature contains necessary or sufficient results for validity of Assumption [7.]]
in the case of equations Liu(t) = 0 that have only retarded arguments. For mized equations, Krisztin
[10, Assumption H] has given a sufficient condition for Assumptz'on to be valid. In the original
source, Krisztin took [—7,7| to be [—1,1] and considers systems of equations. He states a more
complex condition and deduces the results stated below as corollaries. When applied to the scalar
equation Myu(t) = 0 with My as in his analysis yields results stated here.

Unless stated otherwise, Assumption [7.1]is taken as given, but a useful alternative approach
follows on using the next definition.

Definition 7.7 (The class £ of operators L; ). We write My € £ if a necessary and sufficient
condition for Myu(t) = 0 to be oscillatory in the weak sense is that all characteristic values have
non-zero imaginary parts; equivalently no zeros of the characteristic function X, are purely real.

7.7. Ezisting results on £

Proposition 7.2 (A condition from the work [10] of Krisztin). Suppose o defines My in (6.3]).
Assumption [71) is valid when o has an atom at T, i.e., o satisfies the condition

Th/(ni o(r) # o(r). (7.14)

Assumption may hold even when o does not have an atom at 7.
Proposition 7.3. Suppose that ([T.14) is valid; then Myu(t) = [7_u(t + s)do(s) can be written

T

Myu(t) = nu(r) + / u(t + s)do(s) (n#0) (7.15)

where the variation Va2 () (cf. Defn satisfies 1i1(1)r1+ VI__(6)=0.
E—r

Remark 7.3. Recall that the functions o, where o (r) = —o(—r), generate My and M; with the
corresponding characteristic functions X, and X g, and all the zeros of x amz have non-zero imag-
inary part if and only if the zeros of the zeros of X, have the same property. However, when o

satisfies (7.14) there is (in general) no guarantee that the function & satisfies the corresponding
requirement guaranteeing that Mg € £t In general,

Myegt =5 Micgl (7.16)

We conclude that non-oscillatory in a weak sense and non-oscillatory are not equivalent properties.
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8. Conclusions: Towards a Family of Canonical Equations for Oscillation

As motivation, let us observe that advanced, retarded, and mixed type equations have very
different properties, and without additional information on do(s) the qualitative behaviour cannot
be deduced if we work an equation of a different type. In the same way that the dynamics of the
canonical ordinary differential equation

u' () = Au(t) (8.1)
provides inadequate insight to the dynamics of the canonical retarded differential equation
o' (t) = Au(t — 1) (8.2)

so the retarded differential equation provides surprisingly little insight into the behaviour of the
advanced or mixed-type equation.

Accordingly, the search for a single (or small class of) canonical problem that can be fully analysed
and used to classify more general problems remains open. and will be the subject of further work.

Nevertheless, the authors take the view that the material reviewed and presented here provides
simple methods to analyse oscillatory behaviour and also highlights the potential for misunderstand-
ing and for drawing incorrect conclusions from an incomplete analysis. Further, the analysis of both
oscillatory and stability behaviour for specific examples of equations of the form (x) in the Abstract
is tractable using the approaches described here.
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