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Abstract

In this paper, we first introduce an alternative proof of the error estimates of the numerical methods
for solving linear fractional differential equations proposed in Diethelm [6] where a first-degree compound
quadrature formula was used to approximate the Hadamard finite-part integral and the convergence order
of the proposed numerical method is O(At?27%),0 < a < 1, where « is the order of the fractional derivative
and At is the step size. We then use the similar idea to prove the error estimates of a high order numerical
method for solving linear fractional differential equations proposed in Yan et al. [37], where a second-degree
compound quadrature formula was used to approximate the Hadamard finite-part integral and we show that
the convergence order of the numerical method is O(A#37%),0 < o < 1. The numerical examples are given
to show that the numerical results are consistent with the theoretical results.
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1. Introduction

In this paper, we will consider the numerical methods for solving the following linear fractional differential
equation

6 Difx(t) = Ba(t) + f(t), te[0,1], (1)
2(0) = 22, (2)

where 0 < a < 1 and 8 < 0, 2° € R denotes the initial value, f is a given function on the interval [0, 1] and
§Dga(t) denotes the Caputo fractional order derivative.

Diethelm [6] introduced a numerical method for solving (1)-(2) by approximating the Hadamard finite-
part integral with the first-degree compound quadrature formula and proved that the convergence order
is O(At?~%), where At is the step size. Ford et al. [15] used the similar method to consider the time
discretization of the following time-fractional partial differential equation

SDcu(t,z) — Ault,z) = f(t,x), te€[0,T), z€Q, (3)
w(0,2) =0, z€Q, (4)
u(t,z) =0, ¢€][0,T], x €I, (5)

where 0 < o < 1 and  is the bounded open domain in R%,d = 1,2,3 and 99 is the boundary of . Here
2 2 2

A =24+ 2, 4+ 2, denotes the Laplacian operator with respect to the x variable.
1 2 3

Define A = —A, D(A) = H}(Q) N H%(). Then the system (3)-(5) can be written in the abstract form

§Dpu(t) + Au(t) = (1), 0<t<T,0<a<l, May 5, 2501
U(O>:u07 y7 7§

The time discretization problem of (6)-(7) is then the same as the discretization problem for solving (1)-
(2). Ford et al. [15] used the similar numerical method as in Diethelm [6] to consider the time discretization
of (6)-(7) and proved that the convergence order of the time discretization scheme is O(A#2~%).

In [37], Yan et al. introduced a higher order numerical method for solving (1)-(2) by approximating the
Hadamard finite-part integral with second-degree compound quadrature formula and proved that the error
has the assympototic expansion as in [8]. However the authors in [37] can not prove the error estimates of
the higher order numerical method by using the argument in Diethelm [6]. It is not clear if it is possible to
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stability condition. Sun and Wu [35] proposed a finite difference method for the fractional diffusion-wave
equation. Langlands and Henry [22] considered an implicit numerical scheme for fractional diffusion equation.
Lin and Xu [27] proposed a finite difference method in time and Legendre spectral method in space. Li and
Xu [26] proposed a time-space spectral method for time-space fractional partial differential equation based
on a weak formulation and a detailed error analysis was carried out. Ervin and Roop [10], [11] used finite
element methods to find the variational solution of the fractional advection dispersion equation, in which the
fractional derivative depends on the space, related to the nonlocal operator, but the time derivative term is
of first order, related to the local operator. Adolfsson et al. [1], [2] considered an efficient numerical method
to integrate the constitutive response of fractional order viscoelasticity based on the finite element method.
Li et al. [25] considered a time fractional partial differential equation by using the finite element method
and obtain the error estimates in both semidiscrete and fully discrete cases. Jiang et al. [21] considered a
high-order finite element method for the time fractional partial differential equaions and proved the optimal
order error estimates. See other numerical methods for solving time-fractional differential equations, [22],
[35], [27], [28], [16], [24], [17], etc.

Recently, Gao et al. [18] obtained a high order numerical differentiation formula with O(A#3~%),0 <
a < 1 for the Caputo fractional derivative by discretizing fractional derivative directly and applied this
formula for solving a time-fractional diffusion equation. But there are no error estimates in [18]. Li et
al. [23] also introduced a high order O(At3~%),0 < a < 1 numerical method to approximate the Caputo
fractional derivative and applied this method for solving time-fractional advection-diffusion equation. The
error estimates and stability analysis are considered only for a € (0, ) with some positive a; € (0,1) in
[23]. In this paper, we will prove the error estimates of the high order numerical methods introduced by
Yan et al. [37] and the convergence order is O(At37),0 < a < 1. We emphasize that our analysis works
forall 0 < a < 1.

The paper is organized as follows. In Section 2, we consider the proof of the error estimates of the
numerical methods for solving linear fractional differential equations proposed by Diethelm [6]. In Section 3,
we consider the proof of the error estimates of the numerical methods for solving linear fractional differential
equation proposed by Yan et al. [37]. The numerical examples are given in Section 4.

By C, ¢y we denote some positive constants independent of the functions and parameters concerned, but
not necessarily the same at different occurrences.

2. Linear interpolation

In this section, we will review Diethelm’s method [6] where the Hadamard finite-part integral is approx-
imated by using the piecewise linear interpolation polynomials.
Let us write (1)-(2) as the following form, [6], with 0 < a < 1,

6 Dffa(t) —a%] = Ba(t) + f(t), 0<t<1, (8)

where §*Dgz(t) denotes the Riemann-Liouville fractional derivative defined by

1 d [
R o —a
Dix(t) = ——— t— dr.
SDpe) = gy | (= e ar (9
The Riemann-Liouville fractional derivative Dz (t) can be written as, with = € C2[0,1],
R 1 ' 1
FDFa) = e § (¢ =) () (10)

where the integral must be interpreted as a Hadamard finite-part integral. [9, Theorem 2.1]
Let n be a fixed positive integer. Let 0 = tg < t; <ty <--- <t; <--- <t, = 1 be a partition of [0, 1]
and At the step size. At the points t; = £, =1,2,...,n, we have

EDea(ty;) —2°) = Ba(t;) + f(t;), §=1,2,...,n,
2



that is,

; tj _77_717ax7_ *:EO = Ba(ts _ _ o
e D) — a0l = ) + S0, =120 )

Let us consider how to approximate the Hadamard integral in (11). By the change of variable, we have

1 ; “lmag(r)dr = t;a 1w717°‘x F—tiw) dw
T h =D e dr = s et — ) du.

For every j 3 we approximate the integral by a piecewise linear interpolation polynomial with the equis-

paced nodes O 3 N % We then have, for some smooth function g(w),

. 1
% w g (w) dw = }{ w1 (w) dw + Ej(g), (12)
o 0

where g1 (w) is the piecewise linear interpolation polynomial of g(w) and E;(g) is the remainder term.
We have

Lemma 2.1. [6] Let 0 < a < 1. Assume that g € C?[0,1]. Then

[ we dwaang() E(g), (13)

where
-1, fork =0,
a(l —a)j g =4 2k — (k— 1)1 — (k+ 1)1, fork=1,2,...,j — 1,
(a—1k= — (k=D 4 k1= fork=j.

By using (11)-(13), we obtain the following approximation of the Riemann-Liouville fractional derivative
RDex(t) at t =t;

i
6D a(ty) = AT wyja(tyx) + R,
k=0

where R = CAt?*~*(maxo<s<1 [27(s)]) = O(At2~) [6] is the remainder term and the weights wy j, k =
0,1,2,..., 7 satisfy

I'(2—a)wy; = (—a)(—a+1)(j) "ok, (14)
For the Caputo fractional derivative § D (t) at t = t;, we have, noting that Dz (0) = z(0) FDg (1) =
z(0) ,—o
F(l—a)t ’
j .
§ Dya(ty) = ¢ DF (a(t;) — 2(0)) = A=Y " wyjw(t;—r) + RY, (15)
k=0
where wy, ; = wy ; for k=0,1,2,...5—1,7 > 1 and w;; = wj,; — F(Jl;_aa)
The exact solution of (1)- (2) then satisfies
J .
Wy ;x(t;) — At Ba(t; Z ki x(tj—k) + At f(t;) — At*RY,
or
w(t;) — (wo )~  (At*B)a Z dj—pa(tj-k) + (Wo,;) " At f(t5) — (wo,;) " At RY, (16)
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where d;_;, = —ﬁ}k’j/ﬁlo,j,k =1,2,...,5,7>1.
Let z; = z(t;),j > 0 denote the approximate solution of z(¢;). We define the following numerical method
for solving (16), with zg = 2°

J
xj — (W) "M (AL By =Y djgwj i+ (W) ALY f(t;), =1,2,...,n. (17)

k=1

We have the following error estimates.

Theorem 2.2. [6] Let z(t) and x; be the exact solution and the approzimate solution of (16) and (17),
respectively. Assume that x € C?[0,1]. Then there exists a constant C = C(a, f, ) such that

lz(t;) — x| < CA*™, j=1,2,...,n.

Remark 2.1. Our proof of Theorem 2.2 is new and is different from the proof in [6]. We shall use the
same idea to consider the proof of Theorem 3.4 for the higher order method in Section 3. Therefore it may

be helpful to give the new proof of Theorem 2.2 in detail here in order to understand the idea of the proof of
Theorem 8.4.

To prove Theorem 2.2, we need the following lemma.

Lemma 2.3. For 0 < a < 1, the coefficients in (17) satisfy, with j =1,2,...,n,

J

Sdi=1, (18)

k=1
A >0 k=124 (19)
dyt < coAt™,  for some constantcy. (20)

Proof: We first show (18). Choose z(t) = 1 in (15), we have

J
AN gy =0, j=1,2,...,n,
k=0
which implies that
@O’jﬂ-wl}jﬁ-wg’j—f—"'—f—w]”j:0, j:1,2,...,n,
or, noting that d;_, = —wy ;/wo j, k=1,2,...,45, j=12,...,n,
di_1+dj_o+---4+di +do =1,

which is (18).
We now consider (19). It is trivial for j = 1. Here we only consider the case for k=1,2,...,j—1, j =
2,3,...,n, we have

IF'2—-a)wg,; = (—a)(—a+1)(J) o, = 2k (k-1 (k1)

—klfa(—2+(1—%)“H(H%)H)

_k,l—a[ 94 (H(l_a)(_f)Jr (1—a23(—a)(_%)2+ (1—04)(—;)(—04—1)(_%)3+._.)
+ (1+ (1 —a)% ;i) _Z?(_a)(%F L 4 _a)(_;)(_a_ 1)(11)3+"‘)}
:2(1_04)(_06%1_&(# mooz(a-l-1)(a+2)...(052—;12)?1—3)((1—&-2771—2)kzlm}



n. Thus, noting that I'(2 — a)wo ; = 1, we

which implies that wy ; < 0for k=1,2,...,5—-1,5=2,3,...,
have _
W w
djp=——d = _TRI 50 k=12...,j-1j=23,.
Wo,j Wo,j

For k=j,j=2,3,...,n, we have
e

I2—aw;;=—(a—1)j*+(G-1)">—j
:jlfa[—(a—l)%—l
L, (maCa) 1 (-aataD Ly, )]

1+ (1—a)(==)+— (=
L R O 5 ;
1 (a+D(a+2).. . (a+m—2) 1
0ot (g )
(1-a)(—a)j 2j2+n;3 (m)! )
which implies that w; ; <0, j =2,3,...,n. Hence
W w;j e _
dg=——2L = 21 4 >0, j=2,3,...,n.
"7 oy wo,; (1 —a)wy,

Finally we estimate (20). Note that, with j =1,2,...,n

o j
do=——-L = 42 .
0 00,5 wo,; (1 —a)we; = T(1—a)w,

Hence
dy' <T(1 - a)wgj* =T(1 — a)wo jtF ALY < cg AL,

for some constant cg.

Together these estimates complete the proof of Lemma 2.3.
|

Proof of Theorem 2.2: Let e; = z; —z(¢;), 7 =0,1,...,n. Subtracting (16) from (17), we have

ej — (o ;) (At B)e; Zdj kej_k + (0o ;) TAtYR), §=1,2,. (21)
k=1

where eg = 0 and d;_, = —wy ;/Wo ;. k =1,2,...,].
Multiplying e; in both sides of (21), we have, denoting (u,v) =u-v, Vu,v € R, with j =1,2,...,n,

(ej,e5) — (wo,5) " (At B)(ej, ;) Zd] k(ej—k,€5) + (wO,j)_lAtQR{v8j>'

Denote the norm, noting that 8 < 0,
|€jﬁ = (ej,€5) — (Wo,5)" fAe B)(ej.€5), j = 1.

We have, by (19),

j
lej 17 <> djklejlles] + | (o) At RY|lej], 5 =1,2,...
k=1



Note that |e;| < |ej|1, we have

i
lejli <> dj—lej—kl + do|dy * (wo,;) TAR]|, j=1,2,... . n. (22)

k=1

We will use the mathematical induction to show that, with k =1,2,...,5,7=1,2,...,n

|€1|1 <dy 1H<1la<X] |d61(1ﬂo,j)7lAtO‘Rl1|, (23)

|6k|1 § (1 — dj—l — = j—(k—l))_ (do 1r£1la<x ’d U/()J lAtQR |) (24)

It is easy to see (23) holds. In fact, we have, by (21), with j =1,

|€1|1 S |(’UJO 1) lAtQRly < do m?<xj ‘d woyj)ilAtaRH.

Let j > 2 and assume that (23) and (24) hold true for k =1,2,...,5 — 1, then for k = j, we have, by (22),

|€j|1 S dj_l (1 — dj_l — s — dg)_l (do max ’dal(wo)j)_lAtaRiD
+ dj72(1 —djg— dg) (do 1r1<11a<xj |d0 (Wo,5)~ 1AtO‘Rl |>
+ .o
+ ds (1 — dj_l) (do n<1la<x ’d 'LUOJ 1AtaR D

+di ()7 (do [max |dy ! (@o,;) "t At R} D

+(=dj = —d) (1 —dja = =) (do max |d61(w0,j)71AtQRl1|>'
Thus, by (19),
e (1= o) o o ) AR,

which is (24). By (18) and (20), we obtain, with j =2,3,...,n
do

11 < d YAt R}
‘eﬂhfl_d] 1_..._dlfilla<}‘:]|0 (wo,5)™ Ry
< max |d (wo,;)” 1At°‘Rll| < max ‘Rll| < CALP™,
1<I<j 1<I<j

Together these estimates complete the proof of Theorem 2.2.

3. Quadratic interpolation polynomial

In this section, we will approximate the Hadamard finite-part integral in (10) by using piecewise quadratic

interpolation polynomial. Let n = 2M, where M denotes a fixed positive integer. Let 0 =ty < ¢ < ty <

- < tgj < tgjp1 < --- < toy =1 be a partition of [0, 1] and At the step size. At the point to; = m, the
equation (8) can be written as

0D [(ta;) — a°] = Ba(tay) + f(tey), J=1,2,..., M, (25)

6



and at the point 3,11 = 2M , the equation (8) can be written as

0 D [x(t2j1) — 2°) = Ba(tajr) + fltajer), J=1,2,...,M 1. (26)
Let us first consider the discretization of (25). Note that

1 1295

taj 1
= — =) (r) dr = =22 W Tty — 2; W) aw,
S f e e b = s T e — ) e, (20)

where the integral must be interpreted as a Hadamard finite-part integral.

We replace the integral by a piecewise quadratic interpolation polynomial with the equispaced nodes
0, 2%., 2%,7 ey 2;7 j=1,2,..., M. We then have, for some smooth function g(w),

oD a(ta;)

?{ w™ ! g(w) dw = jg W™ ga(w) dw + By (g), 2%)
0 0

where go(w) is the piecewise quadratic interpolation polynomial of g(w) and Es;(g) is the remainder term.
We have, [37]

Lemma 3.1. Let 0 < o < 1. Assume that g € C3[0,1]. Then, with j =1,2,..., M,

fgl “ITy dw—zam]g( )+Rzg() (29)

where
27 %+ 2) forl =0,
(—a)22~ forl=1,
N (—a)(—2~ “a)+ sFy(2), forl=2,

(ma)(ma+ D{—a+2)(2) e = —Fy(k), forl=2k—1, k=23,...,7,
L(Fo(k) + Fo(k+ 1)), forl =2k, k=2,3,...,j—1,
1F(j), forl=2j,

where
Fo(k) =(2k — 1)(2k) ((219)*“ — 2k — 1))*“) (—a+1)(—a+2)
- ((2k 1)+ Qk) ((%)*M1 — 2%k - 1))*@“) (—a)(—a+2)
+ ((2k)‘“+2 — 2k - 1))—“+2) (—a)(—a+1), (30)
Fy(k) =(2k — 2)(2k) ((2k)—a — (2k — 2)—‘1) (—a+1)(—a+2)
- ((2k —9)+ 2k> ((%)*a+1 — (2 — 2)*&“) (—a)(—a +2)
+ (k)72 = (2 = 2) 72 *2) (—a) (—a + 1), (31)
and

Fo(k) =(2k — 2)(2k — 1) ((%)—a (2 — 2)%) (—a+1)(—a+2)
- ((2k—2) (2k — 1) )( —artl (2k—2)_0‘+1)(—a)(—04+2)

+ (@07 = 2k = 2)7°*2) (—a) (—a + 1), (32)
7



Next we consider the discretization of (26). At the points t9j41 = %, j=1,2,...,M — 1 we have
BDox(tyj11) = 1 %tzjﬂ(t i1 — 1) % (r)dr
i1 NENA 2j+1
1 " —l-«
= m/o (toj41 —7) x(r)dr
t;j(j‘l % —1l—«
+ F(—a) fé w $(t2j+1 — t2j+1w) dw.

Remark 3.1. Here we divided the integral fg”“ into fgl and

. ta to
into [, and t;_’“
J

ty
t2j+1

$o

Remark 3.2. In the expression of FDx(taj41) above, the first

and obtain the similar weights.

tojt1

. Similarly one may divide the integral

integral fotl(t2j+1 — 1)t x(r)dr,j > 1

is the standard integral since the integrand has no singularity points on [0,t1]. But the second integral

$o 7w (ty 41 —taj41w) dw is the Hadamard finite-part integral since w™'~* has the strong singularity

at w=0.

We replace the integral by a piecewise quadratic interpolation polynomial with the equispaced nodes

0, 2j1+1, 2ji1 e 2;11, j=1,2,...,M — 1. More precisely, we have, for some smooth function g(w),
2j 2
T . T
w g (w) dw = w g (w) dw + Eaj11(9), (33)
0 0
where go(w) is the piecewise quadratic interpolation polynomial of g(w) with the nodes 0, 2j1+1 , 2j2+17 ceey 2511, j=
1,2,...,M —1 and Es;1(g) is the remainder term.
We have, [37]
Lemma 3.2. Let 0 < o < 1. Assume that g € C3[0,1]. Then
2 2
35+1 o k
]g w Y g(w) dw = Oék72j+19(27) + Rajt1(9), (34)
k=0
where o 2541 = 025, k=1,2,3,...,27, j=1,2,...,M — 1 and ay2; are given in Lemma 5.1.

By using (27)-(29), we obtain the following approximation of the Riemann-Liouville fractional derivative

BDex(t) at t =to5,j=1,2,..., M

)

2j

gD?x(tQJ) = At Z ’wk’le'(tQj,

k=0

where Ry = CAt~*(maxo<s<1 [27(s)]) = O(At3~*) [37] and
1,2,..., M satisfy

I3 — aJwgg; = (—a)(—a+ 1)(—a+2)(2)) "2,

Similarly, we have at t = tg;41, j =1,2,..., M — 1,

1

ty
— / (tajs1 —8) > La(s)ds + At~
a) Jo

(}]%D?x(tszrl) = 1—\(_

8

k) + RY, (35)

the WeightS wk,Zjvk = 0,1727" 7277] =

k=0,1,2,...,2j. (36)

2j
2j+1
* E Wy 2j+12(t2j+1-k) + R,
k=0



where wy 2541 = Wi 25,k =0,1,2,...,25 and R2j+1 O(A#3~9),
For the Caputo fractional derivatlve §Dfx(t ) att =tq;, j = 1,2,..., M, we have, noting that ! D¢z (0) =

2(0)fDg(1) = w525t

2
6 DY a(ta;) = §Df (w(ta;) — (0)) = ALY oja(ta; 1) + R,
k=0

where the weights, with £ =0,1,2,...,2j—-1,7=1,2,..., M,

924)—c
Wg,2j = Wk,25, Waj2j = Waj,25 — F((lj)_ & (37)
Similarly, we have at ¢ = tgj41, j=1,2,..., M-1
1 t1 2j+1
6 DY x(taj41) = m/ (toje1— )" a(s)ds + At Z We,2j+17(t2j11-k) + RY T
Bty k=0
where, with k = 0,1,2,...,2j, j =1,2,..., M — 1,
_ _ 2j+1)~¢
Wk 2541 = Wk,25, W2j+1,2j+1 = (Fj(l—)a)' (38)

The exact solution of (1)- (2) then satisfies, with [ =2,3,...,2M,

l
'lf)owlx(tl) — Ataﬂfﬂ(tl) =1, — Zﬂzklx(tl,k) + Ataf(tl) — AtaRlQ7
k=1

or

l

Z‘(tg) — (ﬂ}o,l)_l(Ata,@)x(tl) = (ﬂ}o,l)_lfl + de,lx(tl_k) + (@0,1)_1Ataf(tl) — (@071)_1AtaRl2, (39)
k=1

where dy; = —wWy, /W01, k=1,2,...,1, 1 =2,3,...,2M, where I; is defined by

, 0, l—2j,j_12 M,
1= )-a- . .
e a)f (toj+1 — Ya(s)ds, 1=2j+1,j=1,2,....,.M—1,

Let o =~ x(t;),1 = 0,1,2,...,2M denote the approximate solution of x(¢;). We define the following

numerical method to approximate the exact solutions in (39), with [ =2,3,...,2M,
. l
2y — (o) "M (AL B)ay = (wo.) I+ Y drwi—k + (Wo0) ALY f(ty). (40)
k=1

where I; is some approximation of I; discussed below in (42). Here we assume that 2o = 2° and z; will be
approximated below in (41).
To approximate x(t;) with the required accuracy O(At3~%) which will be the convergence order of our

numerical method (40), we divide the interval [0, ¢1] by the equispaced nodes 0 = tgo) < tgl) << tgnl) =t

—~ —~2_
with step size At such that At “x At3~% where n; is some positive integer. We then apply the numerical
method with the convergence order O(At2~%) in [6] to get the approximate value x; ~ x(t;) such that

o1 — a(t)| = O(BE ) = O(A), (41)
9



Remark 3.3. The computation of the approrimate solution at the first grid point x1 is analogy to a clas-
sical technique for multistep methods for first-order differential equations where the starting values are also
computed via a lower order (one-step or multistep with a smaller number of steps) method with a sufficiently
small step size.

We also need to approximate the integral I; in (39) with the required accuracy O(At3) which we shall
use in (43). Let ng be some positive integer, we divide the interval [0, ¢1] by the equispaced nodes 0 = tgo) <
tgl) < < tEnZ) = t; with step size At such that AE ~ At*T. We then apply the composite trapezoidal
quaduature rule on [0,¢;] which has the convergence order O(EQ). More precisely, we have, noting that

(t2j+1 — S)iail < (tg — tl)iail = (QAt)iail,j = 1,27 .. .,M — 1,

. 1 h 1 h
I —I| = . _ —a—1 _ . _ —a—1 ~
== gy | e =97 a0 ds = s [ (e =9 i) s
= (M) ORT) = O(A), 1=2j+1,j=1,2,..., M —1, (42)

where Z(s) is the piecewise linear interpolation polynomial of x(s) on [0,%1], which implies that I; — I =
O(At3). We need this approximation below in (43).
Let e, = 2 — z(t;),l = 0,1,...,2M. Subtracting (39) from (40), we have, by (42),

1
e — (ﬁ)()’l)_l(Ataﬁ)el = de,lel,k + (”LT}OJ)_1Aiﬂ.R127 1=2,3,...,2M, (43)
k=1
where eg = 0 and e; is approximated in (41) and di; = —Wk,/Wo, k = 1,2,...,1,1 = 2,3,...,2M are
defined as in (37) and (38).
Denote
_ dy
e =e —ne—_i, N= R 1=1,2,3,...,2M.

We have, with [ =2,3,...,2M,

e — (woy) ' (At*B)e; = e; — mej—1 — (o)~ (At*B)ey
-1
= Z dier—k + (w00,) TALY Ry — nep_4
k=1
=nle;1 —ne_a) + (N 4 doy)er_o +dser s+ +di_11e1 +dyeq + (wo,) ALY R,
=n(ei—1 — nei—2) + (n* + dag)(e1—2 — nei—3)
+ (° +den +dsp)er s+ dager_a+ -+ dig1er + dygeq + (o) AL RY

=n(ei—1 — nei—2) + (n° + day)(e1—2 — nei—s)
+ (0 + daun + ds)(e1—s — ner—4)
+...
+ 2+ don Tt 4+ di—gm + di—2y) (e — ner)
+ M+ don TP 4+ di—aum + di—1,) (e1 — meo)
+ (4 doyn' 24 dim + dig)eo + (wo,) T ALY R,

Denote

dig:=n'+> 9 Vdj, i=2,3,... 0, 1=2,3,...,2M,
j=2

10



we have, with dfl’l =,

~
|
—

e — (@071)_1(Ataﬁ)el = ElCl—k T+ (@0,5)_1AtQRl2, 1=2,3,...,2M. (44)

O<n=-5"<3 45
2 3 (45)

dp; >0, k=1,2,...,1, (46)

!
n+ Z dpy < 1, (47)
k=2
d; ! < coAt™™,  for some constantcy. (48)
Proof: We only consider the case with [ = 25,7 = 1,2,..., M. Similarly we may consider the case

1=2j+1,j=1,2,....M—1
We first estimate (45). By (67), we have

O<n= % < %
The estimate (46) follows from B
dig=mn>0,
and, by (70),
doy =n°+dy; = i(du)Z +doy >0,
and, by (69)

(ZkJ = Jk_17ln+dl_k >0, k=3,4,...,1, forl =3,4,...,2M.
We next estimate (47). Let S; =n+ 22:2 dp.1, we have

Si=n+n+n*+ - 40 Fdog(L+n+ 07+ +1'7?)

ot diog(L+n+n07) +dima(L+n) +diy

! -1 3 2
1—n 1-—n 1-—n

e d_ dr_
1—7 - + +12,11_n+l1,11_n

+ dl,l~
i.e.
(L=m)Si=nl—n")+dey(1—n""") +dss+ -+ di_1,+diy

-2

—ds3,m v —dj—on® — di—1m? — dim.

By (70) and (71), we have

(1= <l —n') +doy(1 =) +dg;+ -+ di_1; +dyy
= +doy+dag+-+di_1g+diy) =07 0 + doy)
<@ =n) =00+ day)

.1
=1-n -7 1(1(d1,1)2 +day) < (1—mn),

which implies (47).
11



Finally we estimate (48). For | =234, j =1,2,..., M, we have

diy = L ] e > 7 At®
’ Wo, Wo, F(l — Oz)’uf)o’l F(l — Ot)ﬁ)())l ’

which implies that d;ll < cpAt~* for some positive constant cy. Thus, by (70)

l
Jz,l = 77l + an_jdj}l = 77l_2(772 +dog) + dg,ml_3 +odi—n - diyg > dy, (49)
=2

which implies that J;ll < dlfll < cog At~ for some constant cg.
Forl=2j+1,j=1,2,...,M — 1, we have

F A N RN
’ Wo, F(l — Oz)lf)ovl F(l — Oé)’tf)o,l ’

which implies that dl_l1 < cpAt~® for some positive constant c¢g. Thus (49) also holds in this case and

Jfll < dfll < cpAt™¢ for some constant c¢g. The proof of Lemma 3.3 is now complete.

We are now in the position to prove the following error estimates.

Theorem 3.4. Let 2(t) and x;,1 =0,1,...,2M be the exact solution and the approximate solution of (39)
and (40), respectively. Assume that x € C3[0,1]. Further assume that zo = 2° and there exists a constant

C such that
|21 — 2(t)] < CALP™™. (50)

Then there exists a constant C = C(«, f,8) such that
lz) — x(t)| < CA3™@, 1=2,3,...,2M.
Proof:
Multiplying 2¢; in both sides of (44), we have, denoting (u,v) = u-v, Vu,v € R, with 1 =2,3,...,2M,

(él, 251) — (wo)l)_l(At el, 261 Z dk I el ks 261 ((w07l)_1AtaRIQ, 26[), (51)

Note that
2(61751) = (6[,61) + (él,él) — 7]2(6171,6171), fori=1,2,...,2M.

We have, with | =2,3,...,2M,
2|€l|2 — (wo,) " (AL*B) (e, €1) — (Wo,) (AL B) (&1, &) + (o) (AL B)n* (e1-1, e1-1)

Z 1@k, 281) + ((wo) ' At* RS, 28;).
k=1

We write, with [ =2,3,...,2M,

((@O’l)_lAtaRé,Qéo = dl l(d (’wo l) 1AtaRl2,2él).

12



By Cauchy-Schwarz inequality, we have, with [ = 2,3,...,2M,

2ler]? — (wo,) ™ (At B)ler]* — (wo) T (At B)|@l* + (o)~ (At B)n?ler—1[?

I
—

deg(le—kl” + &f?) + Jz,z(|Ciﬁll(wo,l)_1AtaRl2|2 +l&l?).

~
Il
==

(j l|el k| —l—d”|d” w()l) 1AtaRl|2+del|€l|2

b
\ |

By (47) and noting that d; ; = n and 8 < 0, we have

&1 — (wo,0) M (AL B)er|* < — (o) " (AL BN |er—1|* + da|E1—a]?

o di e + dildy (0.) T AR,

By (45), we have, noting that 3 < 0 and dy; = 7,

l&? = (@o,) " (ALY B) e
< dy(Jeral? = (wo0) (A B)nler1?)
+daglEra* 4+ diyglE +dlz|J
<di(le-1|® = (woy) " (AL*B)|er—1]?)
+ dou(|E—2|* — (wo,) " (At*B)|e1—2|?)
ot di(@)? — (@or) (AL B)ler|?) + duild (wo,) AL R 2.

(o) LAY RY)?.

Denote the norm, with [ =1,2,...,2M,
et = la|® = (wo,) ' (At B)eq]*.
We then have, with [ = 2,3,...,2M,
el; < dviler 1§ +dagleralf + -+ dimvalea]; + dildy ) (@o) At RS

Forl=2,3,...,2M, we first show that
_ = Tl N1 A e s |2
lex]? < dpy Jax \d; [ (wo1) At R5 | (52)
In fact, noting that wo,; = e a)2 *(a+2),l = 2,3,...,2M which is a constant independent on [ =
2,3,...,2M, we have, by (50), with &1 = e; — neg = e,
(él7 251) — (’Lf}o’l)_l(Ataﬁ)(eh 251) = (61, 261) — (WO,l)_l(Ataﬂ)(el, 261) = O(Ats_a). (53)
Note that d;; < 1 by (47), we have, by (48) and (50),

= 12 3—a -1/ —1 aps|2
= O(At m d At“R
1y ( ) < 112<§§l| 1,0 (wo,l) 2| )

which is (52).
We next prove the following by the mathematical induction, with £ =2,3,...,1, [ =2,3,...,2M,

|ék|? S (1 — 62175 — = CZk—l,l) (dl 1 2121342( ‘d” Wo l) 1AtaRs‘ ) (54)

13



Assume that (54) holds true for k =1,2,...,1—1, 1 =2,3,...,2M, we have, for k =, by (46),

_ - = = -1/(7 7—1/— — aps|2
‘elﬁ < dlvl(l —dig = — dl—Q,l) (dl’l 2H<1?§l |dlvll(w0’l) At R2| )
7 7 7 -1/7 7— — — a s 2
+dog(1—dyg— - —di—sy) (du Jmax |dz,zl(w0,l) "At*R3| )
4+

- - \—1(= 1, 512
+dj_o 1(1 — dl,l) (dl,l max {dl ll(w()’l) 1AtaR2’ )
2<s<l ! b
- _ - - _ _ 2
+di-1 (1) 1(dl,z gggl\dz,zl(wo,l) AL R )
. - 5 = “1(3 Sl n— 2
+(1—diy = —dig)(L—dig— - —die1g) (dl,z Joax [d; (o, 1)~ AL Ry )

< —dig——diay) (Jl,l max |chjll(w0}l)—1AtaR§\2).

2<s<

By (46), we have, with [ =2,3,...,2M,
_ - - —1/= 1 .12
leli < (1—dig—-—di—1,) (dl,l max ’dl,ll(wo,z) 1AtaR‘2| >7

which is (54).
By (47), we have, with [ = 2,3,...,2M,
le)? < —— i max |d;} (@o,) " At Rs
Lol —dyy — =gy 2msst WO 2

1 2 2 a2
§2n§1§%<l|dl’ll(wo,l) 1AtO‘R§‘ SCQ%?%(I‘Rg‘ < C(At* )7,

| 2

which implies that
et S CA3™ 1=2,3,...,2M.
Further we have, by (45), with { =2,3,...,2M,

let| = e +nera| < el + Inei-a| < CAE™ + [ne; |
< CAL™* +n(CA™ + ne—a|) < (1+n)CAL ™ +1n°|ej_o|

1
<(A+n+n2+...Hoar e < iﬁcm?"*a < CA3~@

The proof of Theorem 3.4 is now complete.

4. Numerical simulations
In this section, we will consider two examples.
Example 4.1. Consider

6 Di'a(t) = B(t) + f(t), tel0,1],
2(0) = 29,
14



where 2° = 0, 0 < a < 1, B = —1 and f(t) = %t“V’“ — B3, v > 0. The exact solution is
x(t) = t3+7.

The main purpose is to check the order of convergence of the numerical method with respect to the
fractional order a. For various choices of a € (0,1), we computed the errors at t = 1. We choose the step
sizeh=1/(5x2!),1=1,2,...,7, i.e, we divided the interval [0,1] into n = 1/h small intervals with nodes
0=ty <ty <---<typ=1. Then we compute the error e(t,) = |x(t,) — zn|. By Theorem 3.4, we have

le(tn)| = [z(tn) — 2a| < Ch*~*, (58)

To observe the order of convergence we shall compute the error |e(ty,)| at t,, = 1 for the different values of
h. Denote |ep,(t,)| the error at t, = 1 for the step size h. Let hy = h = 1/(5 x 2!) for a fired 1 =1,2,...,7.
We then have

|ehz (tn) ~ Ch?ia 3—a

| _
|6hl+1 (tn)| Ch?;la ,

%) In Table 1, we compute the

orders of convergence for the different values of a. The numerical results are consistent with the theoretical
results.

which implies that the order of convergence satisfies 3 — a = logQ(

n | ERC(a=05)| ERC(a=0.75) | ERC (a=0.25)
10

20 2.6676 2.4010 2.9229

40 2.6038 2.3313 2.8701

80 2.5664 2.2947 2.8395

160 2.5435 2.2748 2.8199

320 2.5291 2.2639 2.8064

640 2.5198 2.2578 2.7963

Table 1: Results at t =1 for 8 = —1 and v = 0.6

In Figure 1, we will plot the order of the convergence for a = 0.25. We have from (58)

logs(le(tn)]) < loga(C) + (3 — a)logy(h).

Let y = logs(le(tn)|) and © = logy(h). In Figure 1, we plot the function y = y(x) for the different values
of © = logy(h) where h = 1/(5 x 2),1 = 1,2,...,7. To observe the order of convergence, we also plot the
straight line y = (3 — a)xz. We see that these two lines are almost parallel which means that the order of
convergence of the numerical method indeed is O(h3~%).

Example 4.2. Consider

6 Dix(t) = Ba(t) + f(t), te[0,1], (59)
z(0) = 2°, (60)

where 2° =0, 0 < a <1, 8= —1 and f(t) = (2 +2t>7%/T(3 — a)) + (> + 314372 /T(4 — «)). The exact
solution is x(t) = t2 +t3.

We use the same notation as in Example 4.1.

For wvarious choices of a € (0,1), we computed the errors at t = 1. We choose the step size h =
1/(5x2Y,1=1,2,...,7, i.e, we divided the interval [0,1] into n = 1/h small intervals with nodes 0 = tg <
t; < - <t, =1. Then we compute the error e(t,) = |x(t,) — xn|. In Table 2, we compute the orders of
convergence for the different values of a. The numerical results are consistent with the theoretical results.

15



The experimentally determined orders of convergence (EOC) at t=1
T T T T T

| | | |
I B = 2
o > N o

T T T T

|
iN
©

log,(le(®)l)

-26

log(h)

Figure 1: The experimentally determined orders of convergence (“EOC ”) at ¢ =1 in Example 4.1

n | ERC (a=05) | ERC (a=0.75) | ERC (o = 0.25)
10
20 1.8035 1.7855 3.1098
40 2.2424 2.0737 1.5696
80 2.3758 2.1694 2.3199
160 2.4324 2.2102 2.5172
320 2.4604 2.2296 2.6017
640 24756 2.2393 2.6467

Table 2: Results at t =1 for = —1
and f(t) = (12 +2t(2 — ) /T(3 — a)) + (£* + 313~ /T(4 — a))

Let y = logy(le(tn)]) and & = logy(h). In Figure 2, we consider a = 0.75 and we plot the function
y = y(z) for the different values of x = logy(h) where h = 1/(5 x 2!),1 = 1,2,...,7. To observe the order
of convergence, we also plot the straight line y = (3 — @)x. We see that these two lines are almost parallel
which means that the order of convergence of the numerical method indeed is O(h3~%).

log,(le(®)
=

. . . . . .
10 -9 -8 -7 -6 -5 -4 -3
log,(h)

Figure 2: The experimentally determined orders of convergence (“EOC ”) at ¢t = 1 in Example 4.2
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5. Appendix
In this Appendix, we will give two lemmas.

Lemma 5.1. Let 0 < a < 1. Let M be a positive integer defined before and let wy 25,k =0,1,2,...,25,5 =
1,2,..., M be defined as in (35), we have

a?2—@ N 5—6In2 - .< a2 N —4+4+101In2 (61)
T3—a)  4°T(-a) = Y ST@B-a) ' 4°T(-a) ’
war—1,25 <0, we0; <0, 1=1,2,...,]. (62)

Proof: We first show (61). The case j = 1 is trivial. We only consider the case for j = 2,3,..., M.
We have, by (30),

Fo(k) = —(—a +2)(2k) "> +2(2k) "2 — 2(—a + 1)(—a + 2)(2k — 2)~*
—3(—a+2)(2k —2)7 T —2(2k —2)7 "2 k=2.3,... 5
Denote

I(m) = —(=a+2)(m)~*" +2(m)"**? = 2(—a + 1)(~a +2)(m - 2)7*
—3(—a+2)(m—2)7 " —2(m —2)7**2,

We see that Fy(k) = I(m) with m = 2k, k = 2,3,...,j. We now estimate I(m). After some tedious but
direct calculation, we have

Iim) = m_a+2< —(-a+ 2)% +2-2(—a+1)(—a+ 2)<1 - %)_“%
—3(—a+ 2)(1 _ 3)‘““& B 2(1 B 3)—a+2)

m m m

:m“”?{_(—a+2)%+2—2(—04+1)( a+2)s : (14 (- )(_%)er(_if

2! m
+ (_ax_a_g!l)(_a_%(—%)3+...) —3(—a+2)a(1+(—a+1)(—%)+W(
MR 2y (- 2] CEACR (2
N (—a+2)(—a+1)(—a) ( B 3)3 n (—a+2)(—a+1)(—a)(—a— 1)(_ 3)4 +))}
3! m 4! m
_ (a+2)(—a+1)( il& 2 (a+1)(a+2)...(a+k—1)
motl (k+2)! mb—1 ’

k=1
which implies that I(m) < 0 and therefore
Fo(k) <0, k=2,3,....5, j=2,3,..., M. (63)
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In particular, for & = 2, we have

5—6In2 _ 1F(2) _ —4+410In2
4°T(—a) T(3—a) 4o (—ar)

—a 1
which implies that, noting that ws 2; = % + 13(5(:(?)7 i=2,3,....,M,

%2« +5—61n2 < . a?2™ +—4—|—101n2
T3-a)  4°T(-a) = ?Y “TB-a) ' 4°T(-a) ’

which is (61).
We next prove (62). For the weights wo;—1,25,0 =2,3,...,j, we have, by (31),

T(3 = a)wni1,25 = 2((20 = 27" = (2)7°72) + 2(~a+2)((2 —2) 7 4 (20) 7).
Denote
I(m) = ((m =2)7°%% = (m)~%2) + (—a+2)((m = 2) 7+ + (m) =+

We see that I'(3 — a)wy—1,2; = 2I(m) with m = 2. We now estimate I(m). After some tedious but
direct calculation, we have

=1k (12 s 2) )
_press(Co Ao D) PP (o Aat Yo)am) (2 2
, oot Doz 2 2y,

—a —a (o — b o
L Cat2)(-at).. k+3>((1>kfd+<1>k1(;_1)!)+...)

—a+2)(—a+1)(—a) 2 Z(a+D(a+2)...(a+k) k+1
_ )7511+a )( )(3+Z_:( )( mk) ( )(k+3)!2k+2)’

mk

k=1

which implies that War—1,25 < 0,1=1,2,...,7,=2,3,..., M.

We now consider the weights wo; 25,1 =1,2,...,5 —1, j =2,3,..., M. Here we only consider the case
for [ > 2. The case | = 1 can be considered similarly.

we have, by (30) and (32),

T(3 = aJwaiz) = —3(—a+2)(20) "+ + ((20+2)7742 — (20 - 2)7+2)
- %(—a +2)((2+2) 7 4 (21 - 7))
Denote
1(m) = —3(—a+ 2)(m)~" — (m —2)*+ — L (a4 2)(m —2)~*"

+ (m+2)7 2 %(—oz +2)(m +2)"t
(64)

We see that T'(3 — a)way 25 = I(m) with m = 2{,1 > 2. We now estimate I(m). After some tedious but
direct calculation, we have
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2)7a+2 1( +2>(1 2)—a+11
2 @ m m

1
Nl - Y _ _ _ =
I(m) =m ( 3(—a+2)— (1 =
2 —a+2 1 2 —a+1 1
) mptera(ie ) )
o cage((mat+2)(cat 1)(-a) 2°-2 22
- ( m3 ( 3! 2!)
(—a+2)(—a+1)(—a)(—a—1)(~a—2) 252 2%
md ( 51 E)
(—a+2)(—a+1)(—a)(—a—1)(—a—-2)(—a—3)(—a—4) /272 26
+ o (G -w) )
(—a+2)(—a+1)(-a) (2_ = (@ + 1) (a+2)... (a+2k) 2k — 1 QQW)
N mlite 3 = m?2k(2k + 1)! (2k + 2)(2k + 3)
Note that, with m > 4,
i (a+1)(a+2)...(a+ 2k) 2k — 1 oo
— m2k(2k + 1)! (2k + 2)(2k + 3)
> _ s 2k _
< Z 1+ D(a+2)...(1+2k) 2k —1 92h+2 o (3) 42k — 1)
£ m?* (2k + 1)! (2k + 2)(2k + 3) 2 \m/) (2k+2)(2k +3)
© 9.\ 2k (2)2 4 4 1 2
< Z) 1= = < =- <z 65
_’;<m) 1-(2)2 m2—-4-42-4 3°3 (65)
We have I(m) < 0 for m > 4 which implies that wy2; <0, [ =2,3 j—1
Finally for the weights woj 25,7 =1,2,..., M, we have
D(3 = a)wajnj = Fa(j) = 2(~a + 1)(=a+2)(25) 7 = 3(—a+2)(25) 7" +2(2j)*F
—(—a+2)(2j —2)7 = 2(2j —2)7**?
Denote
I(m) = 2(—a + 1)(—a +2)(m)™* = 3(—a +2)(m) "' 4 2(m)"**+?
—2(m —2)7°*?
(66)

— (—a+2)(m —2)"H!
M. We now estimate I(m) for m > 4

We see that 2I'(3 — a)wsqj2; = I(m) with m = 2j,j = 1,2
Similarly we can consider the case for m = 2. After some tedious but direct calculation, we have

20



I(m) = m—o+? (2(—a F1)(—a+ 2)# —3(—a+ 2)% +2
o)A 2

=m t? [2(—04—&-1)(—04-1-2)% —3(— a+2)%+2
- (fa+2)%(1+(—a+1)(—%)+W<f%)2
+<_a+1><_3?><_a_1> 2y

(—a+2)(—a—|—1)( 2)2

(
_2(1+(—a+2)(_%)+ 2! m
+(_cyjuz)(—(r))!ozjul)(— )( %)‘H)}

(—a+ 2)751—1iya—|- 1) (—a) (g _ Z (a+1)(a +5L)k~+-1~ (at+k+1) fk ik;r;)

k=1

Following the arguments in (65), we may show that, with m > 4,

i D(a+2).. (a+k+1)k-2k+3<g
—~ mh+1 (k+4) = 3

Thus we proved waj2; < 0,7 =2,3,..., M. The proof of Lemma 5.1 is complete.

|
Lemma 5.2. Let 0 < a <1, Let di 1,k =1,2,...,1, 1 =2,3,...,2M be defined as in (43), we have
4
0<di <z, (67)
1 5
_§<d2’l<§—3h’l2, (68)
dig >0, fork=3,4,...,1, withl=3,4,...,2M, (69)
1
Z(du)2 +dgy >0, (70)
l
> dri <1 (71)
k=1

Proof: We only consider the case for I = 25,5 =1,2,..., M. We can consider the case for | = 2j+1,5 =

1,2,..., M — 1 similarly.

For (67), we have, with [ =2,3,...,2M,

g — wy  B-a)wy (—a)2?7*  da 4 8
YT e TB—a)wo;  27°(2+a) 24a 0 2+a’

which implies that 0 < d;; < % since 0 < a < 1.

We now prove (68). The case | = 2 or [ = 3 is trivial. Here we only consider the case for [ = 4,5,...,2M.
Note that wg; = %4')2) We have, by (61),

a2« 5—6In2 B a2« —4+4+10In2

, forl=4,5,...,2M.

< <
Y2 S TE ey T AT ()

T(3_a)  49T(—a) o



Thus, noting that dy; = — 2, with [ = 4,5,...,2M,

B a? ~ (+4+10In2)P'(3 — a) s < a? ~ (6-6Im2)P3—a)
a+2 4°T (—a)(a + 2) HETa 2 T (—a)(a+2)
or
a? (—4+10In2)(2 - a)(1 — @)« a? (5-6In2)(2—a)(l —a)a
— <dg < — +
a+2 2%(a+2) ’ a+2 2¢(a+2)
Noting that, for 0 < a < 1,
1 a?

(—44+10In2)(2 — a)(1 — o) 2-a)(l-a)a
<0, T >0, =L oR o
we get

5
3 <dg; < 3 —3In2, forl =4,5,...,2M,
which is (68).

We now consider (69). The case for | = 3 is trivial. We here only consider the case for [ = 4,5,
By (62), we have, noting that I'(3 — a)wp; = 27*(2 4+ «) > 0,

Wi | F(S — Oé)’leJ
dg)=——==

s

— SO T YR G fork=3,4,...,1, |=4,5,...,2M.
Wo, F(3 — Oé)?f)o)g
For (70), we have, by (63), with l =2,3,...,2M,
1 1/ 4a \* a2 1FR(2
—(d10)* 4+ day = - -2 0(2)
4 4\ 2+« 24a 27%2+a)

1

- da? + Ta? + (- 3F0(2) > 0.
(2+ «a)? 2792+ «)
Finally we estimate (71). For | = 24,7 =1,2,..., M, we have

2
§ Dit(x(t2;)) = D (a(tag) = 2(0)) = At Yy 25 (taj—k) + CAL ™ ( max | f"(s)]).
k=0 ==
Let z(t) = 1, we get
2j
At~ Z Wg,2; = 0,
k=0
which implies that
Wo,2j + W1,25 + -+ + Wej,2; =0,
or

di,25 + daoj + -+ doj_1,05 + dajo; = 1.
Similarly in the case I =25+ 1,7 =1,2,..., M — 1, we have, by (37) and (38),

Wo,25j41 + W1,2j41 + - + Waj41,25+1

I'l-a) Il -« )
-0,

M1,

i i i 2j)~% (2 +1)°
:w0’2j+w1’2j+...+w2j72j+((J) (25 +1)

> Wo,2j + Wi,25 + -+ + W25
which implies that, with | =2j + 1,5 = 1,2,

dig+dog+--+dig+dyg <1,
Together these estimates complete the proof of Lemma 5.2.
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